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Abstract. Alternative algebras are vital for studying and modeling systems that deviate from strict
associativity but maintain enough structure to be useful. Indeed, alternative algebras generalize asso-
ciative algebras by relaxing the strict associativity condition. Alternative algebras naturally include the
octonions, which are a key example of a non-associative division algebra. The octonions are part of
the Cayley-Dickson construction and play a critical role in geometry, topology, and theoretical physics,
especially in string theory and exceptional Lie groups. The origin of alternative algebras lies in the
historical exploration of division algebras and their applications extend to various mathematical and
physical disciplines, especially in understanding non-associative algebraic structures. In this paper, we
consider free alternative algebra with the additional identity > = 0. For motivation, we refer to the
dual operad of the alternative operad. Also, we obtain pre-Lie algebra with the identity > = 0 from

binary perm algebra. Finally, we consider assosymmetric algebra with identity z* = 0.

Keywords. alternative algebra, pre-Lie algebra, assosymmetric algebra, polynomial identities.

1 Introduction

An algebra is called alternative if it satisfies the following identities:
(ab)e — a(be) = —(ac)b + a(cb), (1)

(ab)e — a(bc) = —(ba)c + b(ac). (2)

A natural source of alternative algebras is Artin’s theorem, which states that its every two-
generated subalgebra of alternative algebra is associative [11]. Let us demonstrate some
works related to the subvarieties of the variety of alternative algebras. In [9], the authors
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constructed a basis of the free alternative algebra with identity [a, b][c, d] = 0 and proved that
every metabelian Malcev algebra can be embedded into appropriate alternative algebra under
commutator. In [5], the authors considered a variety of alternative algebras with the identity

(ab)e + (cb)a = (ac)b + (ca)b, (3)

which coincides with a variety of binary perm algebras. There is given a basis of the free
alternative algebra with identity (3) and described a complete list of identities of algebras
that appear under commutator and anti-commutator.

The variety of alternative algebras is a natural generalization of the variety of associative
algebras. On the other side, the dual operad of the alternative operad is an associative operad
with additional identity z3 = 0. So, we obtain

Alt' = As + {23 = 0}.

Also, we obtain the following trivial result which immediately follows from the definitions
given above:

Theorem 1. Let Alts be a variety of alternative algebras defined by identity x> = 0. Then
every two-generated algebra from Altz lies in Alt', i.e., Alt + {z3 =0} = Alt!2.

All described motivations can be illustrated as inclusions of the varieties as follows:

As O As+ {2® =0} = Alt'
N N N
Alt D Alt + {23 = 0} = Alt',

Also, we consider Koszul dual operad 732!, where P, is a variety of binary perm algebra,
i.e., it is an alternative operad with additional identity (3). It turns out that P,' is a variety of
pre-Lie algebras with two additional independent identities, where one of them is 2% = 0. In
addition, it is observed the fact that an algebra from 772! is a Lie algebra with an additional
independent identity of degree 5. The situation looks like for the Novikov algebras under
commutator [3]. For Novikov algebras, there occurs a standard identity of degree 5

Z (_1)0['7:0(1)7 [x0(2)7 [‘TU(IS)? [CEU(4),$5HH =0.

oc€Sy

Finally, we consider assosymmetric algebra with identities generated by 1-dimensional
invariant basis vectors which are described in [7|. These identities are

> (D730 (To@)To@) and Y 200)(To@)To)-

o€ES3 oS3
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Indeed, considered alternative and pre-Lie algebras with identity 2® = 0 is equivalent to
the alternative and pre-Lie algebras with identity generated by 1-dimensional invariant basis
vectors of identities space of degree 3, see [7|. For more details on assosymmetric and pre-Lie

algebras, see [1, 6, 8, 10].
We consider all algebras over a field K of characteristic 0.

2 Some properties of algebras with identity x> = 0

Definition 2. An alternative algebra with additional identity 2% = 0 is called a 3-nil alter-
native algebra. We denote by Alts and Alt3(X) the variety of 3-nil alternative algebras and

free algebra if the variety Alts, respectively.
In characteristic 0, the identity 2 = 0 comes to

(zy)z + (yr)z + (22)y + (z2)y + (y2)z + (2y)z = 0.
By using (1) and (2), the identity (4) can be rewritten as

z(yz) + z(zy) + y(zz) + y(zx) + 2(zy) + z(yz) = 0.
Both identities that are obtained from z3 = 0 give

{{a,b},c} + {{b,c},a} + {{c,a},b} = 0.
Proposition 3. The polarization of 3-nil alternative algebra gives
[, {y, 2} = {[z, y], 2} + {[z, 2], y}

and

{{x,y},z} = 1/3([1’, [y7 ZH - [[x,z],y])

Proof. It can be stated by straightforward calculations.

