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On F-homogeneous models
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Abstract. We introduce the notion of an F-homogeneous model and prove that if a theory has an
infinite F-homogeneous model, then it has an F-homogeneous model of any infinite cardinality which
is not less than the cardinality of the theory.
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1 Introduction

In the book [1, p. 56] the following definition is given.

Definition 1.1. An infinite linear order is said to be interval homogeneous if it is iso-
morphic to each of its non-singleton closed intervals.

It is also stated that the cardinality of any interval homogeneous linear order does not
exceed the cardinality of continuum.

The question on the cardinality of an interval homogeneous linear order is quite natural.
We will consider a more general version of this question, generalizing the notion of inter-
val homogeneity to models of arbitrary purely predicate languages and thereby defining the
notion of an F-homogeneous model, and we will prove that a theory that has an infinite
F-homogeneous model has an F-homogeneous model of any cardinality (that is not less than
the cardinality of the language). In particular, it follows from this that there exist interval ho-
mogeneous linear orders of any infinite cardinalities. Moreover, for any uncountable cardinal
\ there exist 2* non-isomorphic interval homogeneous linear orders of cardinality .
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2 Basic definitions

We will use more or less standard model-theoretic notation and definitions that correspond
to [2] and [3].

Models will be denoted by M and N, and their underlying sets (universes) will be denoted
by M and N respectively. The cardinality of a set X will be denoted by | X|. The first infinite
cardinal will denoted by w, and the first uncountable cardinal will be denoted by w;. Elements
of a model will be denoted by a, b, and tuples of elements will be denoted by @, b. Variables
will be denoted by z, ¥, and tuples of variables will be denoted by Z, . By “2 we will denote
the set of functions from w to 2 = {0, 1}.

Let M be a model in a language L containing only predicate symbols. Let F be a set of
L-formulas having at least one free variable.

Definition 2.1. (1) We will say that a submodel N of the model M is F-definable if
there exist a formula ¢(x,y) € F and a tuple a of elements of the model M such that

N=pWM,a)={be M: ME p(b,a)}.
(2) A model M will be called F-homogeneous if it is isomorphic to each of its F-definable
submodel A of cardinality |N| > 1.

Example 2.1. If 7 = {yg < « < y1} then an F-homogeneous model of the theory of
linear orders is precisely an interval homogeneous linear order.

3 Results

Theorem 3.1. If a theory T has an infinite F-homogeneous model, then for every cardinal
A = |T| the theory T has an F-homogeneous model of cardinality X.

Proof. Let M be an infinite F-homogeneous model of the theory 7. We extend the
language L of the theory T to a language L* by adding a predicate symbol for each F-
definable submodel of the model M. Namely, for a submodel of M with an underlying set
p(M,a) we add an (n + 2)-ary predicate symbol R, where n is the length of the tuple a.

Let us consider a theory T™ in the language L* having the following axioms:

(1) the axioms of the theory T’
(2) for every formula ¢(z,y) € F and every g if |p(M,g)| > 1, then the set

Rpg ={(u,v) : Rp(y,u,0)}

is an isomorphism of the model M to the submodel with the underlying set ¢ (M, 7).
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Let us explain how to write (2) down as a set of formulas in a first-order language: for
each formula p(x,y) € F we write that Ry 5 is a bijection from M onto ¢(M,y) and add for
every predicate symbol S of the language L the universal closure of the following formula:

(Fz)(Fa") [z # 2" A o(x,§) Ao, g)] =

[S(ut,...,um) < S(Ryg(u1), ..., Rpg(um))]
It is clear that the model M can be expanded to a model of the theory T™.

Since T™ has an infinite model, by the Lowenheim-Skolem-Tarski Theorem [2] for every
cardinal A > |T*| = |T| the theory T* has a model N* of cardinality A\. Then reduction of
the model N* to the language L will be an F-homogeneous model of cardinality A for the
theory T. O

Corollary 3.2. For every infinite cardinal \ there exists an interval homogeneous linear
order of cardinality A.

Proof. The countable dense linear order with the maximal and minimal elements is an
F-homogeneous model of the theory of linear order, where F = {yo < x < 11 }. O

Proposition 3.3. Let T be an unsuperstable theory which has an infinite F-homogeneous
model.

(1) For any cardinal X\ > |T| the theory T has 2* non-isomorphic F-homogeneous models
of cardinality A.

