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Abstract. In this work, we study a Dirichlet problem for the viscous Burgers equation in a domain with

moving boundaries that degenerates at the initial moment. The primary method of investigation is the

Galerkin method, for which we construct an orthonormal basis suitable for domains with moving bound-

aries. Uniform a priori estimates are obtained, and based on these, theorems on the unique solvability

of the problem are proven using methods of functional analysis. The viscous Burgers equation serves as

a simpli�ed model for studying fundamental aspects of nonlinear systems. It bridges the gap between

purely theoretical nonlinear equations (like the inviscid Burgers equation) and more complex systems

like the Navier-Stokes equations, making it a valuable tool in mathematical and physical research.
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1 Introduction

Let Ω = {x, t | φ1(t) < x < φ2(t), 0 < t < T < ∞} be a domain that degenerates into
a point. The functions φ1(t) and φ2(t) are de�ned on [0, T ] and are strictly monotonically
decreasing and increasing functions, respectively, which belong to C1(0, T ) with φ1(0) = φ2(0)
and Ωt = (φ1(t), φ2(t)) for t ∈ (0, T ).

The study of solvability issues for initial-boundary value problems in domains with moving
boundaries, namely, in domains whose boundaries change over time, has been the focus of
numerous works; we note only a few of them [1, 2, 3, 4, 5]. In these works, we observed
that the lack of a suitable basis applicable to such domains necessitates transforming these
domains into ones with stationary boundaries. This transformation leads to the need to
study several auxiliary problems, signi�cantly complicating the research process. Previously,
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Figure 1: The degenerating domain Ω.

in work [6], we constructed an orthonormal basis and demonstrated its application to solving
initial-boundary value problems in degenerate domains.

In this paper, in the domain Ω we are studying the solvability issues of the following
boundary value problem for viscous Burgers equation:

∂ tu(x, t) + u(x, t)∂xu(x, t)− ν∂2xu(x, t) + ∂xu(x, t) = f(x, t), (x, t) ∈ Ω, (1)

with homogeneous boundary conditions

u(φ1(t), t) = u(φ2(t), t) = 0, t ∈ (0, T ). (2)

We look for some conditions for functions φ1(t) and φ2(t) such that the problem (1)�(2)
admits a unique solution. So, to establish the unique solvability of the problem (1)�(2) we
suppose that

|φ′(t)| ≤ γ for all t ∈ [0, T ], φ(t) = φ2(t)− φ1(t), γ = const > 0. (3)

Here is our main result on the problem(1)�(2):

Theorem 1. Let f(x, t) ∈ L2(Ω) and conditions (3) be satis�ed. Then boundary value problem

(1)�(2) has a unique solution

u ∈ H2,1
0 (Q) ≡

{
L2(0, T ;H2

0 (Ωt)) ∩H1(0, T ;L2(Ωt))
}
.
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In work [7], the homogeneous version of problem (1)�(2) was previously studied in a non-
degenerate domain, where theoretical and numerical results were obtained by the authors. In
works [8, 9], the authors investigated the existence of solutions to boundary value problems
for the Burgers equation in both degenerate and non-degenerate domains.

The paper is divided as follows: Section 2 investigates one auxiliary initial boundary value
problem for the Burgers equation in the non-degenerate domain, where φ1(1/n) ̸= φ2(1/n).
In Section 3, we obtain the necessary a priori estimates. In Section 4, we solve one spectral
problem and construct the necessary orthonormal basis, then, based on the obtained basis,
we introduce an approximate solution. In this section, we also prove the solvability of the
Cauchy problem for the coe�cients of the approximate solution. The unique solvability of the
auxiliary problem is given in Section 5. Section 6 is devoted to the proof of the main result.
A brief conclusion completes the work.

2 Statement of auxiliary problem

We introduce the family of domains Ωn = {x, t | φ1(t) < x < φ2(t), 1/n < t < T}, n ∈ N∗,
n ∈ N∗ ≡ {n ∈ N |n ≥ n1, 1/n1 < T}. These domains Ωn are �curvilinear� trapezoids for
which φ1(1/n) ̸= φ2(1/n) holds and now the domains do not degenerate at the point t = 1/n.
We aslo note that between the initial domain Ω and domains Ωn there are strict embeddings
Ωn ⊂ Ωn+1 ⊂ ... ⊂ Ω and, obviously, that lim

n→∞
Ωn = Ω.

