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Abstract. This paper substantiates the solution by the method of separation of variables of the initial-
boundary value problem for the heat equation with a discontinuous coefficient, under periodic or anti-
periodic boundary conditions. Using the Fourier method, this problem is reduced to the corresponding
spectral problem. The eigenvalues and eigenfunctions of this spectral problem are found. It is shown
that the spectral problem is non-self-adjoint and a conjugate spectral problem of this original spectral
problem is constructed. Further, it is proved that the system of eigenfunctions forms a Riesz basis. For
this purpose, a self-adjoint spectral problem is constructed and its eigenvalues and eigenfunctions are
found. In conclusion, using biorthogonality, the main theorem on the existence and uniqueness of a

classical solution to the problem is proven.

Keywords. Heat equation with discontinuous coefficients, spectral problem, non-self-adjoint problem,

Riesz basis, classical solution, Fourier method.

1 Introduction
Problem statement and research methods

We consider an initial boundary value problem for the heat equation with a piecewise constant
coefficient
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in the domain 2 = 7 U 9, where
O ={(z,t):0<z<zp, 0<t<T}, Qa={(z,t):xo<zx<l, 0<t<T}

with the initial condition
u(z,0) = p(z), 0<ax <, (2)

the boundary conditions of the form

0,t —1)™u(l,t) =0
U(a’u(g:)r( ) Q;(’ c’gu(lt), 0<t<T, (3)
k1=~ + (=1)"ke =5~ =0,
and with the conjugation conditions
u(zg — 0,t) = u(xo + 0,1), (1)
ky au(xgx—o,t) — ko Gu(xga;i-o,t)’

where the point xq is a strictly internal point of the interval (0,1), that is, 0 < xg < [. The
coefficients k; > 0, (i =1,2), m = 1,2.
Parabolic type equations with discontinuous coefficients have been studied quite well [1-5].
In these works, the correctness of various initial boundary value problems for a parabolic type
equation with discontinuous coefficients was proven using the Green’s function and thermal
potentials method. In the case without a discontinuity, the spectral theory of these problems
is constructed almost completely [6-12]. In [13-14|, some properties of the eigenfunctions
of the Sturm-Liouville operator with discontinuous coefficients were studied. In the case of
a discontinuous coefficient, the spectral theory of such problems is considered in the works
[15-17).
First, we consider the case m = 1. We look for a solution to Problem (1)-(4) in the form
u(x,t) = v(x,t) + w(z,t), where v(x,t) is a solution to the following problem A:
o 0%
ot " 02
v(z,0) = p(z), 0<x<lI,

v(0,t) —v(l,t) =0,

0<t<T,

Ky av(xgx—O,t) — ko Ov(zo+0,t)

{U(xo - O>t) = U(fEO + Ovt)v
ox )

where w(z,t) is a solution to the following problem B:

ow 5 0%w

azkiw+f($at)
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w(z,0) =0, 0<z<l,

w(0,8) —w(il, ) = 0,
{kaw(m) Ry 2u) _ 0<t<T

w(zo —0,t) = w(zo + 0,1),
Ky Ow(zo—0,t) = ky Ow(xo+0,t)

ox ox )

Let W denote the linear variety of functions from the class
u(z,t) € C(Q)UCH Q1) UC* ()

which satisfy all conditions (2)—(4).

We call a function u(z,t) from the class u(z,t) € W a classical solution to Problem
(1)—(4), if

1) it is continuous in the domain (;

2) has in the domain continuous derivatives of the first order with respect to ¢ and
continuous derivatives of the second order with respect to x;

3) satisfies Equation (1) and all Conditions (2)—(4) in the usual, continuous sense.

We look for a solution to problem A using the Fourier method: v;(x,t) = X;(x)-T'(t) # 0.
Substituting the boundary conditions and the pairing conditions into the equations, and
separating the variables, we obtain the following spectral problem

_ 1.2y T T T
o= 05 v
X1(0) - X2(l) 0 (6)
k1 X1(0) — ko X5(1) =
X1(zo —0) = Xa(zo + 0), i( —-0) = kQXé(l’o—i-O), (7)

The function T'(t) is a solution to the equation
T'(t) + \T'(t) = 0.

