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Abstract. The Sturm-Liouville operator plays a central role in the theory of differential equations,
mathematical physics, and applied mathematics. This operator arises in the Sturm-Liouville problem,
which is an eigenvalue problem for a differential equation under consideration. The Sturm-Liouville
operator generates a spectrum of eigenvalues and corresponding eigenfunctions. This is essential for
solving partial differential equations through the separation of variables. The Sturm-Liouville theory
is fundamental in understanding and solving linear differential equations with boundary conditions and
serves as a bridge between pure and applied mathematics. The article explores the application of
exponential series based on the spectral parameter to solve eigenvalue problems of Sturm-Liouville
operators. A novel approach for decomposing the characteristic determinant into exponential series
is proposed, demonstrating effectiveness in computing large eigenvalues. The asymptotic formulas for
eigenvalues and eigenfunctions support the theoretical framework. Practical methods for achieving
higher computational precision are also discussed. The work is based on an extension of earlier methods

and offers new perspectives for numerical analysis in mathematical physics.

Keywords. Sturm-Liouville operator, spectral analysis, exponential series.

1 Introduction

In the paper [6], a method for decomposition into power series by the spectral parameter
was proposed, which turned out to be effective for the numerical determination of the eigen-
values of the Sturm-Liouville operator. The problem of computing the eigenvalues of the
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Sturm-Liouville operator reduces to finding the zeros of the so-called characteristic deter-
minant A(X). The characteristic determinant of the Sturm-Liouville operator represents an
entire function of the spectral parameter A\. Thus, the characteristic determinant A(\) is
decomposed into a power series by the spectral parameter A with an infinite radius of conver-
gence. In the paper [6], a simple method for finding the Taylor coefficients was provided. It
turned out that the recurrence formulas for determining the Taylor coefficients give a simple
and powerful method for numerically computing the eigenvalues. However, this approach is
effective for calculating relatively small eigenvalues. For very large eigenvalues, the method
proposed in [6] is not exactly ineffective, but for finding such eigenvalues, it is advisable to use
exponential series by the spectral parameter. The exponential series we propose are effective
for calculating sufficiently large eigenvalues in terms of magnitude. Exponential Series by the
Spectral Parameter for the Sturm-Liouville Equation on a Segment.

The spectral properties of Sturm-Liouville operators have been analyzed in numerous
studies. In particular, the works of Bondarenko [2], [3] investigate inverse problems for Sturm-
Liouville operators, analyzing the sufficiency of information regarding the potential coefficients
of the operator. Additionally, the studies by Law and Pivovarchik [4] on characteristic func-
tions in quantum graphs are closely related to Sturm-Liouville theory. In this context, the
works of Carlson and Pivovarchik [5] examine the spectral asymptotics of quantum graphs,
investigating the fundamental conditions and regularities affecting the distribution of the
operator’s eigenvalues. Furthermore, a comprehensive review of quantum graphs and their
applications is provided in the works of Berkolaiko, Carlson, Fulling, and Kuchment [7|. These
studies contribute to the improvement of spectral analysis methods and enhance the under-
standing of their application in various operator systems. In this regard, the effectiveness of
the proposed method is examined in comparison with the spectral characteristics of graphs,
aiming to improve its capability in computing sufficiently large eigenvalues and to expand its
applicability to other spectral problems.

2 Exponential Series by the Spectral Parameter for the Sturm-Liouville Equa-
tion on a Segment

Let us consider a second-order linear ordinary differential equation on a segment
" +q(x)y =Xy, 0<z<b. (1)

Such equations are called Sturm-Liouville equations. The coefficient g(x) is often referred
to as the potential. The conditions that the potential satisfies will be specified depending
on the problem under study. The complex number A plays the role of a spectral parameter.
Often, instead of the parameter ), it is convenient to use the parameter p, such that p? = \.

Assume that A is a complex number. Let ¢(z, p) denote the solution of the homogeneous
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equation (1), subjected to the Cauchy conditions at = = b.

So(bvp) =1, 90/(67 p) =h, (2)

where h is some complex constant.
According to the results of the monograph [1], the solution ¢(b, p) is the solution of the
integral equation:

b
sinp(z —b sin p(x — b
p(z,p) =cosp(z—b) + hp(p) + / p(p)q(t)SO(t,p)dt-
We define:
i —b
po(z,p) = cosp(z —b) + hsmf)(j)-
Let us assume:
b
sinp(x — b
on(z,p) = / ;)Q(t)@nl(tap)dt- (3)

T

In the monograph [1], it was proven that the series >~ ¢k (z, p) converges uniformly in
A for |[A\| < N and uniformly for x € [0;b]. Here, N is an arbitrary positive number. Thus,
the function ¢(z, p) is an entire function of the parameter p?.

