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Abstract. This paper presents results on the correctness (uniqueness and non-uniqueness, existence
and non-existence of solutions) of non-local boundary value problems with partially integral conditions
with respect to the time variable for fourth-order quasi-hyperbolic differential equations. The influence
of the spectral parameter and the behavior of the integrand on the solvability of the non-local problem
are also determined.
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1 Introduction and formulation of the problem

Let © be the bounded area of the space R™ variables x1, z2, ..., x, with smooth compact
boundary I' = 0€2. We consider the following differential operator in the cylindrical area
Q=0x(0,T7),S=Tx(0,T), where 0 < T < +00,

4

Luz%—i—Au—l—c(w,t)u—)\u:f(x,t), xeQ, te(0,7), (1)

where c(x,t) and f(z,t) are given functions.
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Boundary value problem I: It is required to find a function u(z,t) which is a solution to
Equation (1) in the cylinder @ that satisfies the following conditions

u(x,t)’s =0, (2)
2u
u(z,0) = ?)t (x,0) = th (2,0) =0, z €, (3)
T
/N u(zx,t)dt =0, x € Q. (4)
0

Boundary value problem II: It is required to find a function wu(z,t) which is a solution
to Equation (1) in the cylinder @ that satisfies Conditions (2), (4) and

2 3

%(m) O o) = ‘thj(x 0)=0, 2 € Q. (5)

The study of the solvability of boundary value problems for quasi-hyperbolic equations
began, apparently, with the works by V.N. Vragov [1], [2]. Further results can be found in
[3-5]. One of the main conditions for correctness in these studies was the condition that the
parameter A is non-negative. Investigations of non-local problems with integral conditions for
linear parabolic equations, for differential equations of odd order, and for some classes of non-
stationary equations have been actively carried out recently in the works by A.I. Kozhanov
[4, 6, 7, 8]. In [5], the solvability of Problem (2), (3), (5) for fourth order quasi-hyperbolic
equations with p = 2 is investigated. In [9], the Fredholm property and index of the generalized
Neumann problem containing powers of normal derivatives in the boundary conditions are
investigated. For these problems, sufficient conditions for the Fredholm solvability of the
problem are obtained and formulas for the index of this problem are given. The papers [10]
and [11]| are devoted to investigations of the solvability of various boundary value problems
of order 0 < k1 < ko < ... < k; < 2l — 1 for the polyharmonic equation in a multidimensional
ball. In [12], a criterion for the uniqueness of solution for some differential-operator equations
was obtained.

2 Supporting statement. Solvability of the non-local problem [

First, we discuss the effect of the parameter A on the solvability of the non-local problem I in
the case where c¢(z,t) = 0. Let {wy(2)}72, and {ur}32, be the sequences of the eigenfunctions
and their corresponding eigenvalues for the problem

Aw(z) = pw(z), z € Q, w(x)|lr =0,

KAZAKH MATHEMATICAL JOURNAL, 24:2 (2024) 6-15



8 Bakytbek D. Koshanov, Gulzhazira D. Smatova, Zhanat B. Sultangazieva

where the sequence {wy(x)};2; is orthonormal in the space L2(£2). It is known that the
functions wy(z) belong to the space WZ(Q2) N W1(Q), form a basis in the space Ly(f2), and
that the values i are all negative. They can be arranged in a monotonically decreasing
sequence (which we shall assume has been done), and the sequence {u;}7°, has a unique
limit point at —oo.

3 Main results

First, we consider the case A > ;.
We define the values ;(\) as positive numbers that satisfy 4{(\) = A — py. Next, we
define the function ¢;(z) for z > 0 as follows:

z

p1(z) =€* —e* —2sinz.

Theorem 1. Let the function N(t) be continuous on the interval [0,T], and for a fixed value
of A in the interval (pu1,+00), let the following condition hold:

T
/ N(@)[eWNE — eV _ ogin(y (ANE)]dt £0, k=1,2,.... (6)
0

Then, in the case where c¢(x,t) = 0, the non-local problem I cannot have more than one
Do 2,4
solution in the space W5 (Q).