Now we need to find the eigenvalues and eigenfunctions of Problem (5)—(7). The general
solution to Equation (5) has the form

{X(x) =cjcospuix +cgsinpizr, 0 < < x, (8)

X (x) = dy cos pox + do sin poz, x9 < x <,
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Substituting the general solution (8) into the boundary conditions (6) and the conjugation
conditions (7), and taking into account that pik; = poks = v/A we obtain

c1 = dy cos(pual) + dg sin(ual)
co = —dy sin(,ugl) + do COS(/LQ[)

. : 9)
c1 cos(p1xo) + casin(pizo) — di cos(pazo) — dasin(paxo) =0
—cysin(u1zo) + casin(pixo) + di sin(paxg) — da cos(uazp) =0
We find the characteristic determinant of the system (9):
A A
A0 = 2(1 - cos(Y2)) = asin? (2 =0, (10
r 2r
where )
I + ko
From Equation (11) one can find the eigenvalues (they are twofold)
Ap = (2mnr)?, wheren =0, 1, 2,... (12)
These eigenvalues correspond to the eigenfunctions
;o (2mnr
0
Xow) = € SPCRD, 0 <w <o (13
sin(FF2(z — 1)), mo <z <,
2mnr
~ 0
£0(2) = C cos(zk1 x), < x < xo, (14)
cos(5(x — 1)), xo <z <,

where r determined by the formula (11).

Lemma 1. Spectral problem (5)-(7) is non-self-adjoint. The adjoint problem to problem
(5)—-(7) has the following form:

[k (x), O0<z<m0)| _

LY () = {—k‘%Y”(ac), xo<x<l| AY () (15)
k1Y1(0) — k2Ya(l) =0 (16)
BY{(0) - KY{(0) = 0

k1Y1(zo — 0) = koYa(zo +0), k{Y{(zo — 0) = k3Y3(z + 0), (17)
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Proof. We find the conjugate problem to Problem (5)—(7). Given the following formula
—X"(@)Y (2) = (V(2)X(2) = YV(2)X'(2))" = Y"(2) X ()

we obtain
l o l
/ Y(x)LX () dx = —/ Y (2)k2 X" (z) dz —/ Y (2)k3 X" (z) dz =
0 0 x0
= —k¥Y (20 — 0)X (0 — 0) + k¥Y (0)X'(0) + kY (20 — 0) X (20 — 0)+
+EY(0)X(0) — k3Y (1) X' (1) + k3Y (w0 + 0) X (z0 + 0) + K3V (1) X (1)
!
—k3Y (w0 + 0) X (20 + 0) +/ X(z)LY (z) dx.
0
Using boundary conditions (6) and pairing conditions (7) we have
!
/ Y (z)LX (z)dx = X (20 + 0) (k%Y’(aco —0) — k3Y'(xo + O))+
0
R X (20 — 0) (ng(xo F0) — kY (2o — o))+

kX (0) (k:lY(O) - /.CQY(Z)) + X(0) (kgy'(m - kfyf(())) + / l X (2)LY (z)de.
0

From the last equality it follows that the formula

l !
/ Y(z)LX (z)dx = / X(z)LY (z)dx
0 0
is executed only if Conditions (16)—(17). It follows that Problem (5)—(7) is not self-adjoint. [J
Lemma 2. The following problem is self-adjoint.

