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Abstract. This paper substantiates the solution by the method of separation of variables of the initial-

boundary value problem for the heat equation with a discontinuous coe�cient, under periodic or anti-

periodic boundary conditions. Using the Fourier method, this problem is reduced to the corresponding

spectral problem. The eigenvalues and eigenfunctions of this spectral problem are found. It is shown

that the spectral problem is non-self-adjoint and a conjugate spectral problem of this original spectral

problem is constructed. Further, it is proved that the system of eigenfunctions forms a Riesz basis. For

this purpose, a self-adjoint spectral problem is constructed and its eigenvalues and eigenfunctions are

found. In conclusion, using biorthogonality, the main theorem on the existence and uniqueness of a

classical solution to the problem is proven.

Keywords. Heat equation with discontinuous coe�cients, spectral problem, non-self-adjoint problem,
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1 Introduction

Problem statement and research methods

We consider an initial boundary value problem for the heat equation with a piecewise constant
coe�cient

∂u

∂t
= k2i

∂2u

∂x2
+ f(x, t) (1)
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in the domain Ω = Ω1 ∪ Ω2, where

Ω1 = {(x, t) : 0 < x < x0, 0 < t < T}, Ω2 = {(x, t) : x0 < x < l, 0 < t < T}

with the initial condition
u(x, 0) = φ(x), 0 ≤ x ≤ l, (2)

the boundary conditions of the form{
u(0, t) + (−1)mu(l, t) = 0,

k1
∂u(0,t)

∂x + (−1)mk2
∂u(l,t)
∂x = 0,

0 ≤ t ≤ T, (3)

and with the conjugation conditions{
u(x0 − 0, t) = u(x0 + 0, t),

k1
∂u(x0−0,t)

∂x = k2
∂u(x0+0,t)

∂x ,
(4)

where the point x0 is a strictly internal point of the interval (0, l), that is, 0 < x0 < l. The
coe�cients ki > 0, (i = 1, 2), m = 1, 2.

Parabolic type equations with discontinuous coe�cients have been studied quite well [1�5].
In these works, the correctness of various initial boundary value problems for a parabolic type
equation with discontinuous coe�cients was proven using the Green's function and thermal
potentials method. In the case without a discontinuity, the spectral theory of these problems
is constructed almost completely [6�12]. In [13�14], some properties of the eigenfunctions
of the Sturm-Liouville operator with discontinuous coe�cients were studied. In the case of
a discontinuous coe�cient, the spectral theory of such problems is considered in the works
[15�17].

First, we consider the case m = 1. We look for a solution to Problem (1)�(4) in the form
u(x, t) = v(x, t) + w(x, t), where v(x, t) is a solution to the following problem A:

∂v

∂t
= k2i

∂2v

∂x2

v(x, 0) = φ(x), 0 ≤ x ≤ l,{
v(0, t)− v(l, t) = 0,

k1
∂v(0,t)
∂x − k2

∂v(l,t)
∂x = 0,

0 ≤ t ≤ T,{
v(x0 − 0, t) = v(x0 + 0, t),

k1
∂v(x0−0,t)

∂x = k2
∂v(x0+0,t)

∂x ,

where w(x, t) is a solution to the following problem B:

∂w

∂t
= k2i

∂2w

∂x2
+ f(x, t)
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w(x, 0) = 0, 0 ≤ x ≤ l,{
w(0, t)− w(l, t) = 0,

k1
∂w(0,t)

∂x − k2
∂w(l,t)

∂x = 0,
0 ≤ t ≤ T,

{
w(x0 − 0, t) = w(x0 + 0, t),

k1
∂w(x0−0,t)

∂x = k2
∂w(x0+0,t)

∂x ,

Let W denote the linear variety of functions from the class

u(x, t) ∈ C(Ω) ∪ C2,1(Ω1) ∪ C2,1(Ω2)

which satisfy all conditions (2)�(4).
We call a function u(x, t) from the class u(x, t) ∈ W a classical solution to Problem

(1)�(4), if
1) it is continuous in the domain Ω;
2) has in the domain continuous derivatives of the �rst order with respect to t and

continuous derivatives of the second order with respect to x;
3) satis�es Equation (1) and all Conditions (2)�(4) in the usual, continuous sense.
We look for a solution to problem A using the Fourier method: vj(x, t) = Xj(x)·T (t) ̸= 0.

