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Abstract. We consider spatially one-dimensional boundary value problems of uncoupled thermoelas-
ticity, which can be used to study various rod structures under thermal heating conditions. This model
effectively describes thermodynamic processes at low strain rates. Here, a unified methodology has been
developed for solving various boundary value problems typical of practical applications.

The task is set to determine the thermo-stressed state of a thermoelastic rod under various boundary
conditions at its ends, as well as the acting forces and heat sources along the entire length of the rod.
Shock elastic waves arising in such structures under the action of shock loads are considered.

Based on the method of generalized functions, generalized solutions of non-stationary and stationary
direct and semi-inverse boundary value problems in the class of generalized vector functions of slow
growth are constructed. Regular integral representations of generalized solutions are also given, which
provide analytical solutions to the posed boundary value problems.

The peculiarity of the constructed solutions makes them convenient for engineering applications because
make it possible to study the influence of each boundary condition, as well as the acting power and heat

sources separately, which is very important when assessing the strength properties of rod structures.

Keywords. Thermoelasticity, boundary value problems, method of generalized functions, generalized

solution, Fourier transform, boundary equations.

1 Introduction

Research on thermoelasticity arose for determining the thermoelastic stress state of var-
ious structures. They are based on the theory developed by J. Duhamel [1] and F. Neu-
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Generalized solutions of boundary value problems of dynamics of thermoelastic rods 57

mann [2], who proceeded from the assumption that total deformation is the sum of elastic
deformation based on usual relations of the elasticity theory, and ones corresponding to heat
field, known from the classical theory of heat conduction. In the works of M.A. Biot [3], for
the first time a complete substantiation of the basic relations and terms were given using the
thermodynamics of irreversible processes, and variational theorems were formulated.

In the books by W. Novacki [4, 5], mathematical models are presented in detail for de-
scribing thermodynamic processes in deformable solids and media, which motion, temperature
and stress-strain state depend on the acting forces and heat sources. He developed various
methods for solving the thermoelasticity equations in spaces of different dimensions, and
investigated a wide class of solutions for various types of operating forces and heat sources.

The complete system of thermoelasticity equations connects equations of medium motion
in displacements and an equation of thermal conductivity into a single system, which takes
into account the effect of temperature on stress-strain state, as well as opposite, i.e. the effect
of a rate of deformation on the temperature of the medium. If in this system an influence of
deformation on temperature is neglected, then its solution is simplified. Since at first, you
can determine the temperature field separately, and only then take it into account in the
equations of motion as a volume force. This model is called uncoupled thermoelasticity, and
has received wide practical applications in engineering as thermal stresses theory. It describes
well thermodynamic processes at low strain rates. A detailed review of works for different
models of thermoelasticity is given in the R. Hetnarski encyclopedia [6].

In the works of V.D. Kupradze, T.G. Gegelia [7] and others [8-12], the method of boundary
integral equations (BIEM) was developed for solving three-dimensional and two-dimensional
BVPs (BVPs) of coupled and uncoupled thermoelasticity using the Laplace or Fourier trans-
form in time to construct resolving boundary integral equations of BVPs. It is not possible
to construct such equations in the initial space-time for the equations of coupled thermoe-
lasticity due to the peculiarities of the fundamental solutions, for which analytical formulas
can be constructed only for their transformants.

One of the main problems of BIE method in the space of Fourier-Laplace transform, which
is quite well known, is the instability of the numerical procedures for inverting the transfor-
mants of solutions with increasing time, which does not allow in calculations to construct
solutions in the space of originals for even small times for oscillatory processes. Therefore,
the problem of constructing the originals of solutions to BVPs of thermoelasticity remains
relevant. This problem is solved for the uncoupled thermoelasticity model.

Here, spatially one-dimensional unsteady BVPs of non-coupled thermoelasticity are con-
sidered, which can be used to study various bar structures. The unified technique is proposed
for solving various BVPs typical of practical applications.

Note that investigations of thermally stress-srtain state of rods with different physical
and mechanical properties is engaged by few authors, and mainly on the basis of numerical
finite element and difference methods for study of static and quasi-static rods stress-strain
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state [13, 14]. Earlier, in [15, 16], dynamic BVPs for thermoelastic rods (coupled thermoe-
lasticity) under actions of sources of low- and high-frequency oscillations were solved. Here
non-stationary and stationary BVPs are considered by actions of forces and heat sources of
various types, including those described by singular generalized functions.