O

Indeed, the identity (4) and its consequence in alternative algebra can be rewritten as

> (To(1)To@)To(E =0

oES3

and

Z To(1) (xo(2)$o(3)) =0.

oES3

These identities correspond to the 1-dimensional invariant basis vectors.

Theorem 4. An operad Altz is self-dual.
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Proof. Firstly, let us fix a multilinear basis of algebra Alts of degree 3. That is
c(ba) = —(ac)b + (cb)a + a(ch),
c(ab) = (ca)b+ (ac)b — a(cb),
b(ca) = (ac)b+ (bc)a — a(cb),
(ab)c = —(ac)b+ a(cb) + a(bc),
b(ac) = —(ca)b — (ac)b — (¢b)a — (bc)a — a(be)

~

and
(ba)c = —(ca)b — (cb)a — (bc)a — a(chb) — a(be).

The Lie-admissibility condition for S ® U gives the defining identities of the operad Alté,
where S is a 3-nil alternative algebra. Then

[[a ®@u,b®v],c®w] = (ab)e ® (uv)w — (ba)c @ (vu)w — c¢(ab) @ w(uv) + ¢(ba) @ w(vu) =
(—(ac)b+ a(cb) + a(bc)) @ (uv)w — (—(ca)b — (cb)a — (bc)a — a(cb) — a(be)) @ (vu)w
— ((ca)b + (ac)b — a(cb)) ® w(uv) + (—(ac)b+ (cb)a + a(ch)) @ w(vu).

Also, we obtain

[b@v,c®@w],a®u] = (bc)a® (vw)u — (cb)a ® (wv)u — a(be) @ u(vw) + a(ch) @ u(wv).

and

[c®w,a®u],b®v] = (ca)b® (wu)v — (ac)b® (vw)v — b(ca) ® v(wu) + blac) @ v(uw) =
(ca)b @ (wu)v — (ac)b @ (uw)v — ((ac)b + (bc)a — a(cb)) @ v(wu)
+ (—(ca)b — (ac)b — (cb)a — (bc)a — a(be)) @ v(uw).

Calculating the sum and collecting the same basis monomials, we obtain

[[a®u,b®v],c®@w|+[[bv, c®w] a®@u]+ [[c®@w,a®ul,b®v] =
(ac)b @ (—(uv)w — w(uv) — wvu) — (uw)v — v(wu) — v(uw))
+ a(eb) @ (wv)w + (vu)w + w(uww) + w(vu) + u(wv) + v(wu))
+ a(be) @ ((wv)w + (vu)w — u(vw) — v(uw)) + (ca)b @ ((vu)w — w(uv) + (wu)v — v(uw))
+(eb)a® ((vu)w +w(vu) — (wv)u —v(uw)) + (be)a® ((vu)w + (vw)u — v(wu) — v(uw)) = 0.

From the right sides of the tensors, we obtain the identities (1), (2) and (4) which means
that the operad Alts is self-dual. O
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We denote by Py and Po(X) the variety of binary perm algebras and free binary perm
algebra. Let us calculate the dual operad of binary perm algebra 732!. As above, we first fix
the multilinear basis of binary perm algebra of degree 3. That is

(be)a = (ba)c — (ac)b + (ab)c,
(cb)a = (ca)b+ (ac)b — (ab)
a(be) = c(ab) — (ca)b+ (ab)c,
a(ch) = —c(ab) + ( + (ac)b,
b(ac) = —c(ab) + (ca)b + (ba)
c(ba) = —c(ab) + 2(ca)b + (ac)b — (ab)c

¢,

+ (ca)b
+

Cy

and
b(ca) = c(ab) — (ca)b + (ba)c — (ac)b + (ab)c.

Performing similar calculations as above, we obtain

[[a®@u,b@v],c@w]+[[bRv,c@w],a®@u]+ [[c®w,a®ul,b®v] =
(ab)c @ (uv)w — (ba)c @ (vu)w — c(ab) ® w(uv) + c¢(ba) @ w(vu)
+ (bc)a ® (vw)u — (cb)a ® (wv)u — a(be) ® u(vw) + a(ch) ® u(wv)
+ (ca)b @ (wu)v — (ac)b @ (uvw)v — b(ca) ® v(wu) + blac) @ v(uw) =
(ab)e @ (uwv)w — (ba)e ®@ (vu)w — c(ab) ® w(uv) 4+ (—c(ab) + 2(ca)b + (ac)b — (ab)c) @ w(vu)