Substituting the boundary conditions and the pairing conditions into the equations, and
separating the variables, we obtain the following spectral problem

LX(x) =

{
−k21X

′′(x), 0 < x < x0
−k22X

′′(x), x0 < x < l

}
= λX(x) (5)

{
X1(0)−X2(l) = 0

k1X
′
1(0)− k2X

′
2(l) = 0

(6)

X1(x0 − 0) = X2(x0 + 0), k1X
′
1(x0 − 0) = k2X

′
2(x0 + 0), (7)

The function T (t) is a solution to the equation

T ′(t) + λT (t) = 0.

Now we need to �nd the eigenvalues and eigenfunctions of Problem (5)�(7). The general
solution to Equation (5) has the form{

X(x) = c1 cosµ1x+ c2 sinµ1x, 0 < x < x0,

X(x) = d1 cosµ2x+ d2 sinµ2x, x0 < x < l,
(8)

where µi =

√
λ

ki
, (i = 1, 2).
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Substituting the general solution (8) into the boundary conditions (6) and the conjugation
conditions (7), and taking into account that µ1k1 = µ2k2 =

√
λ we obtain

c1 = d1 cos(µ2l) + d2 sin(µ2l)

c2 = −d1 sin(µ2l) + d2 cos(µ2l)

c1 cos(µ1x0) + c2 sin(µ1x0)− d1 cos(µ2x0)− d2 sin(µ2x0) = 0

−c1 sin(µ1x0) + c2 sin(µ1x0) + d1 sin(µ2x0)− d2 cos(µ2x0) = 0

(9)

We �nd the characteristic determinant of the system (9):

∆(λ) = 2
(
1− cos

(√λ

r

))
= 4sin2

(√λ

2r

)
= 0, (10)

where

r =
1

x0
k1

+ l−x0
k2

. (11)

From Equation (11) one can �nd the eigenvalues (they are twofold)

λn = (2πnr)2, where n = 0, 1, 2, . . . (12)

These eigenvalues correspond to the eigenfunctions

Xn(x) = C

{
sin(2πnrk1

x), 0 < x < x0,

sin(2πnrk2
(x− l)), x0 < x < l,

(13)

X̃n(x) = C

{
cos(2πnrk1

x), 0 < x < x0,

cos(2πnrk2
(x− l)), x0 < x < l,

(14)

where r determined by the formula (11).

Lemma 1. Spectral problem (5)�(7) is non-self-adjoint. The adjoint problem to problem

(5)�(7) has the following form:

LY (x) =

{
−k21Y

′′(x), 0 < x < x0
−k22Y

′′(x), x0 < x < l

}
= λY (x) (15)

{
k1Y1(0)− k2Y2(l) = 0

k21Y
′
1(0)− k22Y

′
2(l) = 0

(16)

k1Y1(x0 − 0) = k2Y2(x0 + 0), k21Y
′
1(x0 − 0) = k22Y

′
2(x0 + 0), (17)
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Proof. We �nd the conjugate problem to Problem (5)�(7). Given the following formula

−X ′′(x)Y (x) = (Y ′(x)X(x)− Y (x)X ′(x))′ − Y ′′(x)X(x)

we obtain ∫ l

0
Y (x)LX(x) dx = −

∫ x0

0
Y (x)k21X

′′(x) dx−
∫ l

x0

Y (x)k22X
′′(x) dx =

= −k21Y (x0 − 0)X ′(x0 − 0) + k21Y (0)X ′(0) + k21Y
′(x0 − 0)X(x0 − 0)+

+k21Y
′(0)X(0)− k22Y (l)X ′(l) + k22Y (x0 + 0)X ′(x0 + 0) + k22Y

′(l)X(l)−

−k22Y
′(x0 + 0)X(x0 + 0) +

∫ l

0
X(x)LY (x) dx.

Using boundary conditions (6) and pairing conditions (7) we have∫ l

0
Y (x)LX(x)dx = X(x0 + 0)

(
k21Y

′(x0 − 0)− k22Y
′(x0 + 0)