Proof. We assume that in the non-local problem I with identically zero function ¢(z,t), we
also have f(x,t) = 0. The solution u(z,t) of such a problem in the space W22’4(Q) can be
represented as a Fourier series:

u(w,t) =Y ex(t)wy(x),

It — RO exlt) = 0, (7)
T
x(0) = ¢4(0) = 0) =0, [ N(tyen(t)it =0, (®)
0

In this problem, the differential equation for the functions cy(t) and the first three conditions
give the equalities

cr(t) =Ciroi(e(Nt), k=1,2,....
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Using the integral condition, we find that if Condition (6) holds and A > pi, then each
constant C , must be equal to 0. This implies that in the case f(z,t) =0 and ¢(x,t) = 0, the
solution u(x,t) of the non-local problem I in the space W22 “4(Q) can only be the identically
zero function. This means the uniqueness of a solution of the non-local problem I. ]

Corollary 2. Let N(t) be a continuous non-negative function on the interval [0, T, which is
not identically zero. Then for A € (u1,400), the non-local problem I in the case c(xz,t) =0
cannot have more than one solution in the space W2274(Q).

Proof. For the function ¢1(z), we have
01(0) =0, pi(z) =€ +e*—2cosz>0 forz>D0.

Therefore, the function ¢1(z) is strictly positive for z > 0. Since N(t) is continuous
and non-negative and there exist points where it is positive, Condition (6) is satisfied due to
the positivity of the function (v (A)t) (for ¢ > 0). This also establishes the uniqueness of
solutions for the non-local problem I in the case where ¢(z,t) = 0. Ul

The proof of the next corollary is straightforward.

Corollary 3. Let the function N (t) be continuous on the interval [0,T], and for a fixed value
of A in the interval (u1,+00), let there exist a set of natural numbers ki, ..., ky, such that

N ()1 (yr(A)t)dt # 0.

Ot~

Then, in the case where f(x,t) = 0 and c(z,t) = 0, the non-local problem I has linearly
independent solutions in the space W22’4(Q) on the interval [0,T)].

Now, we consider the case A € (—oo, u1]. We define the values dx () for £ =1,2,... and
the function v (2) as follows:

Sk(N) = |k — MY, 6 >0,

P1(z) = (e —e 7)) cosz — (e + e 7) sinz.

Furthermore, for values of A in the interval (—oo, 1], let ko(A) be a natural number such
that fue, 11 <A < gy (n)-

Theorem 4. Let the function N(t) be continuous on the interval [0,T], and let the following
conditions hold for a fized value of X in the interval (—oo, puj):

)‘#/Lkv k=1,2,..., (9)
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T
[N@e@E0 020, k=1 kO, (10)
0
T
[ NO o0 £ 0, k= ko3) + Lka(N) + 2., (11)
0
or the conditions
A= Pk (12)
T
/N YL\ )dt £0, k=1,... ko —1, (13)
0
T
/t3N(t)dt 40, (14)
0

as well as Condition (11). Then, in the case where c(x,t) = 0, the non-local problem I cannot
have more than one solution in the space W22’4(Q).

Proof. Assume that Condition (9) holds. For a solution u(z,t) of the non-local problem I in
the case where ¢(z,t) =0 and f(z,t) = 0, we apply the Fourier series representation:

= Z ek (H)wg(x

k=1

with ¢ (t) that either solve the boundary problem (7), (8) for k = ko(\) + 1, ko(A) + 2, ...,
or solve the problem

() — N ex(t) =0, (15)
T

ex(0) = ¢ (0) = €/(0) = 0, /N@%@a:o (16)
0

for k = 1,...,ko(A). Using Conditions (10) and (11), it is straightforward to show that all
functions cg(t) must be identically zero on the interval [0, T]. This implies the uniqueness of
a solution.