2 Formulation of non-stationary BVPs

A thermoelastic rod of a length 2L is considered, which is characterized by a mass density

p, stiffness EJ and thermoelastic constants v and k. The displacements of cross sections of

a rod and temperature are described by the system of hyperbolic-parabolic equations of the
form [4,5]:

PPy — Pty —Y0,0 +pF1 = 0, (1)

0,00 —k 0,4 +F = 0. (2)

Here u(x,t) are the components of longitudinal displacements in a point z at time ¢, 0(z, t)
is relative temperature (6 = T'(x,t) —Ty), T(x,t) is absolute temperature, T is a temperature
in a free state, F; is acting force; ¢ is a velocity of thermoelastic waves propagation in a
rod. An action of heat sources is described by a function F5. It is assumed that functions
Fi(z,t) and F»(x,t) belong to the class of generalized functions of slow growth, which makes
possibility to simulate thermodynamic processes in rods under actions of concentrated forces
and heat sources of various types. Here and further, we use the following notation for partial
derivatives: au/ax = Oyu, au/at = O, 8ui/8x =0ju; =45, 1=1,2, j =x,t.

The thermoelastic stress in a rod is determined by the Duhamel-Neumann law:

o(x,t) = pc*u,g (z,t) — v0(x, t). (3)

Let us consider a number of direct BVPs typical for engineering practice, the solutions of
which satisfy the following initial and boundary conditions.

Initial conditions (Cauchy conditions): the displacements, velocities and temperature are
known at t =0 :

u(z,0) =wug(x), 6(z,0)=0(x), |z|<L; (4)

O (x,0) =49 (z), |z| < L.

Boundary conditions are set at the rod ends (z =z = —L, x = x9 = L), which differ
depending on the BVPs under consideration. Here we construct solutions of next BVPs
(BVP).

BVP 1. The displacements of the rod ends and the temperature on them are known:

u(:vj,t) :wj (t), H(l‘j,t) :Qj(t); j: 1,2. (5)
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BVP 2. The stresses at the ends of the rod and the heat flows on them are known:
o(xj,t)=p; (), 0.(xjt)=qt); j=12. (6)
BVP 3. The displacements of the rod ends and the heat flows on them are known:
u(zj,t) =w;(t), 0Oq(z;t)=qit); j=12 (7)
BVP 4. The stresses and temperature at the ends of the rod are known:
o(zj,t) =p;j(t), O(z;t)=0;(t); j=1,2 (8)

BVP 5. The stresses at the ends of the rod, the temperature on the one end and the heat
flow on the other are known:

o (zj,t) = p; (t),

J )
Oa1,t) = 62(t) 6,0 (22,0) = a(0) (9)

BVP 6. The displacements at the ends of the rod, the temperature on the one end and
the heat flow on the other are known:
u(xj, t) =w;(t), 1,2;

J=
01, 1) = 02(t) 0.0 (22,1) = alt) (10)

BVP 7. The displacements and temperature at the left end of the rod, the stresses on
the one end and the heat flow at the right end are known:

w(wy,t) =wy (), O(x1,t) = 01(t);
o (22,t) =p2(t), 0, (22,t) = qa(t) (11)

BVP 8. The displacements and heat flow at the left end of the rod, the stresses and
temperature at the right end are known:

u(xy,t) =wi (t), 0. (x1,t)=q(t);

o(x2,t) =p2(t), O(x2,t) =0(t) (12)

It is assumed that the boundary functions satisfy the next smoothness conditions:

u;(t) € C(0,00), 0;(t) € C(0,00),¢;j(t) € L1(0,00),p;(t) € Li(0,00).

In addition to them, also problems will be considered with different number of boundary
functions on rod ends.
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3 Shock elastic waves

The system of equations (1), (2) has mixed hyperbolic-parabolic type. Due to hyperbol-
icity, shock waves may occur during shock effects at rod ends.

To derive the conditions on shock wave fronts, we consider solutions of equations (1),
(2) in the space of generalized functions. According to the rules of differentiation of regular
generalized functions [12, 13] for shock waves, these equations will take the form:

(P taw —puisit =10, ) + pF1 + ([pPt,e —10] va — pu,i ] v1) Op(, )+

(G,M —/4710,15) + Fy 4 0, ([0] va6F) + 0,2 | vabr — k1 [0] 67 = 0.