)
+

+k1X
′(x0 − 0)

(
k2Y (x0 + 0)− k1Y (x0 − 0)

)
+

+k1X
′(0)

(
k1Y (0)− k2Y (l)

)
+X(0)

(
k22Y

′(l)− k21Y
′(0)

)
+

∫ l

0
X(x)LY (x)dx.

From the last equality it follows that the formula∫ l

0
Y (x)LX(x)dx =

∫ l

0
X(x)LY (x)dx

is executed only if Conditions (16)�(17). It follows that Problem (5)�(7) is not self-adjoint.

Lemma 2. The following problem is self-adjoint.

LZ(x) =

{
−k21Z

′′(x), 0 < x < x0
−k22Z

′′(x), x0 < x < l

}
= λZ(x) (18)

{√
k1Z1(0)−

√
k2Z2(l) = 0

k
3
2
1 Z

′
1(0)− k

3
2
2 Z

′
2(l) = 0

(19)

√
k1Z1(x0 − 0) =

√
k2Z2(x0 + 0), k

3
2
1 Z

′
1(x0 − 0) = k

3
2
2 Z

′
2(x0 + 0), (120)
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The proof of this lemma is similar to the proof of the previous one lemma 1. The
eigenvalues of the spectral problem (18)�(20) are equal to λn = (2πnr)2, where (n = 0, 1, 2, ...),
and two-fold, i.e. coincide with the eigenvalues of problem (5)�(7). The eigenfunctions are
equal

Zn(x) = C

{
1√
k1
sin(2πnrk1

x), 0 < x < x0,
1√
k2
sin(2πnrk2

(x− l)), x0 < x < l,

Z̃n(x) = C

{
1√
k1
cos(2πnrk1

x), 0 < x < x0,
1√
k2
cos(2πnrk2

(x− l)), x0 < x < l,

From the normalization condition we �nd C =
√
2r, where r is determined by formula

(11). Then �nally, the eigenfunctions of Problem (18)-+(20) have the form:

Zn(x) =
√
2r

{
1√
k1
sin(2πnrk1

x), 0 < x < x0,
1√
k2
sin(2πnrk2

(x− l)), x0 < x < l,
(21)

Z̃n(x) =
√
2r

{
1√
k1
cos(2πnrk1

x), 0 < x < x0,
1√
k2
cos(2πnrk2

(x− l)), x0 < x < l,
(22)

Lemma 3. The system of the eigenfunctions (13)�(14) forms the Riesz basis.

Proof. From the formulas (13)�(14) and (21)�(22) it is easy to notice that the eigenvalues of
Problem (18)�(20) and Problem (5)�(7) coincide, while the eigenfunctions di�er by a piecewise
constant factor. From the formulas (13)�(14) and (21)�(22) it is clear that the eigenfunctions
of Problem (5)�(7) and (18)�(20) are related by the following equality:(

Zn(x)

Z̃n(x)

)
= α(x)

(
Xn(x)

X̃n(x)

)
, where α(x) =

{
1√
k1
, 0 < x < x0,

1√
k2
, x0 < x < l

(23)

Sinse Zn(x) and Z̃n(x) are the eigenfunctions of the self-adjoint problem (18)�(20), the
system Zn(x), Z̃n(x) of eigenfunctions forms an L2(0, l) orthonormal basis [18]. We rewrite
formula (23) in the following form:(

Zn(x)

Z̃n(x)

)
= A

(
Xn(x)

X̃n(x)

)
, where A

(
Xn(x)

X̃n(x)

)
= α(x)

(
Xn(x)

X̃n(x)

)
,

A : L2(0, l) → L2(0, l) is a bounded operator and there exists A−1 that is also bounded. It
follows that the system of the eigenfunctions Xn(x), X̃n(x) forms a Riesz basis.

