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Abstract. In this article, we describe pure ordered groups, whose elementary theory is o-stable or o-
superstable. The notion of o-stability is a natural combination of stability and o-minimality, namely, an

ordered structure is called o-stable if any of its cuts are consistent with a few complete one-types.
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1 Preliminaries

During the last 40 years, model theory has focused on investigating ordered structures. Start-
ing from o-minimality, specialists in Model Theory have developed many generalizations,
such as weak o-minimality, quasi-o-minimality, weak quasi-o-minimality, inp-minimality, dp-
minimality, and o-stability. Among theories which includes the symbol ‘<’ and axioms saying
that this relation is reflexive, antisymmetric, and transitive, the class of o-stable theories is
the most wide. This paper investigates pure ordered groups whose elementary theory is either
o-superstable or o-stable. The main results are the following. In Theorem 20 we classify
o-superstable pure ordered groups. In Theorem 21 we give an answer to the question by
E. Palyutin on orderable Abelian torsion-free superstable groups. In Theorem 22 we give an
example of an orderable stable Abelian group with two orderings: one gives an o-stable group,
while the other one gives an o-unstable group.

In the next section, we give all necessary definitions and theorems concerning o-stability.
In Section 3, we make an introduction to dp-minimal theory, including definitions and basic
facts which we use in the last section, where we show the main results.
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2 Introduction

Let M = (M, <,...) be a totally ordered structure, a an element of M, and let A, B be
subsets of M. As usual, we write

a<A, ifa<bforanybe A,
A< B, ifa<bforanya€ Aand b e B.

A partition (C, D) of M is called a cut if C' < D. Given a cut (C, D) one can construct a
partial type {c <z < d:c € C, d € D}, which we also call a cut and use the same notation
(C, D).

A subset A of a totally ordered set M is called convex if for any a and b € A the
interval [a,b] is a subset of A. A conver component of a set A is a maximal convex subset
of A. The convex hull A of of a set A is defined as

AC:{bEMZHCLl,CLQ EA(CLl §b§a2)},

that is it is the least convex set containing the set A.

Let P be some property. We say that the property P holds eventually in A if there is an
element a € M such that a < sup A and the property P holds on the intersection (a, co) N A.
If A= M, we just write that the property P holds eventually. If sets B and C' are eventually
equal in A we denote this by B =4 C.

Let T be an L-theory and ¢(Z, y) a formula. The formula ¢ has the independence property
(relative to T') if for all n < w there is a model M |= T and two sequences (a; : ¢ < n) and
(by : J C n) in M such that M |= é(a;,by) if and only if i € J. A theory T has the
independence property if some formula has the independence property relative to 7T'.

Notation 1. Let s be a partial n-type, A a set. Then
ST(A) £ {pe S™(A):pUs is consistent}.
Note, s need not be a partial type over the set A.

Definition 2. 1. An ordered structure M is o-stable in A if for any A C M with |A] < A
and for any cut (C,D) in M there are at most A\ 1-types over A which are consistent
with the cut (C, D), i.e.
[Sie.oy ()] < A

2. A theory T is o-stable in X if every model of T is. Sometimes we write T is o-A-stable.
3. A theory T is o-stable if there exists an infinite cardinal A in which T is o-stable.

4. A theory T is o-superstable if there exists a cardinal A such that T is o-stable in all
= A
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5. A theory T is strongly o-stable if in addition to its o-stability any definable cut in
any model M of T is definable in the language of pure ordering, or, equivalently, if
sup A € M for any definable subset A of M.

Definition 3. A totally ordered structure M=(M, <, ...) has the strict order property insider
a cut, if there is a formula ¢(z, ) such that for any natural number n there are tuples aj,

.., @y and a cut (Cp, D,,) in M such that in some |M|*-saturated elementary extension N
of M the following holds:

(N, a1) N (Cp, Dn)(N) C ¢(N, a2) N (Cr, Dy)(N)
C - C SN, Gn) N (Cr, D) (N).

A theory has the strict order property inside a cut if some of its models has.

The following lemma is an analog of the fact that a stable theory does not have the strict
order property.

Lemma 4 (The strict order property inside a cut, [10]). Any o-stable theory does not have
the strict order property inside a cut.

It is well-known that any stable theory does not have the independence property, as it
was proved in [2] so do o-stable theories. Thus, we can conclude the following,.

Theorem 5 (V. Verbovskiy, [10]). Let a language L contain binary symbol ‘<’ and a theory T
of L include azioms saying that ‘<’ is a total order. The theory T is o-stable if and only if it
does not have the independence property and the strict order property inside a cut.