In the domains Ωn, we will consider the following initial boundary value problems for the
Burgers equation with respect to the functions un(x, t):

∂ tun(x, t) + un(x, t)∂xun(x, t)− ν∂2xun(x, t) + ∂xun(x, t) = fn(x, t), (4)

with homogeneous boundary

un(φ1(t), t) = un(φ2(t), t) = 0, t ∈ (1/n, T ), (5)

and initial conditions

un(x, 1/n) = 0, x ∈ Ω1/n = (φ1(1/n), φ2(1/n)) . (6)

Obviously, if f(x, t) ∈ L2(Ω), then fn(x, t) ∈ L2(Ωn), where fn(x, t) is the restriction of
function f(x, t) ∈ L2(Ω) to domains Ωn.

For the problem (4)�(6) we have the following

Theorem 2. For every �xed n ∈ N∗ the initial-boundary value problem (4)�(6) is uniquely

solvable in the space un(x, t) ∈ H2,1
0 (Ωn).

Kazakh Mathematical Journal, 24:4 (2024) 22�36



On the solvability of the Dirichlet problem. . . 25

3 A priori estimates

Lemma 3. There is a positive, independent of n, constants K1, K2 and K3, such that for all

t ∈ [1/n, T ] we have estimates

∥un(x, t)∥2L2(Ωt)
+

t∫
1/n

∥∂xun(x, τ)∥2L2(Ωτ )
dτ ≤ K1∥fn(x, t)∥2L2(Ωn), (7)

∥∂xun(x, t)∥2L2(Ωt)
+

t∫
1/n

∥∂2xun(x, τ)∥2L2(Ωτ )
dτ ≤ K2∥fn(x, t)∥2L2(Ωn), (8)

∥∂tun(x, t)∥2L2(Ωn) ≤ K3∥fn(x, t)∥2L2(Ωn). (9)

Proof. We start with the proof of the �rst a priori estimate. Multiplying the equation (4) by
the function un(x, t) scalarly in L2(Ωt) and using the ε-Cauchy inequlity we get

d

d t
∥un(x, t)∥2L2(Ωt)

+ 2ν∥∂xun(x, t)∥2L2(Ωt)
≤ ∥fn(x, t)∥2L2(Ωt)

+ ∥un(x, t)∥2L2(Ωt)
. (10)

By applying the Gronwall inequality to (10), we obtain the estimate (7).
Let us proceed to the proof of the second a priori estimate. Multiplying the equation (4)

by −∂2xun(x, t) scalarly in L2(Ωt) we get

d

d t
∥∂xun(x, t)∥2L2(Ωt)

+ 2ν∥∂2xun(x, t)∥2L2(Ωt)
≤ 2

∣∣∣∣
φ2(t)∫

φ1(t)

un(x, t)∂xun(x, t)∂
2
xun(x, t)dx

∣∣∣∣

+2

∣∣∣∣
φ2(t)∫

φ1(t)

fn(x, t)∂
2
xun(x, t)dx

∣∣∣∣+ 2

∣∣∣∣
φ2(t)∫

φ1(t)

∂xu(x, t)∂
2
xu(x, t)dx

∣∣∣∣
+γ

(
|∂xun(φ2(t), t)|2 + |∂xun(φ1(t), t)|2

)
. (11)

To estimate the nonlinear term in the right-hand side of (11) we use the following in-
equality ([10], Theorems 5.8�5.9, p.140�141)

∥∂xun(x, t)∥L4(Ωt) ≤ K∥∂xun(x, t)∥1/2H1(Ωt)
∥∂xun(x, t)∥1/2L2(Ωt)

, ∀ ∂xun(x, t) ∈ H1(Ωt),

Young's inequality (r−1 + s−1 = 1) :

|UV | =
∣∣∣∣(Θ1/rU

)(
Θ1/sV

Θ

)∣∣∣∣ ≤ Θ

r
|U |r + Θ

sΘs
|V |s ,
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with Θ = ν/6, r = 4/3, s = 4,

U = ∥∂xun(x, t)∥3/2H1(Ωt)
, V = K ∥un(x, t)∥L4(Ωt)

∥∂xun(x, t)∥1/2L2(Ωt)
.