Now we �nd the eigenvalues and the eigenfunctions of the conjugate problem (15)�(17).
The eigenvalues of the conjugate problem are not di�cult to �nd, they are equal λn = (2πnr)2,
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where (n = 0, 1, 2, ...), and they are also twofold and coincide with the eigenvalues of Problem
(5)�(7). The eigenfunctions are de�ned as follows:

Yn(x) = C

{
1
k1
sin(2πnrk1

x), 0 < x < x0,
1
k2
sin(2πnrk2

(x− l)), x0 < x < l,
(24)

Ỹn(x) = C

{
1
k1
cos(2πnrk1

x), 0 < x < x0,
1
k2
cos(2πnrk2

(x− l)), x0 < x < l,
(25)

It follows from the general theory that the system of eigenfunctions Xn(x), X̃n(x) and
Yn(x), Ỹn(x) is biorthogonal, i.å.∫ l

0
Xn(x)Ỹm(x)dx = 0 and

∫ l

0
X̃n(x)Ym(x)dx = 0,

for any (n,m = 1, 2, ...), and∫ l

0
Xn(x)Ym(x)dx =

{
1, if n = m

0, if n ̸= m
and

∫ l

0
X̃n(x)Ỹm(x)dx =

{
1, if n = m

0, if n ̸= m

From the normalization condition we �nd C =
√
2r.

Now we prove the main theorem.

Theorem 4. Let φ(x) be a continuously di�erentiable function satisfying the conditions

φ(0) = φ(l), k1φ
′(0) = k2φ

′(l), φ(x0 − 0) = φ(x0 + 0), k1φ
′(x0 − 0) = k2φ

′(x0 + 0).
Then the function

v(x, t) =
∞∑
n=1

(
φnXn(x) + φ̃nX̃n(x)

)
e−λnt (26)

where the coe�cients φn, φ̃n are determined by the formulas

φn =

∫ l

0
φ(x)Yn(x)dx, φ̃n =

∫ l

0
φ(x)Ỹn(x)dx (27)

is the only classical solution to problem A.

Proof. First, we prove the existence of solution (26). Since Xn(x), X̃n(x) are the eigenfunc-
tions and the eigenvalues of Problem (5)�(7), then it is easy to verify that the function v(x, t)
determined by formula (26) satis�es the equation, initial condition, boundary conditions and
pairing conditions of problem A. Series (26) is the sum of functions

vn(x, t) =
(
φnXn(x) + φ̃nX̃n(x)

)
e−λnt (28)
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We show that when t ≥ ε > 0 (here, ε is an arbitrary positive number) the series

∞∑
n=1

vn(x, t),

∞∑
n=1

∂vn
∂t

,

∞∑
n=1

∂2vn
∂x2

converges uniformly. Obviously, |φ| ≤ M1. Then from the formula (27) it follows that{
|φn|, |φ̃n|

}
≤ M2. Then from Equality (28) and from the following equalities

∂vn
∂t

=
(
−λnXn(x)φn − λnX̃n(x)φ̃n

)
e−λnt,

∂2vn
∂x2

=
λn

k2j

(
−Xn(x)φn − X̃n(x)φ̃n

)
e−λnt,

we obtain

|vn(x, t)| ≤ M3e
−λnε,

{∣∣∣∣∣∂vn∂t

∣∣∣∣∣,
∣∣∣∣∣∂2vn
∂x2

∣∣∣∣∣
}

≤ M4λne
−λnε,

where the constants M3 and M4 are positive and does not depend on n. Thus{ ∞∑
n=1

∣∣∣vn(x, t)∣∣∣, ∞∑
n=1

∣∣∣∣∣∂vn∂t

∣∣∣∣∣,
∞∑
n=1

∣∣∣∣∣∂2vn
∂x2

∣∣∣∣∣
}

≤
∞∑
n=1

Mn2e
−
(
2πnr

)2

ε
,

where M > 0 and does not depend on n. Since the series

∞∑
n=1

Mn2e
−
(
2πnr

)2

ε

is an absolutely convergent series, therefore, according to Weierstrass's test, the series{ ∞∑
n=1