Here, square brackets denote the jump of the functions indicated in them on the shock wave
fronts, dp(z,t) is a singular generalized function - a simple layer on the wave front, which is
a characteristic surface F € R?. On F

2 2 2 Vy
cvy—vi=0 -

= c= (14)

Vg

where v = (v,,14) is the normal to F in R? = {(x,t)}, ¢ is the velocity of propagation of a
shock wave, at which a stresses can have a jump. From equations (14), taking into account
(1), it follows:

(020 = plual ) e+ 020, ) =00 (i) =0,
15
Ox ([0] p vadF) + (I/x 0, — k1 0] I/t) op = 0.

Since, due to medium continuity, [u(x,t)]p, = 0, and in the region of differentiability, shock
waves are generalized solutions of (1), from (14), due to the independence of the singu-
lar functions, we obtain the condition of continuity of temperature at a shock wave front:
[0(z, )], = 0.

Here the wave front has a simple form:

Fy={(z,t) :x £t =2"}. (16)

This is the point of discontinuity of derivatives on the interval = € (—L, L), which moves at
a speed ¢ from the point 20 where it is formed, in one direction or the other. As a result,
it follows from (15) that the following conditions for jumps must be satisfied at shock wave
fronts:

[U]Ft =0, [U]Ft = —Pc[i‘]Fta [Q]Ft =0, [eam]Ft =0. (17)
The first condition for displacements is a necessary condition for preserving of medium
continuity. The second condition describes a stress jump (shock), which leads to a speed jump
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at a wave front. It follows from the third and fourth that the temperature and heat flow
are continuous at the shock wave front. This distinguishes a coupled thermoelasticity unlike
uncoupled thermoelasticity in which the heat flow has a jump at front which are proportional
to jump in displacement velocity [19,20]. Here shock waves are purely elastic waves.

The uniqueness of the solution of non-stationary BVPs taking into account shock waves
for coupled thermoelasticity model has been shown in [20,21]. Since the model uncoupled
thermoelasticity is a special case of this model, the uniqueness of these BVPs follows from
there.

4 Generalized solution of non-stationary BVP. Generalized functions method

To determine the solution of the problem, we set a BVP in the space of two-dimensional
generalized vector functions of slow growth [17,18]:

Sé(RQ) = {f = (fl(x7t)7f2(x7t))7 (x7t) € R27 fj € S/(R2)7j = 172}'

To do this, we introduce a generalized vector function (we mark them with a cap) which is
equal to 0 inside a region of determination:

(i1, 2) = {@,0} = {u(e,)H(L — |z|)H(1),0(x, ) H(L — |2|)H(1)} ,

where u, 6 is the classical solution of the BVP under consideration. H(z) is the Heavyside
step function, we assume that at the point of discontinuity H(0) = 0, 5.

Vector-function (i, dip) satisfies in Sy(R?) to the next system of two equations :

gy — Tl — ’yc2é,z +EB = —{uo( )O(t) + ug(x)d' (t)}H(L — |z|) + (18)
+ CHE){(p1(t) —561(1))0(z + L) —
— (p2(t)762(1))0(z — L)} +
L

b CHOmON @ L) - w0 (@ - L),
0o =500 +F> = ( JO(L+x)qu(t) —H (@) (L —x)gt)+  (19)
+ O H (1) (L +2) = O2()H () 0" (L —x) —
— K H00(x)d (t) H (L — |z).
Here ¢ (t) is a generalized singular delta-function, 4 = p%.

Using the property of fundamental solutions to Equations (18) and (19), its solution @,
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can be represented as the following convolutions:

w(z,t)H(®)H (L —|z|) = U=« Fl — 501, %0(x,t) + (20)
+C2Z ~406(0)) ¥ Ur oz — (1)L, 1) +

+Uk( )TUlaa: (x - (_ )kL7t>} +

+ {ito(@)H(L — [a]) £ 01 + uo (@) H(L = lal) Ui }

2
0 (x,1) H (1) H (L — |2) = Ey(a,t) * Us(a,t) + H (1) S (~1)*{ai(t *Ug( (_1)kL,t)+
k=1
+ Op(t)H (1) + Un.o (x (-1 L,t)} — 57 Yo(a) H (L — o)  Us(w,1) (21)

Here Uj(z,t) (for j = 1,2) are the fundamental solutions of the wave equation (1) for
Fy = 6(x,t) = §(x)d(t), O(x,t) = 0, and the heat conduction equation for Fp = 6(z,t) =
d(z)d(t), which are well known [17,18]:

Or (1) = 5 Hlct — [e) H() (22)
Os(z,1) = —%bﬁ exp(—a? JAxt) H (L). (23)

The integral record of convolutions of the generalized solution has the form:
w(z, ) H(L — |z|\H(t) = U, «F — (24)

t L
—ﬁH(t)@x/ dr/ Ur(z —y,7)0(y, t — 7)dy +

FEH() / {(pr(7) = 7 06(1) Us (& — (~D)F Lt — 7) +

,_.