After which we will get

∣∣∣∣
φ2(t)∫

φ1(t)

un(x, t)∂xun(x, t)∂
2
xun(x, t)dx

∣∣∣∣ ≤ ν

8
∥∂2xun(x, t)∥2L2(Ωt)

+

[
ν

8
+

54

ν3
K4∥un(x, t)∥4L4(Ωt)

]
∥∂xun(x, t)∥2L2(Ωt)

. (12)

For the remaining terms in (11) we have

∣∣∣∣
φ2(t)∫

φ1(t)

fn(x, t)∂
2
xun(x, t)dx

∣∣∣∣ ≤ ν

8
∥∂2xun(x, t)∥2L2(Ωt)

+
2

ν
∥fn(x, t)∥2L2(Ωt)

, (13)

∣∣∣∣
φ2(t)∫

φ1(t)

∂xu(x, t)∂
2
xu(x, t)dx

∣∣∣∣ ≤ 2

ν
∥∂xun(x, t)∥2L2(Ωt)

+
ν

8
∥∂2xun(x, t)∥2L2(Ωt)

, (14)

γ|∂xun(φi(t), t)|2 ≤ γ∥∂xun(x, t)∥2L∞(Ωt)
≤ K2γ∥∂xun(x, t)∥H1(Ωt)∥∂xun(x, t)∥L2(Ωt)

= K2γ∥∂xun(x, t)∥L2(Ωt)

[
∥∂xun(x, t)∥L2(Ωt) + ∥∂2xun(x, t)∥L2(Ωt)

]
≤ ν

8
∥∂2xun(x, t)∥2L2(Ωt)

+

[
K2γ +

K4γ2

2ν

]
∥∂xun(x, t)∥2L2(Ωt)

, i = 1, 2. (15)

Based on inequalities (11)�(15) we obtain:

d

d t
∥∂xun(x, t)∥2L2(Ωt)

+ν∥∂2xun(x, t)∥2L2(Ωt)
≤ C1∥fn(x, t)∥2L2(Ωt)

+C2∥∂xun(x, t)∥2L2(Ωt)
, (16)

where C1 =
4
ν , C2 =

ν
4 + 4

ν + 108K4

ν3
C4
5 + γK2ν+2γ2K4

ν , since

∥un(x, t)∥L4(Ωt) ≤ max
1/n≤t≤T

4
√
φ(t)∥un(x, t)∥L∞(Ωt) ≤ C4∥un(x, t)∥H1(Ωt) ≤ C5,

where
C4 = max

1/n≤t≤T

4
√
φ(t)C3.
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From inequality (16) similarly as in the proof of the �rst a priori estimate we obtain the
required estimate (8).

Now, let us proceed to the proof of the �nal a priori estimate. From equation (4) we have

∥∂ tun(x, t)∥L2(Ωn) ≤ ν∥∂2xun(x, t)∥L2(Ωn) + ∥fn(x, t)∥L2(Ωn)

+∥∂xun(x, t)∥L2(Ωn) + ∥un(x, t)∂xun(x, t)∥L2(Ωn). (17)

According to (8) we need to estimate the last term in (17) only. Using the embedding
H1(Ωt) ↪→ L∞(Ωt) and estimates (7) and (8) we have

∥un(x, t)∂xun(x, t)∥2L2(Ωn) ≤ C6

T∫
1/n

∥un(x, t)∥2H1(Ωt)
∥∂xun(x, t)∥2L2(Ωt)

dt

≤ C6∥un(x, t)∥2L∞(1/n,T ;H1(Ωt))
∥∂xun(x, t)∥2L2(Qn) ≤ C7∥fn(x, t)∥2L2(Ωn), (18)

where C7 = K1K2C6T , and K1, K2 are the constants from (7) and (8).
Based on inequalities (17)�(18) we establish the estimate (9). This completes the proof

of Lemma3.

4 Spectral problem and approximate solution

4.1 Spectral problem

To apply the Faedo-Galerkin approach, it is necessary to resolve the corresponding spectral
problem

−∂2xYk(x, t) = λ2k(t)Yk(x, t), (x, t) ∈ Ωn, k ∈ N0, (19)

Yk(φ1(t), t) = Yk(φ2(t), t) = 0. (20)

The solution to this problem is sought in the form

Yk(x, t) = Ak(t) cos (λk(t)x) +Bk(t) sin (λk(t)x) . (21)

Using the conditions (20) from (21) we get:{
Ak(t) cos (λk(t)φ1(t)) +Bk(t) sin (λk(t)φ1(t)) = 0,
Ak(t) cos (λk(t)φ2(t)) +Bk(t) sin (λk(t)φ2(t)) = 0.

