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Abstract. The classical Caffarelli-Kohn—Nirenberg inequalities, originally established in Euclidean space
in the 1980s, provide a unified framework for interpolation between Sobolev and Hardy inequalities.
Their extension to stratified (or homogeneous Carnot) Lie groups began in the early 2000s, motivated
by subelliptic analysis and geometric measure theory, revealing rich interactions between group structure,
dilation symmetry, and functional inequalities. In this paper, we establish the weighted and logarithmic
Caffarelli-Kohn-Nirenberg type inequalities on a stratified Lie group. As a consequence, we can apply it
to prove the weighted ultracontractivity of positive strong solutions to
ou

d Ezﬁp(d u) )

where L,f = Vu(|[Vuf|P 2Vuf) is a p-sub-Laplacian, d is a homogeneous norm associated with a

fundamental solution for sub-Laplacian and « € R, 1 < p < Q.

Keywords. Caffarelli-Kohn-Nirenberg inequality; logarithmic Caffarelli-Kohn-Nirenberg inequality; strat-
ified Lie group.

1 Introduction
In 1984, Caffarelli, Kohn and Nirenberg published a celebrated work [4] where they derived

the general case of inequalities such as Gagliardo-Nirenberg inequalities, Sobolev inequalities,
Hardy-Sobolev inequalities, Nash’s inequalities and Hardy’s inequalities in the following form:

Theorem 1 (Caffarelli-Kohn-Nirenberg inequality [4]). Let p,q,r, «, 8,0 and a be fized pa-
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rameters in R satisfying

p,g=1,1r>00<a<l, (1)
1 a1 1

LI ) 2)
p n g nr n

where
Y= aco+(1-a)B. 3)
There exists a positive constant C such that the following inequality holds for all f € C§°(R™)

2" fllr@ny < Clll2l*IV I o @ 1l £l pany: (4)

if and only if the following relations hold:
1 -1 1

:a<+0‘ )+(1—a)(+ﬁ), (5)
p n q n

0<a—oifa>0, (6)

+

1
r

32

(this is dimensional balance),

-1 1
— =+ (7)
r n

1
a—oc<1lifa>0and — +
D n

Note that whena =1, =0,7v=—s/r,0 <s<p<nand p*(s) =r = %, Theorem

1 gives the Hardy-Sobolev inequality that is the interpolation of Sobolev’s inequality (s = 0)
and Hardy’s inequality (s = p) such as

o) \ 7o L
</ BT d:v) < Clnp) ([ 1Vsras) ®)

Since then, the Caffarelli-Kohn-Nirenberg (CKN) inequality has been extended in differ-
ent directions. For instance, in the Euclidean setting, the sharpness of constants and extremal
functions in the CKN inequality was investigated by many authors such as Bouchez-Willem
[3], Catrina-Wang [5], Chou-Chu [6], Del Pino-Dolbeault 7], Dolbeault-Esteban-Laptev-Loss
[8], Lin-Wang [17], and Liu-Zhao [18]. In recent years, CKN inequality has been actively inves-
tigated in the setting of the Heisenberg group, stratified Lie group, and homogeneous groups.
For example, Garofalo-Lanconelli [9], Feng-Niu-Qiao [13]|, Han [11], Zhang-Han-Dou |2§],
Han-Niu-Zhang [12] on Heisenberg group, Ruzhansky-Suragan |23, 26|, Ruzhansky-Suagan-
Yessirkegenov [24, 25|, S.-Suragan [27] on stratified groups, Ozawa-Ruzhansky-Suragan [20]
on homogeneous groups.
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Motivated by results in [11], [19] and [13], in this paper, we investigate the weighted
and logarithmic Caffarelli-Kohn-Nirenberg type inequalities on a stratified Lie group. As
a consequence, we can apply it to prove the weighted ultracontractivity of positive strong
solutions to the equation of the form

Ou

4 = Lold)", )

where £,f = Vu([VufIP"2Vuf) is a p-sub-Laplacian, d is a homogeneous norm associated
with a fundamental solution for sub-Laplacian and o € R, 1 < p < ). The outline of this
work has the following form:

Section 2 is devoted to obtaining a weighted Caffarelli-Kohn-Nirenberg type inequal-
ity with respect to the homogeneous norm associated with a fundamental solution for sub-
Laplacian. First, we introduce the propositions of Hardy and Sobolev inequalities on a strati-
fied group. Combining these inequalities, we prove a weighted Hardy-Sobolev-type inequality
with a homogeneous norm associated with a fundamental solution for sub-Laplacian. As a
result, we could derive a weighted Caffarelli-Kohn-Nirenberg-type inequality.

Section 3 presents the logarithmic and parametric logarithmic Caffarelli-Kohn-Nirenberg
inequalities with a homogeneous norm associated with a fundamental solution for sub-Laplacian
on a stratified group. There are obtained the weighted and logarithmic Hélder inequali-
ties. Using those inequalities and the weighted Caffarelli-Kohn-Nirenberg type inequalities in
the case v = a = 3, we prove the logarithmic and parametric-logarithmic Caffarelli-Kohn-
Nirenberg inequalities.

