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Abstract. The minimal operators generated by overdetermined boundary value problems for differential
equations are extremely important in the description of regular boundary value problems for differential
equations, and are also widely used in the study of local properties of solutions. The study of overde-
termined boundary value problems is closely related to the theory of correct restrictions and extensions
and the construction of minimal differential operators. In addition, for inverse problems of mathematical
physics arising from applications, when determining unknown data, it is necessary to study problems
with overdetermined boundary conditions, including minimal operators, which is reflected in the study
of problems, including for hyperbolic equations and systems arising in physics, geophysics, seismic to-
mography, medicine and many other practical areas. Thus, the study of minimal operators is of both
theoretical and applied interest. In this paper, a criterion for the invertibility of the minimal hyperbolic
Gellerstedt operator with internal degeneracy is established. The proof is based on the Gellerstedt po-
tential, properties of solutions to the Goursat problem, and properties of special functions. It should be
noted that the Gellerstedt differential operator has numerous applications in transonic gas dynamics, the
theory of infinitesimal surface bends, the instantaneous theory of shells with curvature of variable sign,
magnetodynamics and hydrodynamics, and the conditions of invertibility of minimal operators imposed
on the right side of the initial equation are widely used in the study of the so-called source problem,

which arises in a variety of applications inverse problems of mathematical physics.
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1 Introduction

The minimal operators generated by overdetermined boundary value problems for differential
equations are used in the description of regular boundary value problems for differential
equations, and are also widely used in establishing local properties of solutions.

Overdetermined boundary value problems and the minimal operators generated by them
are closely related to the theory of restrictions and extensions of operators, in particular, all
regular boundary value problems for linear differential equations are boundary conditions of
regular extensions of the corresponding minimal differential operators.

The theory of regular extensions for elliptic equations was first constructed by M.I. Vishik
in [1]. The development of M.I. Vishik’s theory for arbitrary equations in Banach space,
as well as the construction of invertible restrictions generated not necessarily by boundary
conditions, was started with the work of M.O. Otelbaev and A.N. Shynybekov [2|. In the
works of T.Sh. Kalmenov [3, 4], using regular extensions method, a description of a wide class
of regular boundary value problems for the Lavrent’ev-Bitsadze and the Tricomi equations of
mixed type is given.

The systematic study and finding of the boundary conditions of classical potentials was
started with the work of T.Sh. Kalmenov and D. Suragan [5].

In addition to its theoretical significance in the description of regular boundary value
problems for differential equations and the study of local properties of solutions, the study of
minimal operators is also important from a practical point of view. For inverse problems of
mathematical physics arising from applications, when determining unknown data, it is often
necessary to study problems with overdetermined boundary conditions, including minimal
operators.

Inverse problems, including problems for hyperbolic equations and systems, are currently
widespread in physics, geophysics, medicine, ecology, economics and many other areas. The
development of inverse problems of mathematical physics has been reflected in the works of
a large number of authors, starting with the works of A.N. Tikhonov [6, 7|, V.K. Ivanov [§],
M.M. Lavrentiev [9].

This paper is devoted to the study of the minimal hyperbolic Gellerstedt operator with
internal degeneracy. As is known, a deep study of mixed-type equations and degenerate
equations was started with the work of F. Tricomi [10], and the problem he studied was
called the Tricomi problem. S. Gellerstedt solves the Tricomi problem for a more general
equation [11]|, which was later called the Gellerstedt equation. Significant results on regular
boundary value problems for the Lavrent’ev-Bitsadze equation were obtained in the works of
A.V. Bitsadze [12] and his followers.

It should be noted that differential equations of mixed type, in particular the Gellerstedt
equation, have numerous applications in transonic gas dynamics, the theory of infinitesi-
mal bending of surfaces, the instantaneous theory of shells with curvature of variable sign,
magnetodynamics and hydrodynamics and are studied in the works of S.A. Chaplygin [13],
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F.I. Frankl [14], C.S. Moravetz [15, 16].

The study of minimal operators and the finding of conditions imposed on the right side
of the equation so that the solution of the problem satisfies the specified properties are
widespread in a wide variety of applications of inverse problems, and such an inverse problem
itself is known as the source problem.