+ wi(T)Ux,e (2 — (=1 )kL,t—T)}dT+

FH (L~ |2 H /{uo \Us(z — v )} dy —

~H (L~ Ja)) H(t)O, / {u0)Uh(z — v, t}dy,
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Oz, ) HO)H(L — |z|) = FyxUy+ (25)

2 t
+H(B S (-1 / (gl — (~1)* Lt — 1) +
k=1 0

+ 0, (T)Usye (x — (=) L.t — 7)Ydr +

L
e H (= D H() [ 0oVl = 9.) d

For regular F j the convolution has the form:

A

Fj*Uj

t L
H() /0 /_ Byt = 1)U(o — g7y,

For singular Fj, typical for physical applications, it is necessary to use the definition of the
convolution of generalized functions [17, 18].

Formulas (24), (25) determine the displacement and temperature inside the rod by the
known displacements, stresses, temperature and heat flows at its ends. However, for correctly
posed BVPs; only 4 of the 8 boundary functions are known. To determine the unknown four,
it is necessary to construct resolving boundary equations at the left and right ends of the
rod. To do this, we consider solutions (24), (25) in the space of the Fourier transform in
time. For regular summable functions, the direct and inverse incomplete Fourier transforms
in time have the form:

Flo,w) = /_ T Haetdt, flat) = % /_ T w)e . (26)

For singular functions, we should use the definition of convolution in the space of generalized
functions [17, 18].

5 The Fourier transformant in time of Green function of wave equation.

The Green function of wave equation Uy (z,t) satisfies the D’Alembert equation:

0z2 ot?

+8(2)3(t) =0,

and radiation conditions:

A

Uy (z,t) =0, t <0, U(x,t)=0for|z| > ct.
Its incomplete Fourier transform is the solution of an ordinary differential equation:
d?U,
dz?

+ kU, = —c28(x), k=

w
C

7 (27)
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Here §(x) is singular delta-function. It and its derivative have the form:

— sin (k |x|) - 1
Ui(z,w) = T30k + i0)’ ULy = ~52 cos(k |z|)sgn(z). (28)
It is easy to see that
U1(0,w) =0, Ul,e (£0,w) = 70, 5¢ 2. (29)

We use this property to construct solving equations of BVPs.

6 Fourier transformant in time of Green function of heat equation

This Fourier transformant satisfies the equation:

Uy, . -
W"‘ZW:‘Q 1U2+5(:1:):O (30)
and the next conditions :

UQ(CE,W) :UQ(*IEW‘})’ UQ(Zan) — 0.

|z|—o0

Let denote k = Viwk=! = e™4Vwr=1 = (1 +1i),/2. It is not difficult to see that the

function

— sin(k |x|)
= - ]_
sl w) = -8 (31)
satisfies the equations (30) and
Us(0,w) =0, Us,, (£0,w) =F0,5 (32)

To solve the set BVPs, we consider separately generalized solutions of the thermal con-
ductivity equation and the wave equation.
7 Solution of heat BVP in Fourier transform space in time

We define Fourier transform of the rod temperature using its representation (21) and the
properties of Fourier transform of convolutions of generalized functions. As a result, we get:

0(z,w)H (L —|z|) = Fg(:{;,({): 2(z,w)+
2 +5" Y00 (z)H (L — |x|):U2(1‘,w)—|— (33)
—1—};:1(—1)’C {@ W)Uz (z — (-1)*L,w) + () U2,z (x — (—1)’“L,w)}
where for regular F}j(x,t):
Fj(z,w) = H(L — |z) /000 Fj(x,t)e™ dw (34)
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(for singular sources, the Fourier transform should be taken according to the rules of the
theory of generalized functions).
Let’s consider the limit in this formula for x — +L, v € (=L, L):

Jim O(~Ltew) = Foew)sOhle,w)

+
x=—L

+r71 Oo(x)H (L — |z|) X Us(z,w) T

— gl—i&o{@(w)[z (a,w) + él(w) UQw (57("})} +

+ hmO {(jg(w) UQ (—2L + g, w) + ég(w) Ug,z (—2L + 6,&))}

e—r+

lim (L —e,w) = Fy(z,w)*Us(z,w)