If Condition (12) now holds, then for & = ko(A) + 1, k‘o()\) + 2, ..., we determine the
functions ck(t) as solutions of Problem (7), (8); for k =1, ..., ko — 1, as solutions of Problem
(15), (16); and for k = kg, as a solution of the problem

(1) =0,
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Using the representations of the functions c¢x(¢) and considering Conditions (11), (13), and
(14), it is once again straightforward to conclude that the functions cx(t), and hence the
function u(x,t), are identically zero. O

Remark 5. In the case where ko(\) = 1, Condition (13) is assumed to be absent. The proven
theorems allow us to draw the following conclusions:

1. For any real number X, there exists an infinite number of continuous functions N(t) on
the interval [0,T] such that the given number X\ will be an eigenvalue of the non-local
problem I in the case c(x,t) = 0 with any preassigned multiplicity.

2. Theorems 1 and 4 provide conditions under which the given real number X\ is not an
eigenvalue of the non-local problem I in the case c(z,t) = 0.

We now proceed to the discussion of the existence of solutions to the non-local problem I.
We again consider initially the case ¢(z,t) = 0.

Theorem 6. Let the following conditions hold:
c(z,t)=0 for (z,t)€Q, XE (u1,+00), (17)

N(t) € C([0,T]), N(t) > Not™, No >0, m >0, te0,T]. (18)

Then, for any function f(x,t) in the space Lo(0,T; W2(Q) NW(Q)), the non-local problem I
has a solution u(z,t) belonging to the space W22’4(Q), and this solution is unique.

Proof. We consider the boundary value problem: find a function v(z,t) that, within the
cylinder @), is a solution of the equation

Vitte + Av = v+ f(z,t), (z,t) €@ (19)
and satisfies the conditions
v(z,0) = 1(x,0) = vy(x,0) = n(x,T) =0, z €l (20)

Using the techniques from [5], it is straightforward to show that if the condition A > pq holds
and the function f(z,t) belongs to the space L2(0,T; W3(Q) N W1(Q)), then this problem
has a solution v(z,t) such that v(z,t) € 1/1/22’4(62)7 Av(x,t) € Loo(0,T; La(2)). We define the
function fB(x) as follows:

T
m@_—/N@m@mw
0
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Now we consider an additional auxiliary boundary value problem: find a function w(z,t)
that, within the cylinder @), is a solution of the equation

Wyttt + Aw = )\"LU, (mat) S Q7 (21)

and satisfies the conditions
T
w(z,0) = w(z,0) = wy(z,0) =0, /N dt = p(x), x €. (22)
0

We show, using the Fourier method, that under Conditions (17) and (18), this problem has
a solution that belongs to the space W22 “4(Q). For the function 3(x), there is a Fourier series
representation:

=Y Brwr(x), Pr= [ N(t v(z, t)wg(x)dx | dt.

We will also look for the function w(z,t) in the form of a Fourier series:

= dp(twi()
k=1

the functions dj(t) must be solutions to the problem

& (t) — e(Ndi(t) =0, t€(0,7),

T
04 (0) = dy(0) = d"(0) /N dt = f.
0

The following equality holds:
_ P

293

[ew(k)t — e Nt _ 9 sin(’yk(k)t)] :

Here, the numbers «; are determined by the equalities

T
= /N(t) [e”k(’\)t — e Nt _ 2sin(’yk()\)t)} dt, k=1,...
0
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Due to Condition (18), all numbers oy, are positive. We show that there exists a natural
number kg such that & > kg and the following holds:

NyewNT
Vi(A)

Indeed, for the numbers ag, the following inequality holds:

O =

(23)

T
Qe > No/tm(pl(’yk()\>t)dt.
0

Next, we have
P1(T(A)E) = eV [1 — 72N _ 2o Wl gin( (A)E) | -

Since the sequence {7;(A)}72,; monotonically approaches 400, there exists a natural
number kq such that

1
@NMM@Z?WWtbrk>h.