For further purposes, it is convenient to obtain the exponential representation for ¢, (x, p).
From relation (3), for a fixed natural n, we have the following equality:

tn+1 t3

1 P
On(tnt1, A) = (\/X)n / dtn"'b/dth/dtlil;[lqai)'

b

: Hsin VAtig1 — ;) |:COS VAt —b) + gsin(tl -b|, n=12,...

i=1

where t, 11 = .

Let I, denote an n-dimensional unit parallelepiped, whose vertices are of the form ¢ =
(0, €2, €3, ..., ). Here, the values of &; (for i = 1,n) can be either zero or one. Let a fixed
vertex € € I, then let My denote the number of equal neighboring coordinate pairs. In other
words,

My =card{3ie [1,n]NN:g; =¢e;y1}.

KAZAKH MATHEMATICAL JOURNAL, 25:1 (2025) 6-15



Application of the Method of Decomposition. . . 9

Using the identity

H sin \/X (tiJrl - ti) =
=1

2k—1

4
47k Z ( )k 1-%—2:25’C 1153 s1n\/>z t2+1 t; ), —er:Qk_l’
_ , (Oe1e2...e25—1)€lap—1 (4)
I Z (—1 )k+Zs 185 cog )‘Z (tin — t), n— %k,
(Og1e2...clak)elay i=1

For n = 2k — 1 and n = 2k, from equation (4), we derive the required exponential
representations. To do this, we introduce the quantities for n = 2k — 1:

iy = (02 (b a[ 2] - an) ) (2 (- a[22]) 1)
(2 et a[ 2 os (2 (ka [22] - 20) )

iy = (v (ka [%] - 0a) Yo (5 (-4 [22]) 1)
(v -a (1o a[ 2] o (2 a[ 2] - 2a) 1),

max Tl(?k—l) =

max TQ(Qk:—l) =
for n = 2k:

min Ti(2k) =

(reren(ema ) ) o= (o (a5 a0) 1)
sy = (o (ko1 a 2] o)) o (k0 [2]) 1)

(o (emal ) om (e a[] -20) 1)
Max To(g) = <—(—1)52’“‘1—2< —1—|—A[ } ))x < (k: A[%ﬂ)—i—l)b.

Lemma 1. Let k be a fived natural number. Then there exist continuous functions with
respect to T, A%gk_l)(x,ﬁ(gk_l), b), Aé\{gk—l) ($,TQ(2k_1), b) , Bop_1(x) such that the following

min Ty =
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exponential representation holds:

1 2k—-1 max 7y
(2k—1)
M .
Par—1(, p) E E CQkOQ R / A1(or—1)(®, Tr(2r-1), b) SN pTy (28 —1)dT1 (28— 1)
€Ek—1— OMO 1’Il11’1T1<2k_1)

1 maXT2<2k 1) '
- p2k—1/ Ay g1 1) (@, Ta(2-1), b) sin pTa(2p,—1)dTa(21-1)
min 725 1)

h max To(2k—1) v
+ gk/ Ay o1y (@ Ta(2k-1), b) €O8 pTo(ak—1) dTo(2k-1)
p 1'1111'17'2(2]’6,1)

h max 7y (2k—1) Y
- pgk/ Al 1) (@5 T1(21-1), b) €08 pT1 (28— 1)dT1 (26-1)
min 7y (g _1)

1 i 1 z=b i
+ P —n—1 Bak— 1(z) sinp(z —b) — pzk_l/bx A%’&k 1)(55772(21671),5) Sin pTo(2k—1)dT2(26—1)

h h z—b
- WBZIC—I(‘T) cos p(z —b) + W ) AS’&,} 1)(507 T2(2k—1)» b) cos p7'2(2k71)d7'2(2k71)-
—X
Lemma 2. Let k be a fired natural number. Then there exist continuous functions with
respect to T, A%gk (T, T1(2k), b), Ag{gk) (:c, To(2k)> b) , Bog(x), such that the following exponential
representation holds:

1 2k—3

par(z,p) = Z Z C%()—l

€2k—1=0 Mo=0

1 MarTy (2k)
p%/ . A 2) (z, T1(2k)> b) cos PT1(2k) A1 (2k)

mzn’rl(gk)