Let H be a convex subgroup of an ordered group G (not necessarily definable). In the
following, we work in the cut sup H = (H~ U H, H"). As in the theory of stable groups for
any formula ¢(z,7) there is a natural number n such that each chain K1 N H C KaNH C
-+ C K, N H has length at most n, provided that K; is definable by the formula (z,a;)
for some a; and that each subgroup K; is not bounded in the convex subgroup H. I call this
trivial chain condition for H. Here I use only the fact that K; are subsets of G, in other
words, the trivial chain condition follows from absence of the strict order property inside a
cut. For two subsets A and B of G denote

AR pe {AOB, if AN B is not bounded in B,

{e} otherwise.

Note that here AT B is not necessarily equal to B A Using this notation one can
rewrite the trivial chain condition as for any formula ¢ (z, 7) there is a natural number n such
that each chain K3 o H C Ko A H C - C KmﬁH has length at most n, provided that
K, = (p(G, C_Li).
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The proofs of the following three lemmata are similar to the proofs of the corresponding
facts for stable groups. One can see any textbook on stable groups for details, for instance,
[6]. The first lemma is a modification of Baldwin-Saxl] condition for stable groups [3].

Lemma 6 (Baldwin—Saxl condition, [10]). For any formula p(z,y) and any convex subgroup
H there is a natural number n such that the intersection of a family of subgroups of the form
K; ﬁH, where K; = (G, a;), is the intersection of just n of them. Consequently, subgroups
which are finite or infinite intersections of K;, form an almost uniform family in that sense
that for any set of indices I there are by, ..., by—1 such that (;c;(K; Iaf H) =, (K; Iaf H).
So it is possible to apply the trivial chain condition.

j<n(

Lemma 7 (O-superstable chain condition, [10]). In an o-superstable ordered group G for any
convex subgroup H there is no infinite decreasing sequence

KgdHOK ,AHD - DK, AHD -,
where K; are definable subgroups of the group G, such that
}KnﬁH : Kn+1ﬁH‘ =00 for each n.

Lemma 8 (O-w-stable chain condition, [10]). In an o-w-stable ordered group G for any
convex subgroup H there is no an infinite decreasing sequence

KoyAHOKI AHD - DK, THD -,
where K; are definable subgroups of G.

In [10], the author proved that any ordered group with an o-stable elementary theory is
Abelian.

Lemma 9 (V. Verbovskiy, [10]). Let K be a definable unbounded subgroup of a linearly ordered
group G with an o-stable theory. Then the elementary theory of G/K with the full induced
structure s stable.

Observe that similarly, it is just routine to prove the following lemma.

Lemma 10. Let K be a definable unbounded subgroup of a linearly ordered group G with an
o-superstable theory. Then the elementary theory of G/K with the full induced structure is
superstable.

A more exact formulation is the following: if Th(G) is o-stable in A, then Th(G/K) is
stable in A.

Let ¥ be the family of all convex (not necessarily definable) subgroups of G. A pair of
convex subgroups A and B € ¥ are called a jump, if A is a proper subgroup of B and there
is no subgroup C' € ¥ such that A < C' < B.

Based on the lemmata 6, 7, and 8 the following three lemmata have been proved.
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Lemma 11 (V. Verbovskiy, [10]). For each natural n > 2 the number of jumps A < B such
that B/A is not n-divisible, is finite.

Lemma 12 (V. Verbovskiy, [10]). If the elementary theory of G is o-superstable, then |G :
nG| < oo for any positive integer n.

Lemma 13 (V. Verbovskiy, [10]). If the elementary theory of G is o-w-stable, then G as a
pure ordered group (i, e. in the language {<, —l—,O}) s elementarily equivalent to the ordered
group of rationals.

In [10], the following questions have been posed.

1. Is it true, that totally ordered groups with o-stable theory satisfy the following descrip-
tion: a totally ordered group G is o-stable if and only if G it is Abelian and for any
natural number n > 2 the number of jumps A < B such that the quotient group B/A
is not n-divisible, is finite.

2. Is it true, that totally ordered groups with o-superstable theory satisfy the following
description: a totally ordered group G is o-superstable if and only if G it is Abelian and
|G : nG| < oo for any positive integer n.