+ ((ba)c — (ac)b + (ab)c) @ (vw)u — ((ca)b + (ac)b — (ab)c) @ (wv)u

(ab)c) )+ (—c(ab)+(ca)b+(ac)b) @u(wv)+(ca)b@ (wu)v—(ac)b@ (uw)v
— (c(ab) — (ca)b + (ba)c — (ac)b+ (ab)c) @ v(wu) + (—c(ab) + (ca)b + (ba)c) @ v(vw) =

(ab)ec @ ((uwv)w — w(vu) + (vw)u + (wv)u ) —

+ (ba)e @ (—(vu)w + (vw)u — v(wu) + v(uw))
+ c(ab) @ (—w(uv) — wvu) — u(vw) — u(wv) — v(wu) — v(uw))
+ (ca)b @ (2w(vu) — (wv)u + u(vw) + w(wv) + (wu)v + v(wu) + v(uw))
(ac)b @ (w(vu) — (vw)u — (wv)u + u(wv) — (vw)v + v(wu) + v(vw)) = 0.

)
— u(vw) — v(wu)

~—

From all calculations, we obtain the following result:

Theorem 5. The following identities define an operad which corresponds to 772!:

(v,w,u) = (v,u,w),
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(u,w,v) + (w,v,u) + (v, w,u) =0

and
w(uv) + w(vu) + u(vw) + u(wv) + v(wu) + v(vw) = 0,

where (v, w,u) stands for associator.
Theorem 6. The operad Py' is not Koszul.

Proof. Calculating the dimension of the operad 732! by means of the package [2]|, we get the
following result:

n 1 2 3 4 5
dim(P,'(n)) [1 2 7 26 67
According to the obtained table and [5], the first few terms of the Hilbert series of the operads

732! and Py are
H(t) = —t+t* — 5t3/6 + 6t" /24 — 5t° /120 + O(t°)

and
H'(t) = —t +t2 = 7t%/6 + 26t* /24 — 67t° /120 4+ O(t%)
Thus,
H(H'(t)) =t + 31t°/60 + O(t°) # ¢.
By [4], the operad P,' is not Koszul. O

Proposition 7. The polarization of 772! algebra gives
[[CL, b]v C] + [[bv c]’ a] + [[C, a]7 b] =0,
{{a7 b}7 C} + {{bv C}’ CL} + {{C’ CL}, b} =0,
[{av b}vc] + [{b’ 0}7 a] + [{C’ a}’ b] =0

and
{[b;c],a} = {{a, b}, c} +{[c, al, b} + [{a, b}, c] + 1/3[[b, ], a] —1/3][[c, a], b].
Proof. It can be stated by straightforward calculations. ]

The next natural operad that we have to consider is an assosymmetric operad with identity
3
z° = 0.

Definition 8. An algebra is called a 3-nil assosymmetric if it satisfies the following identities:
(z,y,2) = (,2,9),
(#,9,2) = (y, 7, 2)

and
z(yz) + z(zy) + y(zz) + y(zz) + 2(zy) + z(yx) = 0.
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In other words, this is an assosymmetric algebra with identity generated by a 1-dimensional
invariant basis vector
D o) (T2 To(s):

o€ESs

Remark 9. A 3-nil assosymmetric algebra does not satisfy the identity (4) under anti-commu-
tator.

Let us calculate S ® U, where S is a 3-nil assosymmetric algebra.

la@u,b@v],c@w]+[b@v,c@w],a®@u]+ [[c®w,a®@ul,b®@v] =
(ab)e ® (uwv)w — (ba)c @ (vu)w — c(ab) ® w(uv) + c¢(ba) & w( )
+ (—c(ba) — 5e(ab) + 4(ca)b — (ba)e — (ac)b — (a
—(e(ba)—c(ab)+(ca)b) @ (wv)u—(c(ab) — (ca)b+(ab)c) @u(vw)+ (c(ab (ca)b—l—(ac)b)@u(wv)
+ (ca)b @ (wu)v — (ac)b @ (uvw)v — (—c(ba) — 4c(ab) + 3(ca)b — (ba)c — (ac)b — (ab)c) @ v(wu)
+ (¢(ab) — (ca)b+ (ba)c) ® v(uw) =
(ab)c ® ((uv)w — (vw)u — u(vw) + v(wu)) + (ba)c ® (—(vu)w — (vw)u + v(wu) + v(vw))
+ c(ab) ® (—w(uv) — 5(vw)u + (wv)u — u(vw) + u(wv) — 4v(wu) + v(uw))
+ c(ba) ® (w(vu) — (vw)u — (wv)u + v(wu))
+ (ca)b @ (4(vw)u — (wv)u + u(vw) — u(wv) + (wu)v — 3v(wu) — v(uw))
+ (ac)b @ (—(vw)u + u(wv) — (vw)v + v(wu)).