1 MarTy(2k) Mo
+ ka/ Ay ory (45 Ta(2k), b) €OS pTo(2k) dTo (21

MINTy(2k)

h maxTQ(Qk) .
+ 7[)2;{“ / ‘ Aé‘@k) (m, T2(2k)> b) sin PTz(zk)de(zk)

MINTY(2k)
h MmarTy (2k) M ]
—2k+1/4 Al(gk)(37771(2k)ab)SmPT1(2k)dT1(2k)
p mzn‘rl(%)

1 r—b
ﬁ A A%ék;—l) (z, T2(2k)s b) cos PT2(2k)AT2(2k)

h z=b .
W \ A2(2k 1)($ 7—2(2k)ab) Slinz(zk)d7'2(2k)-

—X

1

+ WB%($) cos p(z — b) —
h .

+ e ——Bop(z)sinp(x — b) +

Using Lemmas 1 and 2, the required solution of Problem (1)-(2) can be written as an
exponential series in terms of the spectral parameter.
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Theorem 3. Let q € Cla,b]. Then, for any complex X\, the solution to the problem (1)-(2)
exists and is unique, and moreover, the following representation is valid:

o(x, p) =cos p(x — b) + ;(h + By (z))sin(z — b)
1 z—b

- - A%?)(CE, 723, b) sin p7'23d7'23
P Jb—z

— Z { (Bag(z) — hBojy1(z)) cos p(x — b)

.4 B3 maeno
+ =z Z Z Czko_1/' As(ok+1) (T, To(ar41), b) €08 pT1(2k—1)dT1 (2K 41)

p g91,—1=0 \ Mp=0 MANTy(2k—1)

2k—2 mazTQ(gk)
- Z C’%‘ll/' A%Sk)(%ﬁ(zk),b) COS PTo(2k) ATo(2k)
M0:0 mznTg(%)

z—b
+h /bz AQI(CZJL 1)(1’, To(2k—1) D) €COS pTa(ok—1)dTo(2k—1)
r—b
+ b Agék—l) (JZ, T2(2k)» b) COS PTa(2k) dTQ(Qk)
1 .
+ W(B%H(IE) + hBo(x)) sin p(x — b)

1

1
+pzk+12<

€2k—1=0

2k—3 maa:Tl(%,l)

Z C%Oz/ A 2k41) (T Tr2k41), D) SIN T (2041)AT1 (2841)

TMANT] (25 —1)

23 MATT(2k+1)

- Z Cé\i/?—g/ A%§k+1)(ma7—2(2k;+1)ab) sin pTo(2k+1)AT2(2k+1)
Mo=0

mz’m—2<2k+1)

2k—2 maxrTy(2k)

+ Z 0%0—1/ Aé‘/(jgk)(ﬂcﬁz(zk),b) sin pTo(ok) dTo(2k)

MINTy (2k)

2k—2 MaxTy(2k)

+h > Cé‘,?_l/

M[):O mi'm’l(gk)

Ai\(@k) (2, T1(2), b) Sin pTy (28, d71(2k)>

x—b
- /b A2](€2_k+1) (@, T2(2k+1), b) SIN PTo(2k41) ATo(2141)

z—b
+ h A%]&k*l) (.’L’, 7—2(2k)7 b) sin pTQ(Qk)dTQ(Qk) } .

b—x
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3 Asymptotic formulas for eigenvalues and eigenfunctions

Now we derive the asymptotic formulas for eigenvalues and eigenfunctions. From these for-
mulas, in particular, it follows that an infinite set of eigenvalues exists.

We still assume at the beginning that h # oo and H # oo. For any A, the function
¢ (x, ) obviously satisfies the first boundary condition (1)—(2). Therefore, we will determine
the eigenvalues if we substitute the function ¢ (x, ) into the second boundary condition.

According to Lemma 1-2 from [1], the eigenvalues are real, i.e. Imp = 0. Therefore, we
estimate the series (5) as follows:

1 1 z—b
o (z, p) = cosp (x — b)—i—; (h+ By (x)) sinp (x — b) - / ALy (2,793, b) sinprdT +£1. (5)
b—zx

Next, differentiating equation (5’) with respect to x and using the estimate (5’), it is easy to
obtain the following estimate:

sin p7

¢4 (x, p) =psinp(z — b) + (h + Bi(x)) cos p(z — b) — Ags(w, 723,b)
(6)

sin pT

1 xT
+/ A%3(:U,T23,b)z dr +&;1.
P Jby
Now, substituting the values of the functions ¢(z, p) and ¢’ (x, p) from estimates (5) and
(6) into the second boundary condition (2), we obtain the following equation for determining
the eigenvalues:

sin pr sin p7

b
cos pb — (h + Bi(x)) —|—/ Aég(O,ng,b) dr+& =0
P —b (7)
p—00: cospb=0, pp= %(Qm—i—l), m € Z.