In this paper, a criterion for the invertibility of the minimal hyperbolic Gellerstedt oper-
ator with internal degeneracy is established. A distinctive feature of this work is the presence
of internal degeneracy, that is, a change of the type of equation on the line located inside the
area under consideration. The proof is based on the properties of the Gellerstedt potential,
the properties of solutions to the Goursat problem, and the properties of special functions.

Note that the criterion of invertibility of the minimal hyperbolic Gellerstedt operator and
the corresponding overdetermined problem in the case of a degeneracy line at the boundary
of the domain were considered in our previous work [17].

2 Problem statement and the main idea of the proof

Let D C R? be a characteristic quadrilateral bounded at y < 0 by characteristics
2

2 m+2
2

m—+2
AC: o — ——(—y) 2 = d BC : i =1

C:z m+2( y) 2 0 and BC x+m+2( Y)

and at y > 0 by characteristics
2 m 2 m

AC™ . m—myTH =0 and BC* : x—i—myTH =1

of the Gellerstedt equation
Lu= ymux:v — Uyy = f(l':y)- <1>

We consider the following overdetermined problem: to find a regular solution of Equa-
tion (1) in the domain D, satisfying the conditions:

“ac -ty =0 0 e, 2o ()" o 0. (2)
u’AC: x—miﬁ(—y)mTH:O = 07 u’BC: $+mi+2(—y)mT+2:1 =0. (3)

In addition, the following matching conditions must be met on the line of degeneracy of the
equation type y = 0:
0 0
u(z, +0) = u(z, —0), a—Z(m, +0) = 8—5(3:, -0). (4)
We denote by Lg the closure in Ly (D) of Operator (1) on a subset of functions u € C? (D),
satisfying Conditions (2)—(3).
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We also denote DY =DNy>0,D" =DNy<0, fr=faty>0,f =faty<DO.

Since Problem (1), (2), (3) is overdetermined, it will be ill-posed in general case — for its
well-posedness additional conditions must be imposed on the right side of equation (1) — the
function f(z,y).

Thus, we get the inverse problem: to determine the nature of the function f(x,y) — the
right side of Equation (1), that is, to establish the conditions that this function must satisfy
in order for Problem (1), (2), (3) was regularly solvable.

The basic idea of establishing the minimality of the hyperbolic Gellerstedt operator with
internal degeneracy is as follows. First, we solve the classical Goursat problem in the D~
and D' domains (Problems (1), (3) and (1), (2)). Then, with the obtained solutions of the
Goursat problems, we satisfy the conditions for matching the traces of the function and its
normal derivative on the inner line of degeneracy of the equation type, thus obtaining the
desired conditions for the right side of Equation (1).

3 The Goursat problem in D~ domain

Let us first consider the Goursat problem in D~ domain ((1), (3) problem — I'” problem).
2 m+2

In characteristic variables { =z — =5(~y) 2, n =2+ miﬂ(—y)mT+2 the Riemann function

of the I'” problem Goursat problem has the next form [18]:

(m —&)*
(n—&)" (m—¢€)

where F'(a,b;c; z) is the hypergeometric function;

s &= m—m I'(8) R—
E-mm-¢" "~ T@A-p)-I(2p) 2(m +2)’

where I'(z) is the gamma function.
In this case, the solution of the I'™ Goursat problem ((1), (3) problem) is represented as:

R(fﬂ?,ﬁlﬂh):k“ 8 'F(/Baﬁ;l;o-)v (5)

(6)

3 n
L f = /d&/R(é,m&,m)-ff (€1,m1) i, (7)
0 1

where
48 1-28
fi (&,m) = <mi2> (m — &) f~ (& —|2r7717_ (m: 2) (m — 51)1_26) . (8)

Thus, Function (7) satisfies Equation (1) and Boundary conditions (3).