[—K}Z"(z), 0<z <3| _
LZ(z) = {—k:%Z”(:B), o<z <l| A (z) (18)

{@z@) —VEaZa(l) = 0 )
K 20(0) - k3 25() = 0
VEiZi(wo —0) = Vs Zo(wo +0), kP Zi(xo—0) = k3 Zy(wo+0),  (120)
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The proof of this lemma is similar to the proof of the previous one lemma 1. The
eigenvalues of the spectral problem (18)—(20) are equal to \,, = (2mn7)?, where (n = 0,1,2,...),
and two-fold, i.e. coincide with the eigenvalues of problem (5)—(7). The eigenfunctions are

equal
1 2mnr

() = C JTTSW( wrx), 0 <z <,
n\& 1 g (2mmr
\/—Esm( (=), mo <z <l

5 o \/%COS(QZ?TI'), 0 <z < o,
n(@) = L _cos(ZE (x — 1)), xo<x<I
N ko y 0 5

From the normalization condition we find C' = \/?, where r is determined by formula
(11). Then finally, the eigenfunctions of Problem (18)-+(20) have the form:

1 (2T
Zuw) = var { o) <o <o (21)
\/%sin(zzgr(x —1)), m<z<lI,

1 2mnr
znm:@{“{“m( h ek D<o

22
\/7—2005(2712;"(16—1)), xo < x <lI, (22)

Lemma 3. The system of the eigenfunctions (13)-(14) forms the Riesz basis.

Proof. From the formulas (13)-(14) and (21)-(22) it is easy to notice that the eigenvalues of
Problem (18)-(20) and Problem (5)—(7) coincide, while the eigenfunctions differ by a piecewise
constant factor. From the formulas (13)—(14) and (21)-(22) it is clear that the eigenfunctions
of Problem (5)-(7) and (18)—(20) are related by the following equality:

(?n(x) )ZQ(Q;) ( ﬁzgg > where o) = { i 20<<fv$<<x;, (23)

Sinse Z,(z) and Zn(z) are the eigenfunctions of the self-adjoint problem (18)-(20), the

system Zy(z), Z,(x) of eigenfunctions forms an L2(0,!) orthonormal basis [18]. We rewrite
formula (23) in the following form:

Zn(z) B X, (z) Xn(2) B Xn(2)
( Zn() > —A< % (2) , where A () = a(x) %0 (2) ,
A Ly(0,1) — L2(0,1) is a bounded operator and there exists A~! that is also bounded. It
follows that the system of the eigenfunctions X,,(z), X, (z) forms a Riesz basis.

Now we find the eigenvalues and the eigenfunctions of the conjugate problem (15)-(17).
The eigenvalues of the conjugate problem are not difficult to find, they are equal \,, = (27nr)?,
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where (n =0,1,2,...), and they are also twofold and coincide with the eigenvalues of Problem
(5)-(7). The eigenfunctions are defined as follows:

1 o0 (2701
=sin( z), 0<z<wxo,

Yo(r) =C { 14311 . 27]:7117” I I (24)
Esm(k—(ac —1), my<z<lI,
1 2mnr

- =cos( x), 0<z<wx,

Y,(z)=C { kll 27’:m l l (25)
eos(F(z = 1)), mo <z <,

It follows from the general theory that the system of eigenfunctions Xy (z), X, (z) and
Y, (x), Y, () is biorthogonal, i.e.

/X Ydx =0 and/X =0,

for any (n,m =1,2,...), and

/X 2)dr = 1, if n=m and X f/ 1, if n=m
0, if n#m 0, if n#m

From the normalization condition we find C' = +/27. O

Now we prove the main theorem.

Theorem 4. Let o(x) be a continuously differentiable function satisfying the conditions

©(0) = @(l), k1¢'(0) = ka2¢'(1), (w0 — 0) = @(x0 +0), k1¢p'(x0 — 0) = ko' (20 + 0).
Then the function

Z(son 2(@) + PuXn(a)) € (26)

where the coefficients @y, pn are determined by the formulas

1 l ~
o = /0 () Vo (), G = /0 o)V (2)da (27)

is the only classical solution to problem A.