We look for the root in the form p = 3 (2m + 1) + §(m), m € Z. Then from equation
(7), we have the following relationship:

™

S (2m+ 1)+ 5)_1 sin (g@m +1)+ b5)

cos (g(Qm +1)+ b5> — (h+ B1(0)) (

b T -1 s
+/ Aj3(0,793,b) (=-(2m + 1) +6) sin(-(2m+1)+b5)dr+& =0
. 23( 23 )<2b< ) > (2( ) ) '

or
s

(~1)y™ U sinbs + (—1)™ L+ By (0) (5 (2m+ 1)+ 5)_1 cos S

™

b -1
+ (—1)m/bA§3(o,T23,b) (Qb(2m+ 1) +5) cos bddr + & = 0
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From this, as m — oo, we get the limiting relation
lim sinbd(m) =0,
m—0o0
which is equivalent to the following equality:
lim_g(m) =0 (9)

From the relation (8), taking into account the limiting equality (9), we have

T -1
(—1)m+1 sin bo + (—1)m+1 (h+ B1(0)) (%(Qm +1)+ 5) cos bd
b T 1
+ (—1)m/ A%3(0,723, b) (2—b(2m +1)+ 5) cosbddr +& =0
b

Thus, we find an approximate value of ¢ (m). This process of refining the root computation
can continue to the desired level of accuracy. Therefore, the obtained approximate value can
be used as a solution with the required accuracy. Continuing the process of refining the root
computation, we can achieve even greater accuracy.
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Kanryxun B.E., Xyxkaxmeros 7K. 7K. CIIEKTPAJIBJIBIK ITAPAMETP BONBIHIIIA
SOKCITOHEHIMAJIIBI KATAP/TAPTA 2KIKTEY 9J1ICIH MEHIIIKTI MOHIEP ECEII-
TEPIHIE KOJIIAHY

Irypm-JIuysuin oneparopsl mnuddepeHuaaiblk TeHIeyaep TeOPUIChIHIA, MaTeMATU-
KaJIbIK, (PU3nKaIa KoHe KOJIAHOAIBI MaTeMAaTHKaIa OPTAJIBLIK peJl aTKapasabl. bym omepa-
top HIrypm-JIuyBuit ecebinie TybIHIANIBI, OJ KAPACTBIPBLIBINT OThIpFaH quddepeHnaIbK,
TeH/ey YIIiH MeHITKTI MoH ecebi 60l Tabbutaabt. [Typm-JluyBuiume oneparopbl MEHITIK-
Ti MOHIEP MEH CoifKeC MEHIIKTI (byHKIMSIIAPIbIH, CIEKTPIH Kacaiiapl. By afiHbIMabLIAD-
bl 661y apKbLIbI Jepbec muddepeHnuaiiblK, TeHaeyaepai Imenry yirin ere kaxer. [rypm-
JInyBHII TEOPHUSACHI MIEKAPAJIbIK, IIAPTTAPhI Oap CHI3BIKTHIK, 1M depeHTuaIIbIK, TeHIeyIePIi
TYCiHY 2KOHE IIenTy YIIiH Heri3 OOJIbII TabbLIaIbl KOHE Ta3a MATEeMATHKA MEH KOJIIAHOAJIBI
MaTeMaTUKa apaChIHIAFbl KOITP KbI3METIH aTKaAPaIbl.

