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Abstract. Hardy's inequality originated in the early twentieth century when G.H. Hardy introduced
this fundamental result in real analysis to bound integral operators. Its elegant formulation and opti-
mal constants spurred widespread interest, leading to numerous refinements. These developments laid
the groundwork for further exploration and multidimensional extensions, deeply influencing harmonic
analysis, partial differential equations, and mathematical physics. This historical evolution continues to
inspire modern advancements in research. We discuss multidimensional generalizations of some improved
Hardy inequalities based on the divergence theorem. The obtained Hardy-type inequalities extend a re-

cent version of the one-dimensional Hardy inequality with the best constant to multidimensional cases.
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1 Introduction

This paper is motivated by recent advancements in the Hardy inequality, as discussed in [1].
For readers interested in further exploration of this topic, we recommend [2] and [3], along
with the references therein.

In this section, we discuss some preliminary concepts to set the groundwork for the proofs
of the main theorems in the following section. While we provide the results specifically for
the three-dimensional case, our techniques are applicable in any dimension.

Let i be the 3-dimensional Lebesgue measure given in R3. Let f be a measurable function
defined on Q2 C R3.

2010 Mathematics Subject Classification: 26D10, 26D15, 35A23.

Funding: This work was partially supported by the Nazarbayev University grant 20122022CRP1601.
DOLI: https://doi.org/10.70474 /kyayda88

(© 2025 Kazakh Mathematical Journal. All right reserved.



44 Erlan D. Nursultanov, Durvudkhan Suragan

A function
@) =inf{o: p{x € Q:|f(z)] > o} <t}

is called a non-increasing rearrangement of the function f.
Let D be an open set of R? satisfying:

1. 0e D,
2. 0D is a smooth manifold,
3. uD=1.

We set
Dy = {(t1/3x1,t1/3x2,t1/3x3) : (21,29, 23) € D}, t>0.

Thus, uDy = t. We have

Lemma 1. Let 1 < p < oo. For any € > 0 there exists a non-increasing function ¢. defined
on (0,00) such that

(= (4 St ous)as)” ar) " _»
(5 (@e(t)Pa) P11

Proof. A key inspiration for this construction comes from the classical Hardy inequality:

—E.

(/000 <1 /()tf(s)d8>pdt>; <L </O°°(f<t))pdt>é

which holds for any nonnegative measurable function f. The best constant in this inequality
is precisely 1%’ so our goal is to construct a function ¢. that gets arbitrarily close to achieving
equality in this inequality.

To achieve this, we consider the choice:

Ge(t) = (¢ +6)1/7, (1)

for a small parameter § > 0, ensuring smooth truncation and controlling behavior at small
values of t.
For this choice of ¢., we approximate:

t
Ho.(t) = % / (s +6)"/7ds, )
0
Using asymptotic expansion,
Ho.(t) ~ %(t +8)7M, (3)
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Taking LP-norms on both sides, we obtain:

H
H ¢€||Lp > p c. (4)
[¢elle — p—1
Thus, for sufficiently small §, the desired inequality holds. O

Lemma 2. Let {D;},. be a set defined above. Then for any nonincreasing function ¢ on
(0,00) there exists a measurable function u(z) on R3 such that

and

/Dt u(x)dx = /Ot o(s)ds.

Proof. Let m € N, Ak:{s:%§¢(s)<2%},k€N. Let

k
¢m(5):7ma if se A, ke N.

Then ¢, = ¢ and ¢1 > ¢ > .... Since ¢ is nonincreasing, there exists a sequence {t;},cy
with (tx_1,tx) C Ag C [tk—1,tk]. Now we define

U () = if v € Dy \Dy, ,, keN.

om
Then
Up (8) = &7 (3)-
Since )
[um () = Umr ()] < om>
there exists a limit lim,— o0 U (z) = u(x) and u,, = u. O

2 Main results

In this section, we present the main results of this paper.