Proof. First, we prove the existence of solution (26). Since X,,(z), X,(z) are the eigenfunc-
tions and the eigenvalues of Problem (5)—(7), then it is easy to verify that the function v(x, )
determined by formula (26) satisfies the equation, initial condition, boundary conditions and
pairing conditions of problem A. Series (26) is the sum of functions

oule,t) = (0nXa(@) + BuXa(@)) (28)
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We show that when ¢ > ¢ > 0 (here, € is an arbitrary positive number) the series
8% = 9%,
Z”n %), Z 2. 522

converges uniformly. Obviously, |¢| < M;. Then from the formula (27) it follows that
{lenl,|#nl} < Ma. Then from Equality (28) and from the following equalities

En = (“AXa@)pn = M Fn(@)Fa) e, D —k;(‘X"@%‘Xn@)%)@ :
we obtain
Oy, | | 0%vy,

’vn(x7t)’ < M3e—)\n5’ {

} < Myhpe e,

Ot || 0x2

where the constants M3 and M, are positive and does not depend on n. Thus

p >

n=1
where M > 0 and does not depend on n. Since the series

9vn
ot

9%vy,
0z2

vn(xa t) )

St (o)
— mnr g
} < Zane ,
n=1

0 2
9 —<2rmr) €
Z Mn*e
n=1
is an absolutely convergent series, therefore, according to Weierstrass’s test, the series
> Syat]
2
= ox
ov(z,t) 0*v(z,t)
ot 7 0x?

3vn

vn(z,

converge uniformly for ¢ > & and the functions v(x,t), are continuous for
t>e.

Now we need to prove that series (26) converges uniformly everywhere in Q. Note that
the n-th term of the series (26) is dominated by the sum |¢,| + |@n|. Integrating by parts the

integral in formula (27), we obtain

C n _ C i,
on < S el s i G Bl (Vi V),

—2mr n _2 n

where

—~

l

o = / () Zn(@)dz and @y = / & (2) 2 () da

0 0
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are Fourier coefficients of the function ¢’(z) with respect to the eigenfunctions Z,(x), Z, ()
orthonormal on an interval [0,[], determined by the formulas (21)-(22). It is known that the
eigenfunctions Z,(x), Z,(z) form an orthonormal basis. (See Lemma 2). Taking into account

1
the inequality ab < §(a2 + b?) we have

Ch - 2
"pn‘—’—")@n’_ Ay (ai+ai+712>-

Using the Bessel inequality

9
> (an+an) <21
n=1

1 2
and the well-known equality Z — = %, we obtain
n

n=1

oo
> (lenl + 120l < C.
n=1

Thus, the majorizing series is absolutely convergent, this means series (26) converges
uniformly in Q and defines a continuous function v(z,t) in . Thus, we proved the existence
of a solution. Now we prove its uniqueness. We assume that there are two solutions v(z,t)
and v(z,t). Then for the function v(z,t) = v(x,t) — v(x,t) we have the following problem C:

i = kZ&
ot 7 0x?’
v(r,0) =0, 0<z<I,
v(0,t) —ov(l,t) =0

ov(0,t) ov(l,t) 0<t<T,
& oz & or 0,
U(fﬁo - Ovt) = U(:I;U + Oa t)7
Ov(zg — 0,t) O0v(zg +0,1)
k1 = ko
ox ox

The solution to this problem C can be represented in the form of an expansion in terms of
the basis { X, (), X,,(x)} and it has the form:

v(,t) = 3 (An(t) Xn (@) + Ay (1) X, (2)). (29)

n=1
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The coefficients A, (t) and Kn(t) are easy to find if we multiply both sides of equality
(29) respectively by the functions Y, (x) and Y, (z), and integrate the resulting relationship
from 0 to [ and take into account the biorthogonality of the sequences { X, (z), Xn(z)} and

{Yn(:n),f/n(x)} Then we obtain

l l

An(t) = / o, )Y, () _ 0/ oz . (30)

0
First we transform the first equality in formula (30). Differentiating with respect to the
variable ¢ we obtain

l
[ Ov(z,1) B
= 0/ 5 Y, (z)dx =

l
0?v( " 2mnr 0*v(z,t) . (2mnr
= kl/ (93:2 ( o x) dx + kg/ 52 sin < " (x — l)> dx
To