3 Introduction to dp-minimality

Definition 14. 1. An inp-pattern of depth k is a family {;(ZT;a;;) : @ < K,j < w} of
formulas over parameters @; ; and a collection {k; : i < Kk} of positive integers k; such
that:

(a) for each i < k, the collection of formulas {¢;(Z;a; ;) : j < w} is ks-inconsistent
(that is, the conjunction of any k; of them is inconsistent); and
b) for each function 7 : K — w, the partial type {©;(T;a; ;) @ ¢ < K} is consistent.
(i)

2. An ict-pattern of depth r is a family {;(T;@;;) @ @ < k,j < w} of formulas over
parameters a; ; such that for every n : Kk — w, the partial type

{771 (@ a,5) ¢ i < k)

is consistent, where the exponent “if j = n(i)” signifies that we take a positive instance
of p(Z;a; ;) if j = n(i), and its negation otherwise.

3. Let Kinp be the supremum of the depths of all inp-patterns in 7" in which the tuple
T in the definition above consists of a single variable x (or “oc0” if the depths are not
bounded), and similarly let x;; be the supremum of the depths of all ict-patterns in 7'
in a single variable.
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4. T is dp-minimal if k;ee = 1, and T' is inp-minimal if Kipp = 1.
From the proof of Proposition 10 of [1], we find:

Theorem 15 (H. Adler, [1]). The theory T is NIP if and only if kit < 0o, and if T is NIP,
then Kiet = Kinp. In particular, “dp-minimal” 1s equivalent to “NIP and inp-minimal.”

An Abelian group G is said to be non-singular if G/pG is finite for all primes p. We use
the following characterization of dp-minimal ordered groups.

Theorem 16 (F. Jahnke, P. Simon and E. Walsberg, [5]). The following are equivalent:
1. (G,+,<) is non-singular.
2. (G, +, <) is dp-minimal.

3. There is a definitional expansion of (G,4+,<) by countably many formulas which is
weakly quasi-o-minimal.

Lemma 17 (P. Simon, [7]). Let ¢(x;y) be a formula with parameters in some densely ordered
structure Mo whose elementary theory is dp-minimal. Then there are by, ..., by such that for
every b, there is « € My and k such that the sets defined by ¢p(x;b) AN < x and ¢(x; b)) ANav < x
are equal.

Lemma 18 (P. Simon, [7]). Let ¢(x;y) be a formula with parameters in some densely ordered
structure My whose elementary theory is dp-minimal. Then there exists n such that for any
point a, there are by, . .., b, such that for all b, there are o, f € My and k such that o« < a < 3
and the sets defined by ¢(x;0) Ao < x < B and ¢(z;b) AN < x < B are equal.

In [9], it has been proved that if the elementary theory T of an ordered structure is
dp-minimal, then T is o-stable. Here we give a stronger result.

Lemma 19. Let the elementary theory T of an ordered structure of a language L be dp-
minimal. Then T is o-superstable.

Proof. Let M F T, and let s be a cut in M. By Lemmata 17 and 18 for any formula ¢(x; 3)
the number of ¢-types which are consistent with s is finite. Then there exist at most 2/l
complete types over M which are consistent with s. Thus T is o-superstable. O

4 Main results
Theorem 20. Let (G, <,+) be a pure ordered Abelian group. Then the following is equivalent:

1. (G, <,+) is non-singular.
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2. (G, <,4) is dp-minimal.

3. There is a definitional expansion of (G,4+,<) by countably many formulas which is
weakly quasi-o-minimal.

4. (G,<,+) is o-superstable.

Proof. The equivalence of the first three items follows from Theorem 16. The last condition
implies the first one by Lemma 12. The second item implies the last one by Lemma 19. O

E. Palyutin asked the following question. Let G be an orderable Abelian group with a
superstable theory. Let (G, <,+) be a such expansion of G that this group is ordered. Does
it follow that Th(G, <, +) is o-superstable? Here we give a positive answer to this question.

Recall that a group is said to be orderable, if there exists an expansion of this group by
a linear order which makes this group ordered. It is well known that an Abelian group is
orderable if and only if it is torsion-free.

Theorem 21. Let G be an Abelian torsion-free group with a superstable theory. Then any its
expansion by a linear order which makes this group ordered has an o-superstable theory.

Proof. Let (G,+) be an Abelian torsion-free group with a superstable theory. Then it is
non-singular. Then (G, <, +) is non-singular, because this notion depends only on the pure
group structure. If (G, <, +) is an ordered group, then by Theorem 20 it has an o-superstable
theory. O

A similar question can be asked for Abelian torsion-free groups with a stable theory. But
here we have a negative answer.

Theorem 22. There exists an Abelian torsion-free group G such that one its ordering makes
this group o-stable while another ordering makes this group o-unstable.