The above calculations give the following result:

Theorem 10. The dual operad of 3-nil assosymmetric operad is an alternative operad with
the additional identity:

(w)w — (vu)w — (uw)v + (wu)v + (vw)u — (wv)u = 0.
So, this is an alternative algebra with the additional identity generated by a 1-dimensional

invariant basis vector
D (1) (1)) Ta(s)-

oES3

Theorem 11. The operad governed by the variety of 3-nil assosymmetric algebras is not
Koszul.

Proof. Calculating the dimension of these operads by means of the package [2], the first few
terms of the Hilbert series of these operads are

H(t) = —t +t* — 3 4+ 13t* /24 — 15t° /120 + O(%)
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and
H'(t) = —t +t2 — 3 +13t1/24 — 97 /120 + O(19).
Thus,
H(H'(t)) =t + 19t°/20 + O(t%) # t.
By [4], such operad is not Koszul. O

Let us define an assosymmetric algebra with the additional identity which is generated
by the 1-dimensional invariant basis vector

> (1) (1)) Ta():

oES3

Such algebra also satisfies another identity

Z (_1)0930(1) (1130(2)1‘0(3)).

gES3

Theorem 12. An assosymmetric operad with identity 3, g, (—1)7 (To(1)Ts(2))To(3) 18 Self-
dual.

Proof. As before

[a®@u,bRv],c@w+[[b@v,cR@w],a@u]+ [[c@w,a@ul,b®v] =
(ab)e @ (uv)w — (ba)e @ (vu)w — c(ab) @ w(uv) + c¢(ba) @ w(vu)
+ (¢(ba) — c¢(ab) + (ba)c + (ac)b — (ab)c) @ (vw)u
—(e(ba) —c(ab)+(ca)b) @ (wv)u—(c(ab) —(ca)b+(ab)c) @u(vw) + (c(ab) — (ca)b+ (ac)b) @u(wwv)
+ (ca)b ® (wu)v — (ac)b ® (uvw)v
— (¢(ba) — (ca)b+ (ba)c + (ac)b — (ab)c) ® v(wu) + (c(ab) — (ca)b+ (ba)c) ® v(uw) =
(ab)e ® ((wv)w — (vw)u — u(vw) + v(wu)) + (ba)c ® (—(vu)w + (vw)u — v(wu) + v(uw))
+ c(ab) @ (—w(uv) — (vw)u + (wv)u — u(vw) + u(wv) + v(uw))
+ ¢(ba) @ (w(vu) + (vw)u — (wv)u — v(wu)) + (ac)b ® ((vw)u + u(wv) — (vw)v — v(wu))
+ (ca)b) @ (—(wv)u + u(vw) — u(wv) + (wu)v + v(wu) — v(uw)).

w
w

The right parts of the tensors are equal to 0 if and only if the given operad is self-dual. [

Theorem 13. The operad governed by the variety of assosymmetric algebras with identity

Z (=17 (20(1)T0(2)) To(3)

o€ES3

18 not Koszul.
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Proof. Calculating the dimension of this operad by means of the package [2], the first few
terms of the Hilbert series of this operad is

H(t) = H'(t) = —t + * — 3 + 14t /24 — 12¢° /120 + O(1%)
Thus,
H(H'(t)) =t + 7t°/10 + O(1%) # t.

As before, such operad is not Koszul. O

The last remaining algebra is assosymmetric algebra which admits the identity

{z v} 2h + Hy, 2h b + {{z 2}, 91 =0

under anti-commutator. For such an operad, let us calculate its Koszul dual operad:

[[a®@u,b@v],c@w|+[[bRv,c@w],a®u]+ [[c®w,a®ul,bRv] =
(ab)e ® (uv)w — (ba)c @ (vu)w — ¢(ab) ® w(uv) + ¢(ba) ® w(vu)
+ (—c(ba) — 2¢(ab) + (ca)b — (ba)c — (ac)b — (ab)c) @ (vw)u — (c(ba) — c(ab) + (ca)b) @ (wv)u
— (c(ab) — (ca)b+ (ab)c) ® u(vw) + (c(ab) — (ca)b + (ac)b) @ u(wv)
+ (ca)b ®@ (wu)v — (ac)b ® (vw)v

— (—c(ba) — e(ab) — (ba)e — (ac)b — (ab)e) ® v(ww) + (c(ab) — (ca)b + (ba)

(ab)e @ ((uo)w — (vw)u — u(ww) +v(wn)) + (ba)e ® (—(vu)w — (vw)u + v(w) +
c(ab) ® (—w(uv) — 2(vw)u + (wv)u — u(vw) + u(wv) + v(wu) + v(vw))
+ efba) @ (w(ve) — (vw)u — (woyu + v(wn)) + (ac)h @ (—(vw)u + u(wo) — (ww)o + v(ww))
+ (ca)b @ ((vw)u — (wv)u + u(vw) — u(wv) + (wu)v — v(uw)).