Integrating by parts twice and using the boundary conditions and conjugation conditions,

we have
g
2mnr)? 2
Al (t) = _ (2mnr) /v(m,t) sin | 2 ) da—
k1 k
0

1

l

_ @rnr)’ /lv(x,t) sin (27;7”«( ) da = —)\n/v z)da = —ApAn(t),

kQ 2

o 0
Therefore Ay (t) = cpe Mt (n = 1,2,...). Transforming in a similar way we obtain for
the coefficient A, (t) the following:

AL () = =MAn(t) = Au(t) = e Mt

Substituting the found A, () and A, (t) into formula (30) we obtain
l

/lv 2)dz = cpet, / (2, 1)V (2)d = Gpet, (31)
0

0

Passing to the limit ¢ — 0 in equality (31) what is possible due to continuity v(z,t) in €,
we obtain

%gr(l) v(z,t)Y,(x)dx =0 = A,(0), }gr(l) v(z,t)Y,(x)dx =0 = A,(0),
0 0

KAZAKH MATHEMATICAL JOURNAL, 24:4 (2024) 63-76



Solution of the heat equation with a discontinuous coefficient. . . 73

therefore ¢, =0, ¢, =0, (n=1,2,..).
Then from Formula (29) we obtain v(z,t) = 0. It follows from this that v(x,t) = v(z,1).
The theorem is proved. O

Knowing the solution to problem A, it is not difficult to obtain a solution to problem B.
This solution is given by the formula

o /1 ¢
w(z,t) = Z /fne_’\’L(t_T)Xn(x) —I—/ﬁe_’\"(t_ﬂj(/n(:v) , (32)
n=1 \0 0

where
l !
fa(T) = / fl@,7)Yo(2)dz, fo(r) = / f@, 7)Y (2)da.
0 0

Adding (26) and (32) we obtain a solution to Problem (1)-(4).
Now consider the case m = 2. Then, after applying the method of separation of variables,
we obtain the following spectral problem

[-KX"(x), O0<z<m0)| _
LX(z) = {—k%X”(x), o<z <lf AX (@) (33)

{Xl(()) +X5(1) =0 (34)
Xl(xo — 0) = Xg(xo + 0), k‘lXi (1‘0 — 0) = kzXé(l’o + O), (35)

The eigenvalues of Problem (33)—(35) have the form: A\, = ((2n+1)7r)?, (n = 0,1,2,...).
The following eigenfunctions correspond to these eigenvalues.

sin( (2n-11€-11)7r'r x),

0<zx<xg,
X,(zx)=C
(=) {sin((%z)m (=), xo<z<l,

cos(%x), 0 <z < xp,

—cos(%(l —x)), wo<x<lI,

X, (z) = C{

where r is determined by the formula (11).
All other calculations, including the proof of the theorem, are carried out in a similar
way.
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2 Conclusion

The method proposed in this article can be used in the case of n break points, where n > 3,
and for the more general case of the conjugation condition (in this work, the ideal contact
condition is considered).
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Koitnsmos Y.K., A6aspaxumos H.T. KOSOOUIINEHTI Y3LJIICTI BENJIOKAJIb-
Jbl MTEKAPAJIBIK [MTAPTTAPMEH BEPIJITEH 2KBIJIYOTKI3IMIITIK TEHIEY/I
OYPHE 0ICIMEH TITEITY