KAZAKH MATHEMATICAL JOURNAL, 22:3 (2022) 21-32



On one minimal hyperbolic Gellerstedt ... 25

4 The Goursat problem in DT domain

Let us consider the Goursat problem in D" domain ((1), (2) problem — I'* problem). Similar
¢ D, in characteristic variables £* = 29"y = 2.y™ the Ri
o area D, in characteristic variables {* =z — S5y 2, 0" = o + 25y 2 e Riemann

function of the I'" problem Goursat problem has the next form:

(m — &1)*”
(" —€&)° - (m — &)

R* (5*777*7517771) =k- B F(nga]-vo-*)a (9)

where

o = (61 — g*) (771 — 77*)7 (10)
(& =) (m — &)
k, B are determined from the ratio (6).
In this case, the solution of the I't Goursat problem ((1), (2) problem) is represented in

next form:

'3 n*
L11ﬂ+f+—/d§1/R* (& 0" &m) - fi (&,m) di, (11)
0 1
where
48 1-23
e = (o) m-a s (512”1,— (") <m—sl>1—2ﬁ). (12)

Thus, Function (11) satisfies Equation (1) and Boundary conditions (2).

5 Matching conditions on the line of degeneracy of the equation type
Now we satisfy with Functions (7) and (11) the matching conditions on the line of degeneracy
of the equation type y = 0 — Conditions (4). We have

n

3
%Lné/dgl/R(ganaglvnl)fl (glﬂh)dnl =
0

1

& n*
:nliﬂ%*/d&/R* (€0, &,m) fi" (&,m) dm =0, (13)
0 1
m+2\%° 5 9\ 7 7
71712% <2> (n—&)* (8_(%> /dfl/R(&??afhm)ff (§1,m)dm =
0 1
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&
2% 9

- nlig%* <Tn;_> (77* - 5*)2[3 (877 a§*> O/dgl /R* 5 77 51)771) fl (617771)61771 =0.

(14)
From the ratio (13), taking into account the formulas [19], pp. 556, 255:
. T(e)'(c—a—Db)
F(a,b,c;1) = T(c—al(c—b) c#0,—1,-2,..., Re(c—a—>)>0, (15)
I'(n+1)=nl, (16)
we obtain, taking into account the relations (7) and (11) at n — £ and n* — £*:
ol G =m=-n| _(&=-m=¢ _
S G =y @ -Om-¢

o _ & =) m =) :(51—5*)(?71—5*):1,
CT G =) ey (G -E)m—€) T
F(B,B;Li0)|e, = F(B,8;1;0%)|gecy = F(B,8: ;1) =

I —2p) I'(1—-2p)

TTA-Ar(1-8) T(I-Ar1-p)

) (m — &1)*° ) I —25)
R(&n,61,m) e (n—&)f - (m —€) T(A—BIra-p)
(m-&)”  _ T(-23

R* (5*777*7517 771)

k - 7
g (n* —&)° - (m —¢)? TA-HIA-p)
that is, at n — & and n* — £*:

¢ 3
SN TStV N - ) _
0/d§1 1/k (€ - gl)ﬂ S — 5),8 I'(1-A3)0r1-p) fr (€,m)dm =
I3 & (1 — &)25 r(1 - 28)
— 0/d§11/k' (& — §1)/3 S — 5*)5 ' NN ﬂ)fl (&1,m) dm.

Therefore, to fulfill the first of the initial Cauchy conditions (2), the function f(x,y) must
satisfy the condition

& £
(m — &)*
d m)d
0/ &1/(5 )7 - (m §)Bf1 (Srm) =
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* &*
/3
/d& — A1 (€1,m) dn =0, (17)
/ &)
where the function f; (&1,71) is defined by the formula (8), and the function f;" (&1,71) is
defined by Formula (12).

Now let us to fulfill the second matching Condition (4), that is represented in the form
(14). We take into account the formulas [19], pp. 557, 559, 556

d b
—F(a,b;c;2) = a—F(a—i—l,b—i— Le+1;2), (18)
dz c
I'(c)I'(c—a—0»
F(a,b;c;z) = ()l(c—a )F(a,b;a+b—c+1;1—z)+

I'(c—a)l'(c—b)
cfafbr(c)r(a +b— C)

+(1—-2) T ()T () Flc—a,c—bjc—a—b+1;1—2), |arg(l—2z)| <m, (19)
F(a,b;c;0) =1, (20)
considering the formula
B(y) B(y)
o [ sewde= [ fende+ FOIGELY - W0, @D
dy() 'Y —() 'Y Yy Yy Yy Y)y),
a(y a(y

and also taking into account the ratios (14), (5), (9), (6), (10), (15), (16), we obtain using the
method of work [17]:

25 £ n
lim <m+2) (n—§)25< >/d€1/R &m&m) fi (&,m) dm =

n—¢ 2
0 1

£ £

28
— 2k(1 - 28) (mgz) e /d&/ e, S €om) ds
J / (E-&)
L(mE2\T 5*d T P
o <2> (" —¢&) (377 ag*)o/ 511/ (&0 &m) fi (E1,m) dm =

e e
= 2k(1 — 28) (m;2> 2’8_1 /dgl/ ) 1 — fj—f X /1 (& m) dn.
1

0
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As a result, to satisfy the second of the matching conditions (4) the function f(z,y) must
satisfy condition (14), that is, by virtue of the last relations, the condition

£
§ _
/ 11/ 1 /3 51 3 )1—5f1 (§1,m)dm =
£ ¢
/ / 1 6 - 1_5-701+ (glﬂh) dny, (22)
—&) (& &)

1

where the function f; (&1,71) is defined by the formula (8), and the function f;™ (&1,m:1) is
defined by the formula (12).

6 The criterion of invertibility of the minimal hyperbolic Gellerstedt operator
with internal degeneracy

Thus, the following proposition is proved.

Proposition 1. The minimal hyperbolic Gellerstedt operator is invertible in Lo (D) if and
only if conditions (17) and (22) are met, where the functions f; (&1,m) and fi (&1,m)
are determined by a given function f(x,y) from equation (1) according to formulas (8) and
(12), respectively. When conditions (17) and (22) are met, the solution of the corresponding
overdetermined problem is represented by formulas (7) and (11), where R (§,n,&1,m) and
R* (¢*,n*,&1,m) are Riemann functions of the T~ and T Goursat problems respectively,
determined by formulas (5) and (9).

Using the representation (8) of the function f; (£1,71) and the representation (12) of the
function f;" (&1,71), expressions (5) and (9) for the Riemann function and conditions (17),
(22), we can formulate this proposition — the main result of this work — in the following
form.

Theorem 2 (The criterion of invertibility of the minimal hyperbolic Gellerstedt operator with

internal degeneracy). The minimal hyperbolic Gellerstedt operator with internal degeneracy is

invertible in Lo (D) (i.e. the problem (1), (2), (3), (4) is regularly solvable) if and only if the

following conditions are met

OLpi f*
dy

_ oL L f~

—1 g+ o —1 p—
Lp+f ‘y:0+_LF_f ’y:()f ’ (23)

y=0+

that is, the next conditions are met

jdf P (S - () T - ) )
' (m— €027 (€ — €)% (m — ©)°

dnlii
0 1
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&* € v (&tm _ (m+2)\1-28 B 1-23
_ /d§1 / f < 7 — (M) (m — &) )dm, o)
(m — &) (€ - &)’ (m —¢)°
f d i £1+m - (mTH)l_QB (m — &) dm —
/ 611/ m —e) )P m—eF "
3 & £1+m m+2\1-28 1-28
f+ —("2) " (n—¢&) )
= /4 YT (g -3 ~i=gdm- (25)
O/ 1/ (m —&)7 (6 =&) " (m — &)

When conditions (24) and (25) are met, the solution of Problem (1), (2), (3), and (4) is

represented as:
_ 1/ 4 \¥ r'(B)

m+2 B)-T(28)
n f- £1+m _ (m+2)1—2,3 (1 — 51)1—%)
d F(B,B;1;0)dn, 26
/511/ e g T Lo (26)
. N A TR S ()
y>0: u+(‘5777)—4<m+2> F(l—ﬁ)-l“(2ﬂ)x
£ n* 14m1 m 1-28 1-23
(o = () e
d F(B,3;1;0")dn, 27
XO/ 51/ (m — €)% (7 — &)° (m — €*)° (B, ;150" ydm 27)
where
_&G=9m-n . _(&-&) m-n) g1
& —nm—¢) (& —n*) (m — &)’ 2(m+2)’
2 12 2 m+2
f—ﬂf—m( y) 2, n= +m( y) 2,
2 m;rz « 2 m;rg
S LA e
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Porosoit A. B., Koamenos T. III. IIIKI ABFBIHJIAJIVBL BAP BIP MVMHUMAJI/IBI
T'MITEPBOJIAJIBIK I'EJIJIEPCTEIT OITEPATOPHI TYPAJIBI