(22)

For the system (22) to admit a nontrivial solution, the following condition must hold:∣∣∣∣cos (λk(t)φ1(t)) sin (λk(t)φ1(t))
sin (λk(t)φ2(t)) cos (λk(t)φ2(t))

∣∣∣∣ = 0,
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From where we obtain
sin (λk(t)φ(t)) = 0, k ∈ N0,

hence

λk(t) =
πk

φ(t)
, k ∈ N0. (23)

From (22) we also obtain

Ak(t) = −Bk(t)
sinλk(t)φ1(t)

cosλk(t)φ1(t)
. (24)

Substituting (24) into (21) and choosing

Bk(t) =

√
2 cosλk(t)φ1(t)√

φ(t)
,

we have

Yk(x, t) =

√
2√
φ(t)

sin (λk(t)(x− φ1(t))) , λ
2
k(t) =

(
πk

φ(t)

)2

, k ∈ N0. (25)

4.2 Approximate solution

The following approximate solution

uNn (x, t) =
N∑
j=1

cj(t)Yj(x, t), u
N
n (x, 1/n) =

N∑
j=1

cj(1/n)Yj(x, 1/n) = 0, (26)

is introduced and utilized to solve the problem (4)�(6):

φ2(t)∫
φ1(t)

[
∂tu

N
n (x, t)dx+ uNn (x, t)∂xu

N
n (x, t)− ν∂2xu

N
n (x, t) + ∂xu

N
n (x, t)

]
Yk(x, t)dx

=

φ2(t)∫
φ1(t)

fn(x, t)Yk(x, t)dx, (27)

uNn (x, 1/n) = 0, x ∈ Ω1/n, (28)

for all k = 1, . . . , N and t ∈ [1/n, T ].

Lemma 4. The problem (27)�(28) has a unique solution C(t) = {cj(t)}Nj=1 .
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Proof. Given that the system of functions {Yk(x, t)}k∈N0 forms an orthonormal basis in L
2(Ωt)

for N0 = {0, 1, 2, . . . }, it follows that for any �nite N :

φ2(t)∫
φ1(t)

∂tu
N
n (x, t)Yk(x, t)dx =

N∑
j=1

c′j(t)

φ2(t)∫
φ1(t)

Yj(x, t)Yk(x, t)dx

+

N∑
j=1

cj(t)

φ2(t)∫
φ1(t)

Y ′
j (x, t)Yk(x, t)dx = c′j(t) + S1(t)cj(t),

where for all k = 1, . . . , N

S1(t)cj(t) = (I1(t) + I2(t) + I3(t)) cj(t),

I1(t)cj(t) = − φ′(t)

φ2(t)

N∑
j=1

cj(t)

φ2(t)∫
φ1(t)

sin (λj(t)(x− φ1(t))) sin (λk(t)(x− φ1(t))) dx,

I2(t)cj(t) =

(
2π

φ2(t)

(
φ′(t)φ1(t)

φ(t)
− φ′

1(t)

)) N∑
j=1

jcj(t)

·
φ2(t)∫

φ1(t)

cos (λj(t)(x− φ1(t))) sin (λk(t)(x− φ1(t))) dx,

I3(t)cj(t) = −2πφ′(t)

φ3(t)

N∑
j=1

jcj(t)

φ2(t)∫
φ1(t)

x cos (λj(t)(x− φ1(t))) sin (λk(t)(x− φ1(t))) dx.

From (19) we have ∂2xu
N
n (x, t) = −

N∑
j=1

λ2j (t)cj(t)Yj(x, t). Then, for all t ∈ [1/n, T ],

−
φ2(t)∫

φ1(t)

∂2xu
N
n (x, t)Yk(x, t)dx =

N∑
j=1

λ2j (t)cj(t)

φ2(t)∫
φ1(t)

Yj(x, t)Yk(x, t)dx = λ2j (t)cj(t).

For the nonlinear term we have

φ2(t)∫
φ1(t)

uNn (x, t)∂xu
N
n (x, t)Yk(x, t)dx
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=

φ2(t)∫
φ1(t)

N∑
l=1

cl(t)Yl(x, t)
N∑

m=1

cm(t)∂xYm(x, t)Yk(x, t)dx = S2(t)clm(t).