+H_190(x)H(L— |z|) * Us(z,w) -
e—4+0 T

=L =L
— lim {q1(w)U2(2L — &, w) + 01 (w)Usa,s (2L — &,w)} +
e—+0

+ lim {QQ(W)UQ (—6, w) + 9_2(0‘})02736 (_57 W)}
e—++0
Using the property of Fourier transform of the derivative of the fundamental solution
(32) from these formulas we obtain boundary equations for determining the desired boundary
functions:

+

0,50 (—L,w) = Fy(z,w)*Us(z,w) L

+17 00(@)H (L~ |2) 1 Dafw,w)|  +

+q2(w)Us (—2L,w) + O2(w) Uz, (—2L,w) ,
0,50 (L,w) = F(z,w)x*Us(z,w) +
@ L

r=

—q1 (W)U (2L, w) — 61 (w)Us,e (2L, w) .

171 Op(x)H (L — |z|) * UQ(x’w)’ N

Hence the next theorem follows.
Theorem 1. Fourier transformants in time of boundary value functions of BVPs for the
heat equation satisfy to the system of linear algebraic equations of the form:

0 i H O -

N AL

where the right-hand sides are determined by the initial conditions and the current heat
sources:
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Q(z,w) = Fr(z,w) * Us(x,w) + £~ *00(z)H (L — |z|) * Us(z,w) (36)
The resulting system of equations allows us to solve any BVPs for given two boundary
functions of temperature and heat flow at the ends of the rod. The other two are determined
by the solution of this system.

To solve all the set temperature BVPs, it is convenient to consider an extended system
of equations of the form:

0,5 0 ~Usz (—2L,w) —Us(—2L,w)
ﬁg,x (2L,w) UQ (2L,w) 0, 5 0 %
asi as2 ass as4
aq1 a42 a43 a44
() (~L,w) (37)
L) aw L) QLw)
b2 (w) bi(w
G2 (w) ba(w)

where the last two equations are the boundary conditions at ends of a rod:

{ azi  as }{ 01 (w) }+{ ass s }{ 02 (w) }:{ by (w) } (38)
ag1  a42 71 (w) a43 Q44 32 (w) ba(w) |-

For given coefficients a;; and the right side b;(w) of this linear algebraic system of equations,
its solution has the form:

1 (w)
Dilw) = &, D)= { B4 (39)

[\
—

w)

where A(w)is the determinant of the matrix of the system (37), Aj(w) the determinant of
the matrix, which is determined by a simple Kramer rule for each D;(w).
As an example, we will construct solutions for the temperature field of some BVPs.

8 Temperature solution for BVP1, BVP4.

In this case, the temperature at the ends of the rod is known: (z;,w) = 6;(w), j=1,2.
Then the boundary conditions (38) have the form:

(o o Haw -+ o Hew -{ne3-{ae
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Substituting these coefficients and the left part of the equations (37), we obtain the solution
(39) for determining the heat flow. It has the form:

q1(w) = m (QQ(L,:):) — 02733(2[1,(4})9_1(&)) -0, 59_2(w))
- B (40)
(jg(w) = —m (Q1<—L, ac) + UQ’$(—2L,CU)62(W) — 0,564 (w)) .

8.1 Decision of BVP II.

In the case of BVP II, the heat flow at the ends of the rod are known: 0, (z;,w) =
gj(w); 7 =1,2. The boundary conditions (38) for this problem have the following form:

o el [ (o
O R - A S b

Then we can calculate the unknown temperature:

_ A _ A
biw) =5 Balw) =%, (41)
_ 0, 5 _027x (_2Law) _ 7 7
A= ‘ UQ,x (—2L,w) 0,5 ‘ =0,25+Us,, (—2L,w)U2,x (2L,w),
A — Ql + UQ( )(7 _[_]2742 (—2[/,{4}) ‘ —
! Qs — U2(2L W) 0,5
5(Q1 + Ua(—2L,w)@2) + Usyy (—2L,w) (Q2 — U2 (2L, w)q1)
A :‘ 3 075 Q1+U2( w)(j _
2 Uze 2L,w) Q2 — Ua(2L,w)q@
5(Q2 — Us(2L,w)q1) — Uzyp (2L, w) (Q1 + Uz (—2L,w) o) -

($)-{%)

In the case of this boundary value problem, the temperature on the left and the heat flow
on the right at the ends of the rod are known. The boundary conditions (38) have the form:

(roj{aeafon " fuen e

G2(w)

8.2 Decision BVP VII
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The solution has the form:

02 (w) = —m (Q(—=L,z) — 0,501 (w) + Us(—2L,w)q2(w))
(42)

@1(w) = 02(21L,w) (Q(L,z) — Uz z(2L,w)b (w) + 0,502 (w)) .