Theorem 3. Let 1 < p < co. For any locally absolutely continuous function f on R? we have

o) F p F p p
/ max{ sup |l ,sup’t‘}dr < (p) / |div f|Pdz. (5)
0 o<t<r TP p<t tP p—1 R3
The constant (%)p s sharp. Here Fy 1= faDt f (x1, 22, x3) (dr1dxe + drodrs + drsdry).
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Proof. By using the divergence theorem, we obtain

f(z1, 22, x3) (dr1dxs + drodrs + dxsdxry) = / <6f + of + 8f> dxidzodxs
0Dy Dy 8$1 8x2 8x3
of ~of Of /t
< 2L 2 e dasds = | wt(s)d
a Iiu:pt/e T e (e)ds,
where of of of
T Or1 | Ows | Oy’
and
1
SUP’/ u (Y1, Y2, y3) dy1dyadys| <
tZ’V‘ Dt
1 I
<sup o u (o vmm) | dindyedys = [ a(s)ds.
le|>t ‘€| e t Jo
Then

‘faDt f (.%'1, T9, $3) (d.%'ldm'g + dxodrs + dxgd.%j)’
max { sup ,
o<t<r r

‘faDt f (131, 9, :Eg) (dl‘ldl’z + dl’gdl"g, + dl’gdl‘l)‘

sup
r<t t

Thus, we have

Sup s
0<t<r rP

P
00 ‘faDt f (1,22, x3) (dr1dxe + drodrs + dacgd:cl)’
/ max
0

p
‘faDt f (.7,'1, 9, $3) (dxldl‘z + d1‘2d$3 + d$3d.7}1)‘ }
sup

r<t tP

< [Twroras(C5) [Cwora- (G2) [ wwpd

_(_p \" [ |of  of  off
_<p—1> /Rs

= + -+ | dridzadrs.
Now, we show that the constant is sharp.

dr

81‘1 61;2 8:63
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Let € > 0 and ¢, be a function given in Lemma 1. According to Lemma 2, there exists

ue with

Ua(s) = ¢8(8)'

Let f. be a solution to the equation

or or or
axl axQ 8(133 — Weg \L1,42,43) -

By using the divergence theorem, we have
11
</ ‘/ fe (56171‘2,1‘3) (dxldxg +d$2d$3+dl’3dl‘1)
o It Jap,
|1 [ af of of [P \'"
= — dx| dt
<A ‘t Dt8m1+8x2+8x3 v
oo |1 p 1/p |1 [t p 1/p
= </ ‘/ ue(x)dz dt) = (/ ‘/ o:(s)ds dt)
o ItJp, o ItJo
P 0 » 1/p P o] » 1/p
> & — £ *
() ([ -2 (o)
e +<9fs ofe

Gt (Lo an

8.231 a$2 61‘3
Hence, the constant [% is sharp for the inequality

P 1/p
dt>

p 1/p
dxldmgdx;),) .

P 1/p
dt)

P 1/p
dxld.%'gdxg) .

t Jop,

< P /
_p—l(R3

This implies that the constant is also sharp for inequality (1).

<1
</ ' f (.CEl, 9, xg) (d.rldl’g + dl’gdﬂ:g + dargd:cl)
0

of of  of

- 74_7

81’1 8372 8953

O

Below, to make the formulas shorter, we write & for (x1,x2,x3), so f(Z) stands for

f(x1, 22, 73).
Theorem 4. Let 1 < p < co. Then, for any locally absolutely continuous function f on R3

2 2 2\ P/2
(f f(z) dxlda:2> + ( | f(@) d:vgdx;»,) + ( [ f(@) d$3d$1>
0 0 9Dy

o

/

0

Dt Dt
dt <

tP
p
< <pfg> [Iviwpas.
R3
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p
p .
Here the constant (p—_1> is sharp.

Proof. By using the divergence theorem, we obtain

sup f (z1, 22, 23) (1 dx1dre + aadradrs + azdrsdry)
a%+a%+a§:1 8Dt

= sup / <a18f + aga—f + a38f> dridxrodxs
Dy

oz%—&-oc%—i—ocg:l
0 0 0
Oélif + Oégif + Oégif

821?1 8302 61’3 dl‘ldl'Qde‘g

< sup sup/

a?+a3+ai=1le[=t Je
t

< sup/|Vf (1, x2,x3)| dr1dxodrs :/ (IVf)*(s)ds.
e 0

le|=t

Then

2 2 2\ 1/2
(( f(z) d:):ldxg) + < (Z) dl‘gd.’Eg) + < (%) drgdx; ) <
8Dt 8Dt 8Dt

< / (IV£1)*(s)ds.