We obtain an alternative operad with the identity

¢) @ v(uw) =
v(uw))

wu

uw

(vw)u — (wv)u + (wu)v — u(wv) — v(uw) + u(vw) = 0.
Let us check Koszulness condition for the last considered operad:

Theorem 14. An assosymmetric operad with identity {{z,y}, z}+{{y, 2z}, 2} +{{z,2},y} =0
s not Koszul.

Proof. Calculating the dimension of these operads by means of the package [2], the first few
terms of the Hilbert series of these operads are

H(t) = —t+t* — > + 12t /24 — 15¢° /120 4+ O(¢°)

and
H'(t) = —t + > — 3 + 12t*/24 — 9t5 /120 + O(t%)
Thus,
H(H'(t)) =t +6t°/5+0(t%) # .
So, such operad is not Koszul. O
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3 Some identities under commutator

For A(X), we define commutator algebra A7) (X) which is obtained from A(X) under the

operation

[z,y] = 2y — ya.
Analogically, we define anti-commutator algebra A (X) under the operation {z,y} = zy +
Y.

Theorem 15. An algebra 732! (_)<X> satisfies the following identities:

[[a,b],c] + [[ba C]7a] + [[Cv a’]>b] =0,
%W%%%dﬂ+Whﬁﬂﬂd+mhﬂﬂdﬂ+mhﬂﬂﬂ&D
+ [llla, ¢, b], e, d] + [[[la, ], d] €], b] + [[[[a, €], b], ], d] + [[[[a €], d], ], b] = 0,

and

%MW%%&@ [[lla, 0], d], c], €] + [[lla, ], b], d], €]
[[lla, ], d], 0], €] + [[[la, d], 0], ], €] + [[[[a, d], ], b], €]) =
[[lla, 0], ], €], d] + [[[la, b], d], €], ] + [[[[a, ], bl €], d]+

[[lla, ], d], ], b] + [[[la, d], 0], €], ] + [[[[a, d], ], €], b].

+
+

Proof. The Jacobi identity follows from the fact that every pre-Lie algebra under commutator
is a Lie. The identities of degree 5 can be obtained using means of the package [2]. Since both
identities are written as a sum of basis monomials of the free Lie algebra, they are independent
of anti-commutative and Jacobi identities. O

Theorem 16. An algebra Alt(_)<X> satisfies the following identities:
[[a, d], [b,d]] = [[[a, 0], ], d] + [[[b, ], d], a] + [[[¢, d], a], b] + [[[d a], ], c]

and

[[{[a, b], d], €], c] + [[[la, bl €], d], ¢] + [[[[a, c], ], e], b] + [[[[a, c], €], d], b]
- [H[a’d]’bhc}ve} - [[Hav d]7C]vb]a€] - [[[[CL, 6]7b]7c]’d] - [H[ave]vc]ab]vd] =0.

Proof. The first identity corresponds to the Malcev identity. The identity of degree 5 can be
obtained using means of the package [2]. O
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4 Some identities under anti-commutator

Theorem 17. An algebra Alt:(;) (X) satisfies the following identities:
{a,{b,c}} +{{a, c}, b} + {{a,b},c} =0, (6)
{{a,d}, {b,c}} = —{{a, c}, {b,d}} + {{a.{c,d}}, b} + {a,{b,{c,d}}}, (7)

{{{a,d}, c}, 0} + {{{a, ¢}, d}, 0} + {{{a, d}, b}, c} + {{{a, ¢}, b}, d}
+{{{a,b},d}, ¢} + {{{a,b},¢},d} =0, (8)

—{{{{a, e}, ¢} d}, 0} + {{{{a, ¢}, d}, e}, 0} + {{{{a, d}, e}, b}, c} + {{{{a, c}, e}, b}, d}
+ {{{a, e}, 0}, ¢}, dy — {{{{a, d}, b}, c}, e} + 2{{{{a, c}, b}, e}, d} — {{{{a, b}, d}, e}, c}
- 2{{{{@, b}7 d}7 C}7 6} - {{{{av b}7c}7 d}7 6} =0, (9)