For the last term we have

φ2(t)∫
φ1(t)

∂xu
N
n (x, t)Yk(x, t)dx =

N∑
j=1

cj(t)

φ2(t)∫
φ1(t)

∂xYj(x, t)Yk(x, t)dx = S3(t)cj(t)

For j ∈ N, the problem (27)�(28) can be reformulated as the following Cauchy problem for a
�nite system of nonlinear ordinary di�erential equations:

c ′j(t) =
(
−S1(t)− νλ2j (t)− S3(t)

)
cj(t)− S2(t)clm(t) + gj(t), cj(1/n) = 0, (29)

where

gj(t) =

φ2(t)∫
φ1(t)

fn(x, t)Yj(x, t)dx, j ∈ N.

Since f(x, t) ∈ L2(Q), it follows that gk(t) is a square-integrable function, and function
S1(t) is well de�ned. Consequently, the Cauchy problem (29) has a unique solution on some
interval [1/n, T ′], where T ′ ≤ T. Moreover, due to the a priori estimates provided in Lemma
3 in Section 3, the solution C(t) can be extended up to the �nite time T.

Thus, for any �xed �nite N , the functions C(t) = {cj(t)}Nj=1 are determined as the
solution to the Cauchy problem (29). Along with these, the unique approximate solution
uNn (x, t) to problem (27)�(28) is obtained. This concludes the proof of Lemma 4.

5 Solvatility of auxiliary problem

5.1 Proof of Theorem 2. Existence

By virtue of Lemma 3 we can extract weakly convergent subsequences from bounded sequences
{uNn (x, t), ∂tu

N
n (x, t)N = 1, 2, ...}:

uNn (x, t) → un(x, t) weakly in L2(1/n, T ;H2
0 (Ωt)) ∩H1(1/n, T ;L2(Ωt)), (30)

uNn (x, t) → un(x, t) strongly in L2(1/n, T ;L2(Ωt)) and a.e. in Ωn. (31)

We introduce the new function wj(x, t) = ψ(t)Yj(x, t), where Yj(x, t) ∈ H2
0 (Ωt) and

ψ(t) ∈ C1([1/n, T ]). Next, we multiply the identity (27) by ψ(t) ∈ C1([1/n, T ]) and after
that we integrate the resulting expression with respect to t over the interval [1/n, T ] for
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j = 1, . . . , N and use the fact that the set of all linear combinations of {wj(x, t)} is dense in
L2(1/n, T ;H2

0 (Ωt)). Thus, we obtain:

T∫
1/n

φ2(t)∫
φ1(t)

[
∂tu

N
n (x, t) + uNn (x, t)∂xu

N
n (x, t)− ν∂2xu

N
n (x, t) + ∂xu

N
n (x, t)− f(x, t)

]
w(x, t)dxdt = 0,

∀w(x, t) ∈ L2(1/n, T ;H2
0 (Ωt)). (32)

In the identity (32) we take the limit as N → ∞. For the linear terms in equation (4), the
passage to the limit is performed using the relations (30) and (31). Regarding the nonlinear
term, as N → ∞ we arrive at the following result:

T∫
1/n

φ2(t)∫
φ1(t)

[uNn (x, t)− un(x, t)]∂xu
N
n (x, t)w(x, t) dx dt

+

T∫
1/n

φ2(t)∫
φ1(t)

un(x, t)∂xu
N
n (x, t)w(x, t) dx dt→

T∫
1/n

φ2(t)∫
φ1(t)

un(x, t)∂xun(x, t)w(x, t) dx dt, (33)

since according to (30)�(31) there exists a limiting relationship

T∫
1/n

φ2(t)∫
φ1(t)

[uNn (x, t)− un(x, t)]∂xu
N
n (x, t)w(x, t) dx dt→ 0.