(2) If \ = u > |T| and p is a regular cardinal, then T has at least 2* F-homogeneous
models such that any of them is not elementarily embeddable into any other.

Proof. Let us consider the theory T* D T from the proof of Theorem 3.1. It follows from
the axioms of T™ that every model of T™ is F-homogeneous. This implies that the pseudo-
elementary class PC(T™*,T'), which is the class of reducts of models of T* of cardinality > |T*|
to the language of T, consists of F-homogeneous models of T' of cardinality > |T%|. Since
T is not superstable, by the theorem of Shelah |3, Chapter VIII, § 2, Theorem 2.1] we have
I(\,T*,T) = 2* for any \ > |T*|, where I(\,T*,T) is the number of non-isomorphic models
in PC(T™*,T) of cardinality A. It remains to notice that |7 = |T'|. Statement (1) is proved.
Now we apply [3, Chapter VIII, § 2, Theorem 2.2] and get (2). O

Corollary 3.4. (1) For any cardinal A\ > w there exist 2 non-isomorphic interval
homogeneous linear orders of cardinality .

(2) If A > p > w and p is a regular cardinal, then there exist at least 2* interval homo-
geneous linear orders such that any of them is not elementarily embeddable into any other.

Proof. The theory of linear order is countable and unstable (and hence unsuperstable) and
the countable dense linear order with the maximal and minimal elements is an F-homogeneous
model of the theory of linear order, where F = {yo < z < 11 }. O
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Proposition 3.5. Any interval homogeneous linear order is dense.

Proof. Follows from the definitions of interval homogeneity and density of linear orders.

O

Therefore there exists only one (up to an isomorphism) countable interval homogeneous
linear order.

Let us show that the theory of a certain linear order may have infinitely many (and even
2¢) non-isomorphic countable F-homogeneous models, for some F.

Example 3.1. Let T be the theory of (N, <), the set positive integers with its natural
linear ordering. Every model of T' is F-homogeneous, where F = {z # y}. Let us show that
T has 2 non-isomorphic countable models.

For any f € “2, let

My =(N,<)+>_ M,
i<w

the sum of linear orders, where

(a) if i = 2n and f(n) = 0, then M; = (Z, <), the set of integers with its natural linear
ordering;

(b) if i = 2n and f(n) = 1, then M; = (Z,<) + (Z, <), the sum of linear orders;

(¢)ifi=2n+1 and f(n) =1, then M; = (Q, <) x (Z, <), the lexicographic product of
linear orders, where (Q, <) is the set of rationals with its natural linear ordering.

If f,f' €“2and f# f’, then My is not isomorphic to M. Therefore, the theory 7" has
2“ non-isomorphic countable models.

Let us notice that if we take F = {y < x}, then T has countably many non-isomorphic
countable F-homogeneous models:

(N7<)> (N7<) + ((Q, <) X (Za <))7 (N’<) + ZMia n < w,

<n

where M; = (Z,<).
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Kynaiibeprenos K.2K. F-BIPTEKTI MOJIE/IBJIEP TYPAJIBI

Bi3 6ipTekTi MOJIe/Ib YFBIMBIH €HI'3eMi3 KOHE erep TEOPHUSHbBIH, MIeKCi3 OipTekTi Mosesi
0osica, OHIa OHBIH TeOpHs KVIIMHEH KeM eMeC Ke3 KeJreH IeKCi3 KYIITiH OipTekTi momei
6OJIATBIH JIRJICJJIeHMI3.

Tyitin ce3nep: F-6ipTeKTi MOJE/Ib, HHTEPBAJJIBIK OIPTEKTI ChI3BIKTHIK, TOPTII.

Kymnaitbeprenop K.2K. Ob F-OJHOPOJIHBIX MOIEJIAX

MpbI BBOAMM TIOHSATHE J-OTHOPOTHON MOIENN U JOKA3bIBAEM, UTO €C/IN Teopust mmeeT J-
OIHOPOIHYIO MOJIE/Ib, TO OHa MMEET J-OMHOPOIHYIO MOJIEJb JIIOO0H OECKOHEYHON MOIIHOCTH
HE MEeHbIIeH, 9eM MOIHOCTb TEOPHH.

KuroueBbie cioBa: F-0IHOPOIHAST MOJIE/Ib, HHTEPBAJILHO OIHOPOIHBIN JIMHEHHBIN 10-
PAIOK.
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