Taking these inequalities into account, we find that for the numbers ap when k& > ki, the

following inequality holds:
T

1
ag > §N1 /tme%(A)tdt. (24)
0
For the integral on the right-hand side, we have the equality:

T
Tm—=17(MNT
/Wﬁmwzeﬁ—m} (25)
, Vi Vi

Again, due to the monotonic increase of the sequence {7y;(\)}72, there exists a natural
number ko such that for k > ko the following inequality holds:
r-msT
Yo 2
From the inequalities (23) and (24), it follows that for k > ko = max(ki, k2). Thus, the
required estimate (25) holds. O
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Komanos B./1., Cmarosa I'.JI., Cyaranrasuesa 2K.b. TOPTIHIII PETTI KBA3UI'U-
ITEPBOJIAJIBIK TEHAEYJIEP YIIIH MHTEI'PAJIZIBIK IIHAPTHI BAP JIOKAJIbbI
EMEC ITEKAPAJIBIK ECEIITEPIIH AYPBICThIT'BI TYPAJIBI

By xKymbicTa TOpTIHIN peTTi KBa3UruiepOoIaIblK, 1uddepeHITuaIIbIK, TeHIeY/Iep YIIiH
VaKbIT aflHbIMAJIBICHIHA, KATBICTHI iIIiHAPA HHTErPAJIIBIK IIAPTTAPhI 0ap JIOKAJIbIbI €eMeC IIeT-
TIK eCemTep/IiH, AyPBICTHIFBI (IIEIMIMHIH YKaJIFBI3IbIFGI MEH YKAJFBI3 €eMeCTiri, menriMHig 6ap
60JIybI YKOHE YKOKTBIFBI) OolibIHIIIa HoTHXKeep Kopceriared. CoHaii-aK JOKaIbIbl eMeC eCerl-
TiH mrentiMIiINiHIH CIEKTPJIIK TapaMeTp/IeH KoHe HHTEerPaJIIbIH imiHaeri (pyHKInaIaH ocepi
AHBIKTAJIFAH.

Tyiiin ce3aep: KBa3uruepodbOIAILIK, TEHIALY/IED, JOKAIbIBI EMEC €CeIITeD, NHTEIPAIIBIK,
mapTTap, PeryJsp/ibl MeniMAep, MEeMiMHAIH KaJFbI3AbIFbl MEH YKAJFbI3 €MeCTiri, MernmiMHiH
bap 60JIYbI YKOHE YKOKTHIFHI.

Komanoe B./l., Cmarosa I'.Jl., Cynranrasuesa 2K.b. O KOPPEKTHOCTU HEJIO-
KAJIbHBIX KPAEBBIX 3AJIAY C UHTET'PAJIbHBIM YCJIOBUEM JIJIAd KBA3UT'U-
INEPBOJIMYECKNX YPABHEHII YETBEPTOI'O ITOPAJIKA

B nanuoii pabore npejcTaBieHbl pe3yIbTaThl O KOPPEKTHOCTH (€JIMHCTBEHHOCTH U HEe MH-
CTBEHHOCTH, CyIIECTBOBAHUU U HECYIIECTBOBAHUU PEIICHUN) HEJTOKAJbHBIX KPAEBBIX 3a/a4 C
YACTUYHO WHTErPATLHBLIMHU 10 BPEMEHHOW MEPEeMEHHON YCIOBUSIMHU JjIsT KBA3UTUIIEpOOIIde-
ckuxX nudepeHnnabHbIX YPABHEHUN UY€TBEPTOTO MOPSAKA. A TakyKe OIpeJiesIeHbl BJIMSTHUN
CTIEKTPATHLHOTO TTAPAMETPA U TIOBEJICHUN TIOBIHTErPATLHON (DYHKITUN Ha PA3PEITUMOCTH HEJTO-
KaJIbHOU 3aJla4M.

KioueBble cjioBa: KBa3sUTUIEPOOINYECKNE yYPABHEHUSI, HEJOKATHHBIE 3a/a9M, WHTE-
rpajibHbIE YCJIOBUS, PErYJISIPHBbIE PEIeHUs, eINHCTBEHHOCTh U HEEJUHCTBEHHOCTb DEIeHMUs,
CYIIECTBOBAHNE W HECYIECTBOBAHUE PEITeHUsI.
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