Thus, by passing to the limit as N → ∞ in the identity (32), and taking into account the
limiting relation (33) along with the initial condition (28), we obtain:

T∫
1/n

φ2(t)∫
φ1(t)

[
∂tun(x, t) + un(x, t)∂xun(x, t)− ν∂2xun(x, t) + ∂xun(x, t)− f(x, t)

]
w(x, t)dxdt = 0,

∀w(x, t) ∈ L2(1/n, T ;H2
0 (Ωt)), (34)

φ2(1/n)∫
φ1(1/n)

un(x, 1/n)θ(x) dx = 0, ∀ θ(x) ∈ L2(Ω1/n). (35)

Thus, from (34)�(35), it follows that the limiting function un(x, t) satis�es equation (4)
along with the boundary and initial conditions (5)�(6).
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5.2 Proof of Theorem 2. Uniqueness

We suppose that the initial boundary value problem (4)�(6) has two distinct solutions, denoted

by u(1)n (x, t) and u(2)n (x, t). Then, their di�erence, given by un(x, t) = u
(1)
n (x, t) − u

(2)
n (x, t),

ful�lls the following problem:

∂ tun(x, t) + un(x, t)∂xu
(1)
n (x, t) + u(2)n (x, t)∂xun(x, t)− ν∂2xun(x, t) + ∂xun(x, t) = 0, (36)

un(φ1(t), t) = un(φ2(t), t) = 0, t ∈ (1/n, T ), (37)

un(x, 1/n) = 0, x ∈ Ω1/n. (38)

By Lemma3, it follows that

u(k)n (x, t) ∈ L∞(1/n, T ;H1(Ωt)) ∩ L2(1/n, T ;H2
0 (Ωt)), k = 1, 2. (39)

Consider equality
1

2

d

d t
∥un(x, t)∥2L2(Ωt)

+ ν ∥∂xun(x, t)∥2L2(Ωt)
=

−
φ2(t)∫

φ1(t)

[
un(x, t)∂xu

(1)
n (x, t)un(x, t) + u(2)n (x, t)∂xun(x, t)un(x, t)

]
dx, (40)

derived by taking the scalar product of equation (36) with the function un(x, t) in the space
L2(Ωt).

From (39), we derive an estimate for the right-hand side of (40):

φ2(t)∫
φ1(t)

[
|un(x, t)|2∂xu(1)n (x, t) + u(2)n (x, t)∂xun(x, t)un(x, t)

]
dx

=

φ2(t)∫
φ1(t)

[
−2u1n(x, t)un(x, t)∂xun(x, t) + u(2)n (x, t)∂xun(x, t)un(x, t)

]
dx

≤ 1

2ν

[
2∥u(1)n (x, t)∥L∞(1/n,T ;(Ωt)) + ∥u(2)n (x, t)∥L∞(1/n,T ;(Ωt))

]2
∥un(x, t)∥2L2(Ωt)

+
ν

2
∥∂xun(x, t)∥2L2(Ωt)

= C8∥un(x, t)∥2L2(Ωt)
+
ν

2
∥∂xun(x, t)∥2L2(Ωt)

, (41)

where

C8 =
1

2ν

[
2∥u(1)n (x, t)∥L∞(1/n,T ;(Ωt)) + ∥u(2)n (x, t)∥L∞(1/n,T ;(Ωt))

]2
.
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Using relation (40), we deduce:

d

d t
∥un(x, t)∥2L2(Ωt)

+ ν ∥∂xun(x, t)∥2L2(Ωt)
≤ C9∥u(x, t)∥2L2(Ωt)

, ∀ t ∈ (1/n, T ], (42)

where C9 = 2C8. From (42), by applying Gronwall's inequality, we obtain:

∥un(x, t)∥2L2(Ωt)
≡ 0, ∀ t ∈ (1/n, T ].

This implies that u(1)n (x, t) ≡ u
(2)
n (x, t) in L2(Ωn), meaning the solution to the initial boundary

value problem (4)�(6) is unique. Hence, the uniqueness has been established, and Theorem 2
is proven.

6 Proof of the main result

6.1 Proof of Theorem1. Existence

In the boundary value problems (4)�(6), we extend each element of the sequence {un(x, t) :
(x, t) ∈ Ωn, n ∈ N∗} by zero to the entire domain Ω. As a result, we obtain a bounded

sequence of functions
{
ũn(x, t), n ∈ N∗

}
, from which a convergent subsequence can be ex-

tracted (retaining n as the index for this subsequence), i.e.