N———

t
0
Thus, we obtain

= <<f8Dt /@) dmldm)Q + (faDt f(z) d«’132d$3>2 + <f8Dt f (@) dxgda:l)2>p/2

J 7

< [Cwwmroras () [Tavarora- (G2 [ vseras

dt <

The sharpness is proved as in the case of Theorem 3. O
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Hypcynranos E. 1., Cyparan /I. uepreniiust TeopeMachl apKbLIbI AJIbIHFAH ONTHMAJIIHI
TYpaKTBLIAPEI Oap Keibip Xapau THITI TeHCI3MIKTED

Xapau Tencizairi XX raceipaniy bacbiaga 1. X. Xapan HAKTHI Tajgay CajacblHia HHTe-
rpaJi oriepaTopJap/bl barajiay YIliH OCbl Heri3ri HoTuKeHi eHrisren. OHbBIH 9/IeMi CUIIATTAMACKHI
JKOHE OHTAMJIBI TYPAKTLICHI KCHIHEH KBI3BIFYIIBLILIK TYILIPALI, Keilin OyJl KenTereH KeTij-
Jipyaepre okeai. By »KeTicTiKTep 9pi Kapail 3epTTeysiep MeH KOUeIeMIi KeHeUTyIepIin
HeTi3iH KaJabl, TapMOHUKAJBIK TaJIay, OOJIIIEKTIK TeH ey Iep KoHe MaTeMATUKAJBIK (PU3UKA,
caJaJlapblHa TepeH bIKIAJ eTTi. Byl Tapuxu maMy Kasipri 3epTreysepre madbIT 6epyai KaJra-
creipyfa. JuBepreniust TeopeMachl HerisiHae Keibip keTiaaipiaren Xapau TeHCI3IKTepiHiH,
KOIOJIIIEeM Il »KaJIIbLIAYIapbl KeITiplireH. AJbIHFaH Xapau TUMITI TEHCI3MIKTED »KyBIKTa YKa-
pusitanran 6ip esmem Xapau TEHCI3IINH ONTUMAJIIBl TYPAKTBIMEH KOIOJIIEMIl YKaraaii-
Jlapra KeHenTei.

Tyiiin ce3mep: Xapan T€HCI3IIr, ONMTUMAJIBI TYPAKTHI, OCIIEUTIH aybICTHIPY, IUBEPreH-
IIUsT TEOPEMACHI.

Hypcynrarnos Epsan Jlayr6ekopud, Cyparan Hypsyaxan. Hekoropble HepaBeHCTBa THIIA
Xapau ¢ ONTUMAJLHBIMU KOHCTAHTAMHE, ITOJIyYeHHBIE C IOMOIIBIO TEOPEMBI O JIMBEPIeHITNH

Hepagenctso Xapau Bo3uukio B Havase XX Beka, korja [.X. Xapau npeicTaBui 9TOT
dyHIaMEHTATBHBIN PE3Y/IBTAT B BEIIECTBEHHOM AHAJN3E I OIEHKN NHTErPAJIbHBIX OIIEPATO-
poB. Ero sjierantrast GhopMyIHpOBKa U ONTUMAaJIbHBIE KOHCTAHTHI BBI3BAJIM MIUPOKUI MHTEPEC,
9TO IIPUBEJIO K MHOTOUHCIEHHBIM YCOBEPIIIEHCTBOBAHUSM. DTH Pa3spabOTKN 3aJI02KUIU OCHOBY
JUIS TAJIBHEHININX UCCICOBAHUN U MHOTOMEPHBIX 0000IeHuil, 0Ka3aB 1iiybOKOoe BJIMSIHUAE Ha
rapMOHUYECKUI aHa/ M3, quddepeHnnaabHble YpaBHEHUS] U MaTeMaTHIeCKY0 (DU3UKY. IDTa
HUCTOPUYIECKAst BOJIIONHS IPOIOJIZKAET BIOXHOBJIATH COBPEMEHHbIE UccieoBanust. Jlanbl MHO-
romMepHble 0000IeHNsT HEKOTOPBIX YJIYUIIEHHBIX HEPABEHCTB Xap/ U, OCHOBAHHbIE HA TEOpEMe
o aueprennuu. [losydyennbie HepaBeHCTBA THIIA XapAU PACIIUPSAIOT HEJABHIO BEPCHIO OJI-
HOMEPHOI'0 HEPABEHCTBA XapAu C HAWIYIIIEH KOHCTAHTONH HA MHOTOMEPHBIE CJIyYau.

KuaroueBbie cioBa: HepaperncrBo Xapam, onTuMaJbHaAsi KOHCTAHTA, HEBO3PACTAIOIIAST
epecTaHOBKa, TeOpeMa O JIUBEPTEHIINN.
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