Juddepentmai bk, TeHaeyIep VIITiH aPTHIK AHBIKTAIFAH IIEKTIK eCelITepiHeH TYbIHIaraH
MUHUMAJIJIBI ortepaTopJiap guddepeHnuanibK, TeHIEY/IeP YIITiH PEryJspJibl MEeKTIK ecenTepin
CUIIATTAY/Ia ©T€ MAHbBI3/IbI, COHBIMEH KATAp IIEIIMIEP/IiH JOKAIbIbl KACUETTEPiH 3epTTey/ie
KEHIHEH KOJIIAHBLIAAbI. APTBHIK AHBIKTAJIFaH IIETKI ecenTepli 3epTTey KOPPEKTLII TapbLILy
JKOHE KEHEIO TEOPHUSICHIMEH 2KOHE MUHUMAJIILI AuddepeHnualiiblK, onepaTopiapibiH, Kypybl-
MeH ThIFbI3 OafisanbicTol. COHBIMEH KaTap, KOJAaHOagap/aH TYbIHIAHTHIH MAaTeMaTUKAJIBIK,
du3nKanblH, Kepi ecenTepi yimiH 6eJrici3 gepekTep/li aHbIKTay Ke3iH7e apThIK aHbIKTAJFaH
MeKaPAJIbIK IIapTTapbl Oap ecerrep/ii, COHBIH, iIIiH/e MUHIMAJJIBI OLEPATOPJIAPIIbI 3ePTTEY
KaxkeT, OyJI ecenTepi 3epTTey e, COHbIH imiHge Gu3nKaga, reopusnKkaga, CeiCMUKAJIBIK, TO-
Morpadusia, MeIuInHAIA XKoHEe T.0. MPAKTUKAJIBIK, CaIaaap/ia TYbIHIAWTHIH TUITEPOOIAJIBIK,
TeHJIeyJiep MeH 2Kyiiesiep KepiHic TanTel. OcbLIaiia, MUHUMAJIBI OIEPATOPJIAP/IBL 3epTTEy
TEOPUSIBIK, 2KOHE KOJIIAHOABI KbI3BIFYIIBLIBIK TYIBIPAIbl. DY/ XKYMBICTa IMTKi a3FbIHIAIYbI
6ap muHIMaJIEL [esepere T runepOosIabiK, OIIepaTOP/IbIH, KEPLIEHY KPUTEPUili KYPbLIaIbI.
Hosten Tennepcrenr morenruasibiia, ['ypca ecenrepinis, mmenriMaepidiy KacueTTepine KoHe
apHaiibl bYHKIUAIAPIbIH KaCHeTTepine Herizmenren. Aiita KeTy kepek, emnepcrent maudde-
PEHITHAJIIBIK, OIIEPATOPHI TPAHCOHUKAJIBIK, Ta30INHAMUKACKHIHIA, OETTEp/IiH, IEeKCi3 Uiy Teo-
PUSACHIHIA, affHBIMAJIBI TAHOAJIBI KUCBIKTHIFBI 6ap MOMEHTCI3 KaObIK T€OPHUSICHIH/IA, MATHUTO-
JUHAMUKAJIA YKOHE THIPOINHAMUKAIA KOTITEreH KOJIJAHBICKA Ue YKoHe DacTanKbl TEHICYIIH OH,
JKarbIHa KOMBIJIFAH MITHUMAJIIBI OIIEPATOPIIAP/IBIH KePiIeHy MapTTapsl 9P TYPJI MaTeMaTHKa-
JIBIK (pUBUKAHBIH Kepi eceOiHeH TyBbIHIANTHIH KO3 TyPaJIbl €Cell JeT aTAJIaThIH €CEIITi 3ePTTEYIe
KO KOJIJIaHBITIAIbI.

Tyiiin cesaep: MUHUMAJILI OIIEpaTOP, l'estepcTeaT TeHaeyi, KpUTepuii, imKi a3rbIHIa-
JIy, Kepijieny.