ũn(x, t) → u(x, t) weakly in H2,1
0 (Ω), (43)

ũn(x, t) → u(x, t) strongly in L2(Ω). (44)

Then, based on (43)�(44), we can pass to the limit as n → ∞ in the following integral
identity for all ψ(x, t) ∈ L2(Ω)∫

Q

[
∂ tũn(x, t) + ũn(x, t)∂xũn(x, t)− ν∂2xũn(x, t) + ∂xũn(x, t)− fn(x, t)

]
ψ(x, t) dx dt→

→
∫
Q

[
∂ tu(x, t) + u(x, t)∂xu(x, t)− ν∂2xu(x, t) + ∂xu(x, t)− f(x, t)

]
ψ(x, t) dx dt = 0, (45)

and ˜un(x, 1/n) → 0, as n → ∞. Thus, it has been shown that the boundary value problem
(1)�(2) possesses a solution u(x, t) ∈ H2,1

0 (Ω), as de�ned by the integral identity (45). This
proves the existence of a solution, thereby con�rming Theorem1.
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6.2 Proof of Theorem1. Uniqueness

Suppose that the boundary value problem (1)�(2) has two distinct solutions, denoted u(1)(x, t)
and u(2)(x, t). Then, their di�erence u(x, t) = u(1)(x, t) − u(2)(x, t) will ful�ll the following
problem:

∂ tu(x, t) + u(x, t)∂xu
(1)(x, t) + u(2)(x, t)∂xu(x, t)− ν∂2xu(x, t) + ∂xu(x, t) = 0, (46)

u(φ1(t), t) = u(φ2(t), t) = 0, t ∈ (0, T ). (47)

By similar reasoning as in Lemma 3, the following inequality can be established:

∥u(k)(x, t)∥L∞(0,T ;H1(Ωt)) ≤M = K2∥f(x, t)∥L2(Ω), k = 1, 2. (48)

Consider the equality

1

2

d

d t
∥u(x, t)∥2L2(Ωt)

+ ν ∥∂xu(x, t)∥2L2(Ωt)
=

−
φ2(t)∫

φ1(t)

[
|u(x, t)|2∂xu(1)(x, t) + u(2)(x, t)∂xu(x, t)u(x, t)

]
dx, (49)

which is obtained by multiplying the equation (46) by function u(x, t) scalarly in L2(Ωt).
From (48), we obtain an estimate for the right side of (49)

φ2(t)∫
φ1(t)

[
|u(x, t)|2∂xu(1)(x, t) + u(2)(x, t)∂xu(x, t)u(x, t)

]
dx

≤ C10∥u(x, t)∥2L2(Ωt)
+
ν

2
∥∂xu(x, t)∥2L2(Ωt)

, (50)

where
1

2ν

[
2∥u(1)(x, t)∥L∞(0,T ; (Ωt)) + ∥u(2)(x, t)∥L∞(0,T ;(Ωt))

]2
≤ 9M2

2ν
= C10,

and M is the constant from (48).
Based on relations (49)�(50) we obtain

d

d t
∥u(x, t)∥2L2(Ωt)

+ ν ∥∂xu(x, t)∥2L2(Ωt)
≤ C11∥u(x, t)∥2L2(Ωt)

, ∀ t ∈ (0, T ], (51)

where C11 = 2C10. From (51), applying the Gronwall inequality, we obtain that

∥u(x, t)∥2L2(Ωt)
≡ 0, ∀ t ∈ (0, T ].

This implies that u(1)(x, t) ≡ u(2)(x, t) in L2(Ω), i.e. solution to the boundary value prob-
lem (1)�(2) is unique. Thus, we have proved the main result of the work, namely, Theorem1.
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7 Conclusion

In this work, we studied a Dirichlet problem for the Burgers equation in a domain with moving
boundaries that degenerates at the initial moment. An orthonormal basis suitable for domains
with moving boundaries was constructed. Uniform a priori estimates were obtained, based
on which theorems on the unique solvability of the considered problem were proven using
methods of functional analysis.
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Ñàðûáàé Ò.À., Åð¡àëèåâ Ì.�., Æà©ñûáàé Û.Ê. Ò�Ò�ÛÐ ÁÞÐÃÅÐÑ ÒÅ�ÄÅÓI
�ØIÍ �ÎÉÛË�ÀÍ ÄÈÐÈÕËÅ ÅÑÅÁIÍI� ØÅØIÌÄIËIÃI ÒÓÐÀËÛ