It is obvious that by setting various coefficients and the right-hand sides of the equations
(38), the developed method allows solving problems with boundary conditions of various
types, both with local conditions at one and the other ends of the rod, and non-local ones
that connect the boundary conditions at its ends. The problem of solvability of BVPs will
be determined by the solvability of the extended system of equations (37).

9 Solution of elastic BVP in Fourier transforms space in time

We define the Fourier transform of rod displacements using their representation (20)
and the properties of Fourier transform of convolutions of generalized functions. Since the
temperature of the rod is determined, it can be considered as an external given force, which,
together with the force acting on the rod, we denote by the known initial conditions:

P(x,t) = P(x,t)Ht)H(L — |z|) = U, * Fy — 5 Up,p #0(x, t)+
6 Y3 (D { (=7 06(0) 1 Oy = (1)L, +

+ {0 (2) H (L = [a]) £ 01 + () H(L — [z]) 5 U,y }

Its Fourier transformant, respectively, has the form:

P (z,w) = Uy x Fy + {(tp(x) — iwug(x)) H(L — |x])}§(71—

- ) (43)
A U1 #0(,w) — Y (—1)F 5 O (w) U1 (2 — (—1)FL,w).

From formula (20) follows the representation of displacements in the space of Fourier trans-
form in time:

;i(ac,w)H(L— |z]) =P (z,w) +
+c? ;1(—1)j{(ﬁj(W)) U1 (@ — (1)L w)+ (44)

+wj(w) Utz (CU - (_1)jL7w)}'

Taking into account the form of Green function of the wave equation (28), we obtain a
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generalized solution of BVPs in the form:
i(z,w)H (L — |z|) = {P (z,w) — 0,5k~ p1(w) sin(k |z + L|)+

+0, 5p2(w)k L sin(k |(z — L)|)— (45)

—0,5w; (w) cos(k |x + L|) + 0, 5w2(w) cos(k |z — L)} .
If we pass in this formula to the limit to the left and right edges of the interval, taking into
account the property of derivative of Green function (28), we obtain linear algebraic equations

for determining unknown boundary functions:
0,51 (w) = P (z,w)] __; +0,5k7 pa(w) sin(2kL) 4 0, 5wz (w) cos(2kL),

0, 5wz (w) = P (z,w)|,_, — 0,5k~ "p1(w) sin(2kL) — 0, 51 (w) cos(2kL).

We rewrite this system in matrix form.
Theorem 2. Fourier transformants in time of boundary functions of BV Ps for the wave

equation(44) satisfy to the linear algebraic equations:

{0,5c2;?2kL) 0,5k—1gin(_21kp) 1113)11((5)) _
N { _0,58?;(2%) —0, 5k 081n(2kL) } { zgj((;u)) }: { P((—LL@w) }

Depending on the BVP from this system of two linear algebraic equations we obtain
the resolving boundary equations for determining the transformants of unknown boundary

functions. Let consider some BVPs.

9.1 BVP 1.
The displacements of the ends of the rod are known: u(zj,w) = w; (w),j = 1,2. Then

from Theorem 2 we obtain equations for determining boundary displacements:

2P2—cos(2k L) w1 (w)—w2 (w
pw) == k:(—lsiil(zling )

Do (w) _ 2P1+Coz(gi€§izlz?2glgo£))+wl (w)

9.2. BVP 2. The stresses of the rod ends are known: 7(z;,w) = pj(w), j = 1, 2., then

we get for determining the boundary stresses:
1 —cos(2kL) wi(w) |
cos(2kL) 1 wa(w) |
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[ 2P+ k7 sin(2kD)pa(w) | [ filw)
=L i J =1 2o | =

wj(w) = ' A(w) =1+ cos?(2kL),

A1 = fi(w) — fo(w)cos(2kL), Ay = fo(w) + f1(w) cos(2kL).

Now, in the formula (45), all the boundary functions are defined. A solution in the transfor-
mation space has been constructed.

Now in formula (45) all boundary functions are defined. Performing the inverse Fourier
transform (26), we obtain the original solution in the original space-time. The construction of
the original depends on the type of Fourier transform of the boundary functions and should
be considered separately for a particular boundary value problem. A similar procedure was
done for solving several boundary value problems for the d’Alembert equation in [22].