Proof. Let G be the direct power (Z,+)“. Let p; be the i-th prime and G be the direct
sum of |/p; - Z. Then there exists an isomorphism 7 from G to Gg. Since G is a subset of
R we can consider (Gg, <) where the ordering < comes from the natural ordering of R. We
define the first ordering <; on G as follows: g1 <; g2 if and only if 7(g1) < 7(g2). In [8], it
has been proved that Th(R, <, +, H) with an augmented dense subgroup H admits quantifier
elimination in the language

{<’ +,— H, qu Cp7q7i}p,ae(@+,i<np,qa

where H, = q - H for any ¢ € Q", n,, is equal [H, : H,| whenever H, < H,, and ¢, ,; are
representatives of all cosets of Hy, in H,;. Obviously, if we consider the elementary theory Tp of
restricting this structure to the definable subset H, then it also admits quantifier elimination.
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Thus, Tg £ Th(G, <1, +) admits the elimination of the quantifier in an appropriate expansion.
Assume that T is not o-stable. Then T has either the independence property or the strict
order property within a cut. Due to the theorem by Y. Gurevich and Peter H. Schmitt, [4] the
elementary theory of any Abelian ordered group does not have the independence property.
That is why, for some formula ¢(z;3) and some cut (C, D) in some elementary extension of
(G, <1,+), we obtain that ¢(x;y) has the strict order property inside the cut (C, D). By
the quantifier elimination theorem, this formula ¢ is a Boolean combination of intervals and
formulae in the language of a pure group. We can rewrite this Boolean combination in a
disjunctive normal form. Since the intersection of intervals is an interval, we can assume that
 is the conjunction of an interval and a formula in the language of a pure group. Since we
consider the strict order property inside a cut, we can remove the interval from . Hence, we
obtain a formula ¢ with the strict order property in the language of a pure group, that is, in
(G,+). But it is well known that any Abelian group has a stable theory, so, it does not have
the strict order property, for a contradiction. So, Th(G, <1, +) is o-stable.

Let <2 be a lexicographical ordering of G. Then it is easy to see that Th(G, <2, +) is not
o-stable, because the formula

0(z,y) 20<2yANI2(0<g 2 <oy ATt +t =2+ 1))

has the strict order property inside the cut +oo. ]
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Bepbosckuit B. B. O-TYPAKTEI TASA PETTEJI'EH TOIITAPTA ECKEPTY

By makasaia 6i3 kKapanaiibiIM TEOPUSICHI O-TYPAKTHI HEMECE 0-0T€e TYPAaKThI OOJIbII TaObI-
JIATBIH Ta3a PETTEJTEeH TOITAP/Ibl CUNATTAIMBbI3. O-TYPAKTBUIBIK, TYCIHIN TYpPaKTBIIBIK ITIEH O-
MUHUMAJIBUIBIKTBIH TAOUFU KOCBIHJIBICHI OOJIBINT TaObLIAJIbI, aTall ANTKAH/IA, PETTETeH KYyPbI-
JIBIM, erep OHBbIH Ke3 KeJI'eH KeciHiiepi OipHere TOJIBIK Oip TUIIKE COUKeC KeJjice, O-TYPaKThI
JIeTl aTaIaIbl.

Tyiiiu ce3nep: perrenren Tou, NIP Teopust, o-MUHUMAJIIBI TEOPUsI, O-TYPAKTHI TEOPHUSI,
O-CYIIEPTYPAKTHI TEOPHSI.

Bep6osckuit B. B. SBAMEYAHUE OB O-CTABUJIBHBIX YNCTHIX YIIOPAJTOYEH-
HBIX T'PYIIITAX

B sT0il craThe MBI ONKMCHIBAEM HYHUCTBIE YIIOPsIOYEHHBIE I'PYIIIbI, dJIEMEHTapHAs TEOPUs
KOTOPBIX SIBJISIETCST O-CTAOUIBLHOM WU O-cyrepcTabuibHoit. [loHssTre 0-cTabu/IbHOCTY SABJISET-
C4d eCTEeCTBEHHBIM COYETaHNEM CTa6I/IJIbHOCTI/I 1 O-MUHUMAaJIBHOCTH, a UMEHHO, YIIOPAJOICHHAA
CTPYKTYpa HA3BIBAETCS O-CTAOUJIBHON, ecju JiIoboe ee CeUeHUE COBMECTHO C MAJIBIM UUCJIOM
IIOJIHBIX OJJUMH-THUIIOB.

KuaroueBbie cioBa: ynopsjgouennas rpynna, NIP Teopusi, o-MuHUMaIbHAsS TEOpUHA, O-
crabuibHas TeOpUs, O-CyIepPCTAOM/IbHAS TCOPUS.
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