Makanaga koahdurmenTi y3iaicTi KpUTYOTKI3TIITIK TEHIEY VIMH MEPUOJITHIK HeMece
AHTUTIEPUOTHIK MTapTTapMeH bepiiiren HACTANIKBI-TIETTIK eCenTi affHBIMAIBLIAPILI AXKBIPATY
oxicimen mienty Herizgenren ypre oJiciH KOJIIAHY aPKBLIbI OYJ1 €cell COiiKec CIIEKTPJIK ecell-
K€ KeJrripisiren. Bepiiren crekTpJik ecernTin MEHIKTI MOHAEP] MeH MEHINKTI (DyHKIMIIaPhI
rabbiiran. CiieKTpJIiK ecemnTin 03iHe-031 TyiliH/Iec eMec eKeHi KOPCETINeH KoHe OepiireH crek-
TPJIK ecemnke TYiiiHIeC ecenl KypbLIran. bepiiren ecenTiy MeHIMNKTI dyHKIUAIAp XKyiteci Pucc
baszucin KypailTbiHbl JaJIe/geHred. ©3ine-031 TyHiHAEC CIIEKTPJIK ecell KYPhLIFaH KoHE OHbIH
MEHIIKTI MOHEPl MeH MEHINKTI (pyHKIUsIAphl TaObLIFaH. KopbITHIHIBLIAN Kese, 6UopTo-
TOHATBIBIKTHI TTAMIAIaHA OTHIPKIT, KOWBLIFAH €CENTiH KIACCUKAJBIK IMETiMiHIE 0ap >KoHe
SKaJIFBI3/IBIFB] TYPaJIbl HETI3TI TeopeMa o e IeH/Ti.

Tyiiiu ce3aep: kKoaddurmenTi y3iIicTi XKbUTYOTKIZNIIITIK TEHIEY, CIIEKTPJIK €Cell, o3iHe-
e3i Tyitingec emec ecer, Pucc 6a3uci, kiaaccukasbik, merrim, ypbe o/ici.

Kotineimos ¥V.K., A6aeipaxnvos H.T. PEIINEHUE YPABHEHUA TEILIOIIPOBO/I-
HOCTU C PASPBIBHBIM KOOOUITMEHTOM C HEJJOKAJIBHBIMU KPAEBBIMU
YCJI0BUAMU METOI0OM OYPBE

B nmannoit pabore 060CHOBAHO peIIEHHE METOAOM pa3fe/ieHnus] TTePEMEHHBIX HadaIbHO-
KPaeBoil 331a49u [IJid YPABHEHUS TEILIOMPOBOIHOCTH C PA3PBIBHLIM KO(DOUITMEHTOM, TIPH TIe-
PUOIMYECKUX WIN AaHTUIIEPUOINIECKUX TPAHNYHBIX yeaoBusx. Metogom Dypre nannas 3a1a-
ua CBEEHA K COOTBETCTBYIOMIEH CrieKTpaabHOl 3amade. Haiimersl coOCTBEHHBIE 3HAUECHUS W
cobcTBeHHBIE (DYHKITUHU JIAHHON CrieKTpajibHoil 3anaun. [lokazana, 9To crekTpajibHas 3a/a4ua
HECAMOCOIPSKEHHAS W MOCTPOEHA, COTIPSKEHHAS CIIEKTPaIbHAS 330292 JaHHONH TePBOHAYAJb-
HO¥ crieKTpaJibHOl 3ajauu. asee, Joka3piBaeTcs, 4To cucremMa cob6CTBeHHBIX (DYHKIMN 06pa-
gyet 6azuc Pucca. [Ijg 3T0r0 mocTpoeHa caMOCOPsAKEeHHAs CIIeKTPAIbHAS 331898 W HANIEHBI
ee cobcTBeHHbIE 3HAUYEHUs U COOCTBeHHBbIE (DyHKIMU. B 3aKk/IF0YeHUN, UCIOJB3YsE OUOPTOro-
HaJIBHOCTH JIOKA3aHa OCHOBHASI TEOPEMa O CYIIECTBOBAHUNA U €JMHCTBEHHOCTH KJIACCUYECKOrO
peleHns MOCTaBIEHHON 3a1a491.

KimroueBbie cjioBa: YpaBHEHUE TEILJIONPOBOIHOCTH C PA3PBIBHBIMU KO3bdUITmeHTaMu,
CTeKTpasIbHASA 33/a4a, HeCAMOCOTPSIKeHHasd 3aja4a, ba3uc Pucca, Kjaccudeckoe perleHue,
meToa Pypebe.
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