Conclusion

Formulas (20) can be used when designing in engineering calculations of bar structures.
They make it possible to determine the effect of boundary stresses, displacements, temper-
ature, and heat flows (heating) on the stress-strain state separately for each effect and to
evaluate their effect on the structural strength. .

Note that the solution of BVPs in the space of Fourier transforms (without initial con-
ditions) gives a solution to the problems of stationary harmonic oscillations with frequency
w. By action of periodic forces and heat sources in a rod and at its ends, which is typical
for engineering and technical problems, the solution can be decomposed into finite or infinite
Fourier series:

uj(x,t) = Z ajn ) (T, wn) egont i =1,2,
n==41,42...

where the amplitude of each n-th harmonic of the series is determined by the solution of the
corresponding boundary value problem by w = wy,.

The constructed solutions contain solutions of BVPs for the heat equation under various
linearly related boundary conditions, which has have independent interest in solving thermal
problems.

At v = 0 the obtained solutions describe a wide range of problems of the dynamics of an
elastic rod (or elastic string), which can also find useful applications in the design of various
rod structures made of elastic materials.

As shown in the article, the method of generalized functions allows us to construct so-
lutions of both classical BVPs of thermoelasticity and others with different linearly related
boundary conditions, which is very convenient when programming and performing numerical
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experiments. This feature of the constructed solutions makes them convenient for studying
network thermoelastic systems that can be modeled by graphs from thermoelastic rods.
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Agekceera JILA., Ilpukazuukos [.A., Hanaesa A.H., Aitnakeesa H.2K. TEPMOCEP-
HNIMAI ©3EKTEP JTNHAMUWKACBIHBIH [MEKAPAJIBIK ECEIITEPIHIH, 2KAJITIBI-
JIAHYAH IIEMIIMIEPI

Biz TepMUSAIBIK KBI3ALIPY KargalblHIa 9PTYPJIL CTEPKEHTIK KYPBLIBIMIApIbl 3epTTey
VIIiH TafiaJaHblIybl MYMKIH KOCBLIMAFaH TEPMOCEPIIMILIIKTIH KeHICTIKTIK 6ip esimemTi
IEeKapaJIbIK, eCelTePiH KapacTeipaMbl3. Byil Mozenb TeMeH JedopMalus KbLIIAMIBIFBIH]IA
TEPMOIMHAMUKAJIBIK, ITPOIIECTEP/II 2KAKChI cUIaTTailibl. MyHIa TPaKTUKAJIBIK, KOJJanbagapra
TOH OPTYPJIi MEKAPAJIBIK €CEIITeP Il ey IiH OipbIHFail oIicTeMeci 93ipaeH .

TepmocepriMai ©3eKIMeHiH YINTTaPhIHIA OPTYPJIl MeKapasblK Kargaijap/ia OHBIH TePMO-
KepHey KYHiH, COHBIMEH KaTap ©3eKIINeHIH OYKLJI Y3bIHIbIFBI OOMBIHIA OCep €TYII KYIITep MeH
JKBITy KO3/IEPiH aHBIKTay MIiHJETI KOUBIIAIbI.

COKKBLIBIK, KYKTEMEeJIEP/IiH 9CepiHeH MYH 1Al KYyPhLUIBIMIap/1a Haiiia 60JIaThlH COKKBI Cep-
MMl TOJKBIHIAD KAPACTHIPhLIAIbI.

Kannbuianran pyHKIUIAD 9/1ici Herizine 0asty oCyIiH, XKabLIaHFAH BEKTOPJIBIK (DyHK-
[IASIAPHI KJIAChIHIATBI CTAITMOHAPJIBI eMeC YKOHEe CTAIIMOHAPJIB TYPa YKoHe YKapThIIail Kepi Ie-
KapPaJIbIK, €CEIITePIiH, KaIIbLIaAHFAH IIeNMIePi TYPFbI3bIIaIbl. KONbLIFaH eKapasiblK ecerl-
TEP/IiH aHAJUTUKAJIBIK HIEMIMIEPIiH KAaMTaMaChl3 €TeTiH »KaJIIbLIaMa, IeNiMAEP/IiH TYPaKThI
UHTerpaJjabl OeftHesepi je GepijreH.