∣∣∣vn(x, t)∣∣∣, ∞∑
n=1

∣∣∣∣∣∂vn∂t

∣∣∣∣∣,
∞∑
n=1

∣∣∣∣∣∂2vn
∂x2

∣∣∣∣∣
}

converge uniformly for t ≥ ε and the functions v(x, t),
∂v(x, t)

∂t
,
∂2v(x, t)

∂x2
are continuous for

t ≥ ε.
Now we need to prove that series (26) converges uniformly everywhere in Ω. Note that

the n-th term of the series (26) is dominated by the sum |φn|+ |φ̃n|. Integrating by parts the
integral in formula (27), we obtain

|φn| ≤
C1

2πr
· |αn|

n
, |φ̃n| ≤

C1

2πr
· |α̃n|

n
, C1 = max

(√
k1,

√
k2
)
,

where

αn =

l∫
0

φ′(x)Z̃n(x)dx and α̃n =

l∫
0

φ′(x)Zn(x)dx
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are Fourier coe�cients of the function φ′(x) with respect to the eigenfunctions Zn(x), Z̃n(x)
orthonormal on an interval [0, l], determined by the formulas (21)�(22). It is known that the
eigenfunctions Zn(x), Z̃n(x) form an orthonormal basis. (See Lemma 2). Taking into account

the inequality ab ≤ 1

2
(a2 + b2) we have

|φn|+ |φ̃n| ≤
C1

4πr
·
(
α2
n + α̃2

n +
2

n2

)
.

Using the Bessel inequality

∞∑
n=1

(
α2
n + α̃2

n

)
≤ ∥φ′∥2,

and the well-known equality
∞∑
n=1

1

n2
=

π2

6
, we obtain

∞∑
n=1

(|φn|+ |φ̃n|) ≤ C.

Thus, the majorizing series is absolutely convergent, this means series (26) converges
uniformly in Ω and de�nes a continuous function v(x, t) in Ω. Thus, we proved the existence
of a solution. Now we prove its uniqueness. We assume that there are two solutions ṽ(x, t)
and v̂(x, t). Then for the function v(x, t) = ṽ(x, t)− v̂(x, t) we have the following problem C:

∂v

∂t
= k2j

∂2v

∂x2
,

v(x, 0) = 0, 0 ≤ x ≤ l,v(0, t)− v(l, t) = 0,

k1
∂v(0, t)

∂x
− k2

∂v(l, t)

∂x
= 0,

0 ≤ t ≤ T,

v(x0 − 0, t) = v(x0 + 0, t),

k1
∂v(x0 − 0, t)

∂x
= k2

∂v(x0 + 0, t)

∂x

.

The solution to this problem C can be represented in the form of an expansion in terms of
the basis

{
Xn(x), X̃n(x)

}
and it has the form:

v(x, t) =
∞∑
n=1

(
An(t)Xn(x) + Ãn(t)X̃n(x)

)
. (29)
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The coe�cients An(t) and Ãn(t) are easy to �nd if we multiply both sides of equality
(29) respectively by the functions Yn(x) and Ỹn(x), and integrate the resulting relationship
from 0 to l and take into account the biorthogonality of the sequences

{
Xn(x), X̃n(x)

}
and{

Yn(x), Ỹn(x)
}
Then we obtain

An(t) =

l∫
0

v(x, t)Yn(x)dx, Ãn =

l∫
0

v(x, t)Ỹn(x)dx. (30)

First we transform the �rst equality in formula (30). Di�erentiating with respect to the
variable t we obtain

A′
n(t) =

l∫
0

∂v(x, t)

∂t
Yn(x)dx =

= k1

x0∫
0

∂2v(x, t)

∂x2
sin

(
2πnr

k1
x

)
dx+ k2

l∫
x0

∂2v(x, t)

∂x2
sin

(
2πnr

k2
(x− l)

)
dx

Integrating by parts twice and using the boundary conditions and conjugation conditions,
we have

A′
n(t) = −(2πnr)2

k1

x0∫
0

v(x, t) sin

(
2πnr

k1
x

)
dx−

−(2πnr)2

k2

l∫
x0

v(x, t) sin

(
2πnr

k2
(x− l)

)
dx = −λn

l∫
0

v(x, t)Yn(x)dx = −λnAn(t),

Therefore An(t) = cne
−λnt, (n = 1, 2, ...). Transforming in a similar way we obtain for

the coe�cient Ãn(t) the following:

Ã′
n(t) = −λnÃn(t) ⇒ Ãn(t) = c̃ne

−λnt.