- {{{a,d}, ¢}, e}, 0} = {{{{a, ¢}, d}, e}, 0} = {{{{a, d}, e}, b}, ¢} — {{{{a, c}, e}, b}, d}
—{{{a,e}; b}, d}, ¢f = {{{{a, d}, 0}, e}, ¢f = {{{{a, e}, b}, ¢}, d} + {{{{a, d}, b}, ¢}, e}
- {{{a, ¢}, b}, e}, d} + {{{{a, c}, b}, d}, e} + {{{{a, b}, d}, e}, e} + 2{{{{a, b}, d}, ¢}, ¢}
+{{{a, b}, c} e}, d} + 2{{{{a, b}, c}, d}, e} = 0. (10)
Proof. The identity (6) is taken from (5). Other identities can be obtained using means of
the package [2].

Proposition 18. The identities (7), (8), (9) and (10) are consequence of commutative iden-
tity and (6).

We use the identity (6) in two different ways on monomial {{{{a,b},c},d} as follows:

{{{{a, b}, ¢} dy =9 —{{{a, c},b}, &} = {{a, {b,c}},d} =© {{{a, c},d},0} + {{a, ¢}, {b,d}}
+{a, {{b, ¢} d} + {{a,d}, {b,c}} =9 ~{{{a,d},c}, b} — {{a, {c,d}}, 0} + {{a, c}, {b,d}}
+{{a,d}, {b,c}} —{a, {{b,d}, c}} — {a, {b,{c,d}}},

{{{{a. b}, ¢} dy =9 —{{{a,b},d}, ¢} — {{a, b}, {e.d}} = {{{a,b},d},c} + {{a, {c,d}}, b}
+{a,{b, {e,d}}} = —{{{a,d}, ¢}, b} — {{a,d}, {b,c}} — {{a. c}, {b.d}} — {a, {{b,d},c}}

+{{a,{c,d}}, 0} +{a,{b,{c,d}}}.

By equating and collecting similar monomials, we get

{{av d}> {bv C}} + {{CL, C}v {b7 d}} - {{aa {C7 d}}7 b} - {a7 {bv {C’ d}}} = 07
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which correspond to (7).

To find the next identity, we use the previously obtained identities:

{a, {b,{c,d}}} =9 —{a, {{b,d}. c}} — {a. {{b,c}, d}} =9 {{a,c}, {b,d}} + {{a, {b,d}}, c}
+ {{av d}’ {bv C}} + {{a7 {bv C}}’ d} :(6) *{{{a’ C}v d}a b} - {{{a7c}’ b}7d} - {{{av d}v b}v C}
- {{{a’ b}v d}’ C} - {{{CL, d}’ C}v b} - {{{av d}7 b}v C} - {{{CL,C}, b}’d} - {{{av b}a C}v d}’

{av {b’ {C, d}}} = {{a? {Cv d}}7 b} - {{av b}’ {Cv d}} = {{{av d}7 C}’ b}
+ {{{a, ¢}, d}, b} + {{{a, b}, d}, ¢} + {{{a, b}, c}, d}.

By equalizing them, we obtain the identity (8). In the same way, we obtain the remained
identities. More explicitly, there identity (9) can be prove as follows:

{{{aad}aCL {b’ 6}} = _{{{{av d}vc}a€}7b}_{{{{av d}vc}’b}7e} =® _{{{{avd}7c}ve}’b}
+{{{a, ¢}, d}, b}, ef + {{{{a,d}, b}, e} ef + {{{{a, ¢}, b}, d}, e} + {{{{a, b}, d}, c}, e}
+{{{{a,}, ¢}, d}, e},

{t{a,d},c} {b,e}} = —{{{a,c}, d}, {b,e}} — {{{a,d}, {b,e}}, } — {{{a, c}, {b,e}},d}
—{{{a. {be}} d}, e} — {{{a. {b,e}}, ¢} d} =9 {{{{a, e}, d}, e}, 0} + {{{{a, c},d}, b}, €}
+{{{a,d}, e}, b}, cf + {{{{a, d}s e}, b}, cf + {{{{a, e}, b}, ¢}, d} + {{{{a, b}, e}, ¢}, d}
+{{{a,e}, 0}, d}, e + {{{{a, 0}, e}, d}, e} + {{{{a, ¢}, e}, b}, d} + {{{{a, ¢}, b}, e}, d}
= {{{a,c}, d}, e}, b} + {{{{a,c}, d}. b} e} + {{{{a. d}, e}, b}, ¢} + {{{{a, d}, e}, 0}, ¢}
+{{{a,e}, 0}, ¢}, d} + {{{{a, b}, e}, ¢}, d} + {{{{a, e}, b}, d}, ¢} — {{{{a, b}, d}, e}, c}
—{{{a,b},e}s et d} = {{{{a, b}, d}, ¢}, e} = {{{{a, b}, ¢}, e}, d} = {{{{a, D}, ¢}, d}, e}

+{{{{a, ¢}, e}, b}, d} + {{{{a, ¢}, b}, e}, d}.