Æ´ìûñòà áiç óà©ûòòû áàñòàï©û ìåçåòiíäå æîéûëìàëû æºíå øåêàðàëàðû ©îç¡àë-
ìàëû îáëûñòà Áþðãåðñ òåäåói ³øií ©îéûë¡àí Äèðèõëå åñåáií çåðòòåéìiç. Çåðòòåóäi
íåãiçãi ºäiñi � Ãàðåêèí ºäiñi áîë¡àíäû©òàí, áiç øåêàðàëàðû ©îç¡àëìàëû îáëûñòàð ³øií
©îëäàíó¡à áîëàòûí îðòîíîðìàëàí¡àí áàçèñ ©´ðûëàäû. Áið©àëûïòû àïðèîðëû áà¡àëà-
óëàð àëûíûï, îëàðäû íåãiçiíäå ©àðàñòûðûëûï îòûð¡àí åñåïòi áiðìºíäi øåøiìäiëiãi
òóðàëû òåîðåìàëàð ôóíêöèîíàëäû© òàëäàó ºäiñòåði ê°ìåãiìåí äºëåëäåíäi. Ò´ò©ûð Áóð-
ãåðñ òåäåói ñûçû©òû åìåñ æ³éåëåðäi iðãåëi àñïåêòiëåðií çåðòòåó ³øií æåiëäåòiëãåí
³ëãi ðåòiíäå ©ûçìåò åòåäi. Îë òàçà òåîðèÿëû© ñûçû©òû åìåñ òåäåóëåð (ìûñàëû, á´ðûñ
Áóðãåðñ òåäåói) ìåí Íàâüå-Ñòîêñ òåäåóëåði ñèÿ©òû ê³ðäåëi æ³éåëåð àðàñûíäà¡û àë-
øà©òû©òû æîÿäû, á´ë îíû ìàòåìàòèêàëû© æºíå ôèçèêàëû© çåðòòåóëåðäå ©´íäû ©´ðàë
åòåäi.

Ò³éií ñ°çäåð: Áþðãåðñ òåäåói, àïðèîðëû áà¡àëàóëàð, Ãàëåðêèí ºäiñi.

Ñàðûáàé Ò.À., Åðãàëèåâ Ì.Ã., Æàêñûáàé Û.Ê. Î ÐÀÇÐÅØÈÌÎÑÒÈ ÇÀÄÀ×È ÄÈ-
ÐÈÕËÅ ÄËß ÂßÇÊÎÃÎ ÓÐÀÂÍÅÍÈß ÁÞÐÃÅÐÑÀ

Â ðàáîòå íàìè èññëåäóåòñÿ îäíà çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Áþðãåðñà â îáëàñòè
ñ ïîäâèæíûìè ãðàíèöàìè, êîòîðàÿ âûðîæäàåòñÿ â íà÷àëüíûé ìîìåíò âðåìåíè. Îñíîâ-
íûì ìåòîäîì èññëåäîâàíèÿ ÿâëÿåòñÿ ìåòîä Ãàëåðêèíà, äëÿ ïðèìåíåíèÿ êîòîðîãî íàìè
â ðàáîòå ñòðîèòñÿ îðòîíîðìèðîâàííûé áàçèñ, ïðèìåíèìûé äëÿ îáëàñòåé ñ ïîäâèæíû-
ìè ãðàíèöàìè. Ïîëó÷åíû ðàâíîìåðíûå àïðèîðíûå îöåíêè íà îñíîâå êîòîðûõ ìåòîäàìè
ôóíêöèîíàëüíîãî àíàëèçà äîêàçàíû òåîðåìû îäíîçíà÷íîé ðàçðåøèìîñòè ðàññìàòðèâà-
åìîé çàäà÷è. Âÿçêîå óðàâíåíèå Áþðãåðñà ñëóæèò óïðîùåííîé ìîäåëüþ äëÿ èçó÷åíèÿ
ôóíäàìåíòàëüíûõ àñïåêòîâ íåëèíåéíûõ ñèñòåì. Îíî çàïîëíÿåò ïðîáåë ìåæäó ÷èñòî òåî-
ðåòè÷åñêèìè íåëèíåéíûìè óðàâíåíèÿìè (òàêèìè êàê íåâÿçêîå óðàâíåíèå Áþðãåðñà) è
áîëåå ñëîæíûìè ñèñòåìàìè, òàêèìè êàê óðàâíåíèÿ Íàâüå-Ñòîêñà, ÷òî äåëàåò åãî öåííûì
èíñòðóìåíòîì â ìàòåìàòè÷åñêèõ è ôèçè÷åñêèõ èññëåäîâàíèÿõ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Áþðãåðñà, àïðèîðíûå îöåíêè, ìåòîä Ãàëåðêèíà.
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