Substituting the found An(t) and Ãn(t) into formula (30) we obtain

l∫
0

v(x, t)Yn(x)dx = cne
−λnt,

l∫
0

v(x, t)Ỹn(x)dx = c̃ne
−λnt. (31)

Passing to the limit t → 0 in equality (31) what is possible due to continuity v(x, t) in Ω,
we obtain

lim
t→0

l∫
0

v(x, t)Yn(x)dx = 0 = An(0), lim
t→0

l∫
0

v(x, t)Ỹn(x)dx = 0 = Ãn(0),
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therefore cn = 0, c̃n = 0, (n = 1, 2, ...).
Then from Formula (29) we obtain v(x, t) = 0. It follows from this that ṽ(x, t) = v̂(x, t).

The theorem is proved.

Knowing the solution to problem A, it is not di�cult to obtain a solution to problem B.
This solution is given by the formula

w(x, t) =

∞∑
n=1

 t∫
0

fne
−λn(t−τ)Xn(x) +

t∫
0

f̃ne
−λn(t−τ)X̃n(x)

 , (32)

where

fn(τ) =

l∫
0

f(x, τ)Yn(x)dx, f̃n(τ) =

l∫
0

f(x, τ)Ỹn(x)dx.

Adding (26) and (32) we obtain a solution to Problem (1)�(4).
Now consider the case m = 2. Then, after applying the method of separation of variables,

we obtain the following spectral problem

LX(x) =

{
−k21X

′′(x), 0 < x < x0
−k22X

′′(x), x0 < x < l

}
= λX(x) (33)

{
X1(0) +X2(l) = 0

k1X
′
1(0) + k2X

′
2(l) = 0

(34)

X1(x0 − 0) = X2(x0 + 0), k1X
′
1(x0 − 0) = k2X

′
2(x0 + 0), (35)

The eigenvalues of Problem (33)�(35) have the form: λn = ((2n+1)πr)2, (n = 0, 1, 2, ...).
The following eigenfunctions correspond to these eigenvalues.

Xn(x) = C

{
sin( (2n+1)πr

k1
x), 0 < x < x0,

sin( (2n+1)πr
k2

(l − x)), x0 < x < l,

X̃n(x) = C

{
cos( (2n+1)πr

k1
x), 0 < x < x0,

−cos( (2n+1)πr
k2

(l − x)), x0 < x < l,

where r is determined by the formula (11).
All other calculations, including the proof of the theorem, are carried out in a similar

way.
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2 Conclusion

The method proposed in this article can be used in the case of n break points, where n ≥ 3,
and for the more general case of the conjugation condition (in this work, the ideal contact
condition is considered).
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�îéëûøîâ �.�., Àáäûðàõèìîâ Í.Ò. ÊÎÝÔÔÈÖÈÅÍÒI �ÇIËIÑÒI ÁÅÉËÎÊÀËÜ-
ÄÛ ØÅÊÀÐÀËÛ� ØÀÐÒÒÀÐÌÅÍ ÁÅÐIËÃÅÍ ÆÛËÓ�ÒÊIÇÃIØÒIÊ ÒÅ�ÄÅÓÄI
ÔÓÐÜÅ �ÄIÑIÌÅÍ ØÅØÓ