By makamaga [HlTypm-JIuyBuiis oneparop/iapbiHblH, MEHIMKTI MOHJEP ecebiH mremnty
VIIH CHEeKTPJIK HapamMeTp OONBIHINE SKCIIOHEHIIUAIIBI KATapJIap/ibl KOJJIAHY KapacThIPbLIa-
Jbl. CHmaTTaMaJlIblK, AaHBIKTAYBIIIBI SKCIIOHEHIIMAJI Bl KaTapJapra XKIiKTeyIiH *KaHa TOCLIl yChI-
HBUIBIN, YJIKEH MEHIIIKTI MOHEP/Ii ecenTeye THIMIUIT KepceTiieni. MeHmmikTi MoHIep MeH
MEHINKTI PYHKIUAIAD YIIH aCUMITOTUKAJIBIK, (DOPMyJIaaap TEOPUSIbIK, HETi3/Mi pacTaliIibl.
Conpaii-aK, ecenrey IoJIIITH apTTBIPYILIH MPAKTUKAJIBIK, 9IicTepl TajakblLIaHagbl. 2KyMbIc
OYPBIHFBI DIICTEP/IiH, KeHeHTLIyiHe Heri3e/reH *KoHe MaTeMATUKAJIBIK, (PU3NKAIAFbl CAHJIBIK,
TaJiay YIIiH »KaHa Ke3KapacTap YChIHAJIHI.

Tyiiin cezaep: [Itypm-JIuyBuiis omepaTopsl, CIEKTPJIIK TaJIay, SKCIOHEHITHAJTHI KA~
Tapiap.

Kanryxwun B.E., Xyxaxmeros 2K.2K. IPUMEHEHUE METO/IA PA3JIOZKEHUA B
9KCIHOHEHUMAJIBHBIE PAIBI 110 CITEKTPAJIBHOMY ITAPAMETPY B 3A/TAYAX
HA COBCTBEHHBIE SBHAYEHU A

Omneparop IIrypma-JIuyBuiist urpaer MeHTPAJBHYIO POJIb B Teopuu JuddepeHIuaib-
HBIX YPaBHEHUM, MaTeMaTUIecKoil (hU3NKe U MPUKJIAJIHON MaTeMATHKe. DTOT OIEPATOD BO3-
nukaet B 3agade [rypma-JluyBuiis, koTopas sBiseTcs 3ajadeil Ha COOCTBEHHbIE 3HAYECHUS
JUIsT paccMaTpuBaemoro auddepennuaabaoro ypasaenusi. Oneparop Lrypma-JInysuinis re-
HEPUPYET CIEKTDP COOCTBEHHBIX 3HAYEHUIT U COOTBETCTBYIONIUX COOCTBEHHBIX (DYHKIMA. DTO
HEeOOXOIMMO JIJIsI PEIIeHnsl yPABHEHNH B 9aCTHBIX TPOU3BOIHBIX ITyTEM Pa3/Ie/ICHUS ITepEeMeH-
wbix. Teopus [Irypma-JInyBuiuist siBjisieTcss OCHOBOIIOIATAIOIIEH JIJisi TOHUMAHUS W PEICHUS
JIMHEHHBIX 1uddepeHInaIbHbIX YPABHEHNN C IPAHUYHBIMU YCIOBUSAMHU U CJIY?KUT MOCTOM
MEXKJIy YUCTON U NPUKJIAJHON MaTeMaTUKOMN.

B mammoii craTbe uccienyercs mpuMeHeHe SKCIOHEHITUAIBHBIX PSIJIOB 110 CHEKTPAJIHLHOMY
rmapaMeTpy s peleHus 3a1ad Ha coOOCTBeHHbIe 3HavueHus oneparopos [Itypma-JluyBuiis.
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[Tpenaraercs HOBBIN MOIXO/ K PA3JIOXKEHHUIO XapaKTEPUCTUIECKOTO OMPEIEUTENST B IKCIIO-
HEHIIMAJIbHBIE PsiJIbI, JEMOHCTPUPYIOMN 3(PHEKTUBHOCTS MPHU BBIYUCIECHUN OOJIBIIUX COO-
CTBEHHBIX 3HaYeHMit. AcuMrrorundeckue (GOPMYJIbl JJisi COOCTBEHHBIX 3HAYEHMI U COOCTBEH-
HBIX (DYHKIMI MOATBEPXKIAIOT TEOPETUIECKYIO OCHOBY. TakyKe 00CYXKIAI0TCA IPAKTHIECKIE
MEeTObI JOCTUXKEHNsT 00Jiee BBICOKOI BBIMUCINTENIBHON TOUHOCTU. Pabora ocHOBaHa Ha pac-
mupeHun 60j1ee PAHHIX METOIOB U IIPejIaraeT HOBbIE IEPCIEKTUBDI JJIsl YNCJIEHHOIO aHAIN3a
B MaTeMaTHIecKoi pusuke.

Kurouesbie caoBa: oneparop Illtypma-JluyBuiis, crieKTpaabHBIN aHAIN3, SKCIIOHEH-
UAJIbHBIE PSIIBI.
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