Porogoit A. B., Kaasmenos T. III. Ob OJIHOM MUHUMAJIBHOM T'MTITEPBEOJINYE-
CKOM OITEPATOPE I'EJIJIEPCTEITA C BHYTPEHHEM BBIPO>K/IEHNEM

MuHuMaIbHBIE OTIEPATOPHI, TOPOXK ICHHBIE TIEPEOIIPEICIEHHBIMUA KPAEBBIMY 38, Ia9aMU JIJIsT
muddepeHnnaabHbIX ypaBHEHN T, KpaiiHe BaXKHbI IIPU OMUCAHUU PEryIspPHBIX KPAEBBIX 33144
Jytst i pepeHInabHbIX YPABHEHUN, & TAK2XKe IITUPOKO MPUMEHSIOTCS IIPU U3y Y€HUU JIOKAIb-
HBIX CBOMCTB perrennii. VccienoBanne mepeonpeeieHHbIX KPACBbIX 3aa9 TECHO CBSI3aHO C
Teopueil KOPPEKTHBIX CYyKEHUI U PACIIUPEHUN U TOCTPOCHHEM MUHUMAJBHBIX JuddepeHIiu-
aJbHBIX omepaTopoB. IloMumo 3TOrO, Aj1sT OOpPATHBIX 3aJaY MaTEMATUYIECKOW (DU3UKH, BO3-
HUKAIOIINUX U3 MPUJIOXKEHUN, [PU OIPEJIEJIEHUN HEM3BECTHBIX JAHHBIX HEOOXOIUMO MU3YYUTDH
3aJ]a4un C [IEePEOIPE/IeIEHHBIMU IPAHUIHBIMY YC/IOBUAMHU, B TOM YHC/Ie MUHUMAJIbHBIE Ollepa-
TOPBI, 9TO HAIIJIO CBOE OTPaKEHUE IIPY UCCJIEIOBAHUH 33J/1a9, B TOM YUCJIE JIJIsi TUIIePOOJIntie-
CKUX YPaBHEHUN U CUCTEM, BOSHUKAIOIINX B (pU3NKe, reopusnke, ceiCMUIecKoit ToMorpadun,
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MeJUIINHE U MHOTUX JAPYTUX IPAKTUIeCKuX obsracTsax. TeM camMbIM, U3ydeHre MUHUMAJIbHBIX
OIIEPATOPOB IPEJICTABIET U TEOPETUUECKU, U MPUKJIaIHON naTepec. B macrosimeit pabore
YCTAHOBJIEH KPUTEPHUl OOpATHMOCTH MHUHUMAJBLHOTO TUIIEPOOJIMIecKOro omeparopa lesiep-
CTeJITa C BHYTPEHHUM BBIpOXKJIeHHEeM. /loKa3aTe/bCTBO OCHOBAHO Ha moTeHnuaJe ['eriepere-
Ta, CBoOicTBax perleHuit 3agaqun ['ypca u coiicrBax crenuaJbHbX QyHKuit. Ciremyer orme-
TUTh, 9T0 aud depeHnnaabubii oneparop 'ejiepcrenara mMeeT MHONOYUCIEHHDBIE ITPUIOXKEHIS
B TPAHC3BYKOBOI ra30[MHAMUKE, TEOPUHU OECKOHETHO MaJIbIX M3THOAHU TOBEepXHOCTEl, 6e3MO-
MEHTHOI Teopun 0060JI0YeK ¢ KPUBU3HOW ITEPEMEHHOTO 3HaKa, MAIrHUTOAUHAMUKE U TUIPOIH-
HaMUKe, & YCJI0BUsl 00PaTUMOCTH MUHMMAJIBLHBIX OIEPATOPOB, HAJIaraeMble Ha, IIPABYIO YaCTb
MCXOIHOTO ypaBHEHN, IMUPOKO UCIOJIL3YIOTCs IIPYU UCCAEIOBAHIN TaK HA3BIBAEMON 381891 00
MCTOYHUKE, BOSHUKAIOIIEH B CAMBIX PA3HBIX MPUJIOKEHUSIX 0OPATHBIX 3a/1a1 MaTeMaTHIeCKOH
dusukn.

KuroyeBsble ciioBa: MUHIMAJIBHBIN OllepaTop, ypaBHeHue ['ernepereara, KpuTepuil, BHY T-
peHHee BBIPOXKIEHNE, OOPATHUMOCTD.
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