Ìà©àëàäà êîýôôèöèåíòi ³çiëiñòi æûëó°òêiçãiøòiê òåäåó ³øií ïåðèîäòû© íåìåñå
àíòèïåðèîäòû© øàðòòàðìåí áåðiëãåí áàñòàï©û-øåòòiê åñåïòi àéíûìàëûëàðäû àæûðàòó
ºäiñiìåí øåøó íåãiçäåëãåí Ôóðüå ºäiñií ©îëäàíó àð©ûëû á´ë åñåï ñºéêåñ ñïåêòðëiê åñåï-
êå êåëòiðiëãåí. Áåðiëãåí ñïåêòðëiê åñåïòi ìåíøiêòi ìºíäåði ìåí ìåíøiêòi ôóíêöèÿëàðû
òàáûë¡àí. Ñïåêòðëiê åñåïòi °çiíå-°çi ò³éiíäåñ åìåñ åêåíi ê°ðñåòiëãåí æºíå áåðiëãåí ñïåê-
òðëiê åñåïêå ò³éiíäåñ åñåï ©´ðûë¡àí. Áåðiëãåí åñåïòi ìåíøiêòi ôóíêöèÿëàð æ³éåñi Ðèññ
áàçèñií ©´ðàéòûíû äºëåëäåíãåí. �çiíå-°çi ò³éiíäåñ ñïåêòðëiê åñåï ©´ðûë¡àí æºíå îíû
ìåíøiêòi ìºíäåði ìåí ìåíøiêòi ôóíêöèÿëàðû òàáûë¡àí. �îðûòûíäûëàé êåëå, áèîðòî-
ãîíàëüäû©òû ïàéäàëàíà îòûðûï, ©îéûë¡àí åñåïòi êëàññèêàëû© øåøiìiíi áàð æºíå
æàë¡ûçäû¡û òóðàëû íåãiçãi òåîðåìà äºëåëäåíäi.

Ò³éií ñ°çäåð: êîýôôèöèåíòi ³çiëiñòi æûëó°òêiçãiøòiê òåäåó, ñïåêòðëiê åñåï, °çiíå-
°çi ò³éiíäåñ åìåñ åñåï, Ðèññ áàçèñi, êëàññèêàëû© øåøiì, Ôóðüå ºäiñi.

Êîéëûøîâ Ó.Ê., Àáäûðàõèìîâ Í.Ò. ÐÅØÅÍÈÅ ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄ-
ÍÎÑÒÈ Ñ ÐÀÇÐÛÂÍÛÌ ÊÎÝÔÔÈÖÈÅÍÒÎÌ Ñ ÍÅËÎÊÀËÜÍÛÌÈ ÊÐÀÅÂÛÌÈ
ÓÑËÎÂÈßÌÈ ÌÅÒÎÄÎÌ ÔÓÐÜÅ

Â äàííîé ðàáîòå îáîñíîâàíî ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íà÷àëüíî-
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâíûì êîýôôèöèåíòîì, ïðè ïå-
ðèîäè÷åñêèõ èëè àíòèïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ. Ìåòîäîì Ôóðüå äàííàÿ çàäà-
÷à ñâåäåíà ê ñîîòâåòñòâóþùåé ñïåêòðàëüíîé çàäà÷å. Íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è
ñîáñòâåííûå ôóíêöèè äàííîé ñïåêòðàëüíîé çàäà÷è. Ïîêàçàíà, ÷òî ñïåêòðàëüíàÿ çàäà÷à
íåñàìîñîïðÿæåííàÿ è ïîñòðîåíà ñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à äàííîé ïåðâîíà÷àëü-
íîé ñïåêòðàëüíîé çàäà÷è. Äàëåå, äîêàçûâàåòñÿ, ÷òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé îáðà-
çóåò áàçèñ Ðèññà. Äëÿ ýòîãî ïîñòðîåíà ñàìîñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à è íàéäåíû
åå ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè. Â çàêëþ÷åíèè, èñïîëüçóÿ áèîðòîãî-
íàëüíîñòü äîêàçàíà îñíîâíàÿ òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè êëàññè÷åñêîãî
ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå òåïëîïðîâîäíîñòè ñ ðàçðûâíûìè êîýôôèöèåíòàìè,
ñïåêòðàëüíàÿ çàäà÷à, íåñàìîñîïðÿæåííàÿ çàäà÷à, áàçèñ Ðèññà, êëàññè÷åñêîå ðåøåíèå,
ìåòîä Ôóðüå.
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