As before, we equalize them. Reducing the same monomials, we obtain (9).

For the last identity, we use previous identities to the monomial {{{a,e},c},{b,d}} in
two different ways as follows:

{{{av 6},6}, {b7 d}} =) _{{{{av e},c},d},b}—{{{{a, 6},0},b},d} =® _{{{{ave}vc}7d}7b}
+ {{{{a, e} e}, b}, d} + {{{{a, e}, b}, d}, ¢} + {{{{a, c}, b}, e}, d} + {{{{a, b}, €}, ¢}, d}
+{{{{a, 0}, ¢}, e}, d},
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{{a,e} e}, (b, d}} = —{{{a,c}, e}, (b, d}} — {{{a, e}, {b,¢}},d} — {{{a, c}, {b,d}} e}
—{{{a, {b.d}} e} e} — {{{a. {b,d}} e} e} =®) ({{{a,c}, e}, 0}, d} + {{{{a, c} e}, d}, b}
+{{{a, e}, d}, b}, e + {{{{a, e}, b}, df, e + {{{{a, ¢}, d}, b} e + {{{{a, ¢}, b}, d} e}
+{{{a,d}, b}, e}, cf + {{{{a, b}, d}, e}, ¢} + {{{{a, d}, b}, ¢}, ef + {{{{a, b}, d}, ¢}, e}
=0 —{{{{a,c},d}, e}, 0} — {{{{a, c}, e}, b}, &y — {{{{a, c},d}, b} e} — {{{{a. c}, b} e}, d}
—{{{{a,c}, b}, d}, e} + {{{{a, c} e}, b}, d) = {{{{a, d}, e}, b}, ¢} — {{{{a, e}, b}, d}, c}
—{{{a,d}, b}, e}, ¢} = {{{{a, b}, d}, e}, e + {{{{a, e}, b}, d}, cf + {{{{a, ¢}, d}, b}, e}
+{{{{a, ¢}, b}, d}, e} + {{{{a,d}, b}, e}, ¢} + {{{{a, 0}, d}, e}, ¢} + {{{{a, b}, e}, ¢}, d}

+{{{{a, 0}, d}, e} e} + {{{{a, 0}, ¢}, e}, d} + {{{{a, 0}, ¢}, d}, e}

Finally, we obtain the needed result. O

Remark 19. An algebra 732! (+)<X> satisfies the following identity:

{av {b7 C}} + {{av C}> b} + {{av b}v C} =0,
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Hyitcenbait E. K., Capraes B. K., Teke6ait A. A. 3-HOJI/IIK AJIBTEPHATUBTI, ITPE-
JIN YJKOHE ACCUMMETPUAJIBIK OITEPATAJIAP

AubrepraruBTi ajarebpajap KaTaH acCOIUATHBTIKTEH aybITKbIFaH, Oipak maiaaisl 60y
VIIH KETKITIKTI KYPbUIBIM/IBI CAKTAMTBIH KYyHesep/l 3epTTey KoHe MOJIeJIbJley YIIH eTe
Maub3abl. HIbiHbHga 18, agrpTepHaTuBTi ajaredbpasap accoruaTuBTI ajaredpaap/Ibl KaTaH ac-
COIMMATUBTIK IIapTThl DOCAHCHITY apKbLIbI XKaJIbLIaiabl. AJbTepHATUBTI ajarebpasap, opuHe,
aCCOIUATUBTI eMec OoJIiHy aaredpachbIHbIH HEri3ri MbICAJIBI OOJIBIT TAOBLIATHIH OKTOHUOH AP~
abl Kamtuabl. Oxkronnongap Keitnn-IMKCOH KypbLIBIMBIHBIH O6JIiri OOJIbII TabbLIaIbl YKoHE
reoOMeTpHUsIa, TOIMOJOTHUALA YKOHE TEeOPUIbIK (PU3NKaIa, dcipece >Kejll TeOPUSACHIHIa >KOHE
epekiie JIu TonTapbiHZa MaHBI3ALI POJI aTKApPaabl. AJILTePHATHBTI aJreOpaHbly, IIbIFY Teri
GeJiny ajredpacblH TApUXU 3EPTTEYIE YKATBIP YKOHE OJIAPIbIH, KOJIAHBLIYBI 9PTYPJH MaTe-
MAaTHKAJIBIK YKoHe (DPUBNKAJBIK, IIOHIepre, 9cipece acCOIUATUBTI eMec aaredpasiblK KypPbLIbIM-
nmapabl TyciHyre Tapasajpl. By skyMbicTa 6i3 23 = 0 KochIMINa CoifKecTiriMeH epkiH ajib-
TEePHATUBTI aJrebpaHbl KapacThIpaMbl3. MoTuBalust yImiH aJbTepPHATHBTI OIlepaIaHbIH KOC
onepacbia Kyrinemis. Conaii-ak, 6i3 exinik mepm asirebpaceinan 2 = 0 coiikecriri 6ap mpe-
JIn asnrebpacein asampis. CoHpiHia, ©° = 0 coifkecTiri 6ap accOCHMMETPUSIIBIK, alrebpaHb!
KapacTbIPaMbI3.