Kypburran mentiMaep/ i, epeKIesiri oJaap bl HHXKEHEPJIiK KOIJIaHy YITiH bIHFafIbl eTel,
ofTKeHi opbip IeKapaJIbIK KaFIaliIbIH OCepiH, COHMAl-aK ocep eTyII KyaT IeH >KbLIy Ke3-
JiepiH OeJieK 3epTTeyre MyMKIHIIK Oepei, Oy 636K KYpPbLIBIMIAPBIHBIH OEPIKTIK KacHeTTepiH
Oarajiay Ke3iHe eTe MaHbI3IbI.

Ty#tisg coezmep. TepMmocepmiMIiIiK, IMEKaPAJIbIK, €CenTep, KaJlblLIaHFaH (QyHKIAAIAD
ofici, kasmblaama mmernty, Oypbe TypJeHaIpyi, MeKapaIblK, TEHIEYIeP/Ii MIeITy.
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Autekceepa JI.A., Ilpukasunkos H.A., lamaesa A.H., Aitnakeesa H.2K. OBOBIIIEHHBIE
PEIIEHNA KPAEBBIX 3AJJAY JTMHAMUKN TEPMOYIIPYI'UIX CTEP2KHEI

PaccmaTpuBatoTcst MpoCTPaHCTBEHHO-OJHOMEDHbBIE KpaeBble 3a1a4l HECBSI3aHHON TepMO-
YIIPYTOCTH, KOTOPBIE MOXKHO HCIIOJIb30BATE JJIsl UCCAEIOBAHMSI PA3JINIHBIX CTEP’KHEBBIX KOH-
CTPYKIUil B YCJIOBUSIX TEPMUIECKOIO HATPEBA. DTa MOJEJh XOPOIIO OIUCHIBAET TEPMOITHAMI-
9eCKHe IPOIECCh IPU MAJIBIX CKOPOCTSX JedopMalnn. 31ech pa3paboTaHa eTuHas METOINKA
JIJIsI PeIlleHus] Pa3/JIMIHbIX KPAeBbIX 3aJ1a4, TUIIMYHBIX JIjIsI [IPAKTUYECKUX IPUJIOKEHUIA.

[Tocrapiena 3amada OlIpene/eHUs TEPMO-HAIPSXKEHHOTO COCTOSIHUSI TEPMOYIIPYIOro
CTEPKHS IPU Pa3INYHbIX 'PAHUYHBIX YCIOBUX Ha €r0 KOHIAX, a TaK:Ke JeHCTBYIONINX CHJI
U UCTOYHUKOB TEILIa 10 BCE JJINHE CTEPIKHS.

PaccMmoTpenbl yaapHble yIpyTrue BOJIHBI, BOZHUKAIOIIME B TAKMX KOHCTPYKIIMHU IO JI€ii-
CTBHUEM YJIAPHBIX HATPY30K.

Ha ocnoBe meroma 0600IIEHHBIX (PYHKIUI OCTPOEHBI 0000IIEHHbIE PEIIEHUsT HECTAIO-
HapHBIX U CTAI[MOHAPHBIX IPSMBIX U MTOJYOOPATHBIX KPAEBBIX 3aJad B KJjacce 0DOOIIEHHBIX
BEKTOP (DYHKIINII MeJIeHHOro pocta. JlaHbl M peryssipHble WHTErPaJibHbIE IIPEICTABICHUS
000DIIEHHBIX PEIIECHUI, KOTOPhIE Jal0T aHAJUTUYECKHE PEIIeHNs [IOCTABJIEHHBIX KPAEBbIX 3a-
Jad.

OCoBEHHOCTb OCTPOECHHBIX PEINEHUN AeaaeT UX YIOOHBIME I MHXKEHEPHBIX ITPUJIOZKE-
HUIA, T.K. TO3BOJIAIOT UCCJIEN0BATh BJIUSHNIE KaXKI0r0 KPaeBOT0 yCJIOBUs, KaK U AeHCTBYIONINX
CUJIOBBIX M TEILJIOBBIX MCTOYHUKOB II0 OTHEILHOCTH, 9TO OYeHb BayKHO IIPHU OIEHKE IIPOYHOCT-
HBIX CBOUCTB CTEPXKHEBBIX KOHCTPYKIIUIL.

Kitouespie cioBa. Tepmoynpyrocrb, KpaeBble 3aJiadu, MeTO[ ODOOIIEHHBIX (DYHKIIHIA,
obobiennoe perrenne, npeodbpaszoanne Pypbe, rpaHUIHbIE YPABHEHUS.
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