TyitiH ce3aep: aabTepHATUBTI ajaredbpa, mpe-Jlu anrebpa, acCOCUMMETPHSIIBIK, aaredpa,
KOIIMYIIIEJIIK COMKECTIKTED.

Hyitcenbait E. K., Capraes B. K., Texebait A. A. 3-HYJIEBAA AJIbTEPHATUBHAZ{,
MPE-JIN 1 ACCOCUMMETPUYECKA{A OITEPAJIbI

AnbrepHaTUBHBIE AMTEOPBI IMEIOT PEIaloNee 3HAUeHNE TSI U3YICHUST U MOIETNPOBAHST
CUCTEM, KOTOPBIE OTKJIOHSIOTCS OT CTPOIrON aCCONMATUBHOCTU, HO COXPAHSIOT JOCTATOYHYIO
CTPYKTYPY, YTOOBI OBITH IMOJIE3HBIMU B ajirebpe. JleficTBuTe IbHO, ajlbTepHATUBHBIE aJreOpPhI
060bIIAIOT acCONMATUBHBIE aIredpbl, 0CaabIIsisl YCIOBUE CTPOTO accorMaTuBHOCTH. AJIbTep-
HaTUBHDBIE aJIreOPhl €CTECTBEHHBIM 00Pa30M BKJ/IIOYAIOT OKTOHUOHBI, KOTOPBIE SIBJIAIOTCS KJIIO-
YEBBIM IIPUMEPOM HEACCOIMATUBHON ajrebpbl ¢ jesieHneM. OKTOHUOHBI SIBJSIIOTCS YaCTbIO
koucTpykimu Kamn-JlukcoHa u UrpaioT BazKHYIO POJIb B T€OMETPHUHU, TOTIOJIOTUU U TEOPETHIe-
ckoil busmKe, 0OCOOEHHO B TEOPHUH CTPYH U MCKJIIOUYUTENbHBIX rpynnax Jlu. IIpoucxoxaenue
AJIbTEPHATUBHBIX aJredp JIEKUT B UCTOPUUECKOM HUCCJIEIOBAHUU aJredp ¢ JIeJIEHUeM, U UX
[IPUJIOZKEHUST PACIIPOCTPAHAIOTCH HA PA3JIMYHBIE MaTeMaTUdecKue U (pU3ndecKue JTUCIUILIIU-
HBI, 0CODEHHO B TIOHMMAHWU HEACCOIMATUBHBIX aJredpamvyeckux CTpyKTyp. B 3Toit crarbe
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MBI paccMaTpuBaeM CBOOOIHYIO aJIbTEPHATHBHYIO ajredpy ¢ JOIOJHUTEIBHBIM TOXKIECTBOM
2% = 0. JIIs1 MOTHBAIIH MbI CChLIAEMCS HA JBOICTBEHHYIO OIEPay aJbTePHATHBHON Olepa-
nb1. Takske MbI osrygaeM 1pe-Jlu anrebpy ¢ ToxkaecTBoM 2 = 0 u3 GUHAPHOI TIepM aIrebpEI.
HakoHell, MbI PACCMATPUBAEM aCOCHMMETPUUECKYIO ajrebpy ¢ ToxKIecTBoM 5 = 0.

KiroueBble cjioBa: ajbTepHaTHBHasA ajrebpa, mnpe-JIu anrebpa, accocmMMeTpUYIecKast
ajrebpa, MOJIMHOMHUAJIbLHBIE TOXK IECTBA.
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