Section 4 is dedicated to proving the weighted ultracontractivity of positive strong solu-
tions to a kind of evolution equation (9) by using the parametric logarithmic Caffarelli-Kohn-
Nirenberg inequality.

1.1. Preliminaries

Let G be a stratified Lie group (or a homogeneous Carnot group), with dilation structure Jy
and Jacobian generators Xi,..., Xy, so that N is the dimension of the first stratum of G.
We refer to [15] and [2], or to a recent book [22]| for extensive discussions of stratified Lie
groups and their properties. Let @) be the homogeneous dimension of G. The sub-Laplacian
on G is given by

L=> X} (10)
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where § denotes the Dirac distribution with singularity at the neutral element 0 of G. The
fundamental solution e(z,y) = e(y ') is homogeneous of degree —@Q + 2 and can be written
in the form

e(w,y) = [dly =), (11)

for some homogeneous d which is called the L-gauge. Thus, the L-gauge is a symmetric
homogeneous (quasi-) norm on the stratified group G = (R™, 0, Jy), that is,

e d(x) > 0if and only if = # 0,
e d(0x(z)) = Ad(z) for all A > 0 and z € G,
e d(z7!) =d(z) for all z € G.

We also recall that the standard Lebesgue measure dx on R" is the Haar measure for G
(see, e.g. [16, Proposition 1.6.6]). The left-invariant vector field X; has an explicit form and
satisfies the divergence theorem, see e.g. [16] for the derivation of the exact formula: more
precisely, we can write

a T Nl ( ) 8
_ l / (1-1)
X = + ay (2, ..,V ) , (12)
o, " & 2 X
with z = (2/,2®), ..., 2("), where r is the step of G and z() = (mgl), ... ,a:g\l,)l) are the variables

in the I'" stratum, see also [16, Section 3.1.5] for a general presentation. The horizontal
gradient is given by
VH = (Xl,...,XN),

and the horizontal divergence is defined by
divgf:=Vg-f.
The p-sub-Laplacian is defined by

Lof :=divg(|VafP2Vuf), 1<p<oc. (13)

2 Weighted Caffarelli-Kohn-Nirenberg-type inequalities
Proposition 2 ([11]). For all vectors vy, vy € R™, we have the following expressions such as

e For p <2 we have

1+ val? — |1 [P — plor [P~ (v1, va) < C(p)|valP.
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e Forp > 2 we have

p(p—1)

5 (o] + ool )2 [ua?,

lv1 4+ va|P — |vg|P —p!’U1|p72<’Ul,’U2) <

where (v1,va) is the inner product.

Proposition 3 (Hardy type inequality). Let G be a stratified Lie group and let d = 5ﬁ,
where € is the fundamental solution to the sub-Laplacian L. Suppose that Q@ > 3 then for
every u € C§°(G\{0}) we have the following Hardy type inequality

‘/|vgﬂ |pd>< >t/|vamm (14)

Note that the Hardy type inequality (14) was obtained by Garofalo-Lanconelli [9], D’ Ambrosio
[1], Goldstein-Kombe-Yener [10], and authors [21].

Proposition 4 (Sobolev inequality). Let G be a stratified Lie group, and let C' be a positive
constant. Then for every function u € C§°(G) we have

(/ Wx)zf* <o ([ ) 15)

wherep*—mwzthl<p<Q

Note that in the setting of the Heisenberg group and stratified Lie group, Sobolev in-
equalities (15) were obtained by Folland-Stein [14] and Folland [15], respectively.

1
Lemma 5 (Hardy-Sobolev type inequality). Let G be a stratified Lie group and let d = £2-Q,
where € is the fundamental solution to the sub-Laplacian L. Then there exists a positive
constant C1(s,p, Q) such that for all functions u € C§°(G\{0}) we have

Q—s

s Q-
éwawMMS@<éWwWQ E "

wherep*(s):%,()ﬁsgpand1<p<Q.

Proof of Lemma 5. The outline of the proof is to apply the Holder inequality with p.(s) =
(1 — %) p*+ %p, the Hardy type inequality (14), and the Sobolev inequality (15), respectively.
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Then we have

S P P £
R e I VA
G G

158
p* p

cP” (/G‘VHu‘pdx>p <(Qlip>p/6‘VHu‘Pd:L‘>p

Q—s

Q-p
=0 </ |VHu|pdx> )
G

where C} = CP"(1=5/p) ( p) . This proves Lemma 5. O

IN

Now, we prove the following weighted Hardy-Sobolev inequality on a stratified Lie group.

Theorem 6 (Weighted Hardy-Sobolev inequality). Let G be a stratified Lie group and let

1
d = €2-Q , where ¢ is the fundamental solution to the sub-Laplacian L. Then

p*(p,s,Q)ZM, and 1 < p < Q with Q > 3,
Q-p
0<s<p anda>pQ

there exists a positive constant C(p, s, o, Q) such that for all functions u € Wa (G\{0}) we

have
Q—s

d|® o
/ ’?js‘|dau|p*(p,s,Q)d$ <C (/ |daVHu|pdl'> ’ ) (17)
G G

where WaP (G\{0}) is the closure of C3°(G\{0}) with respect to the norm

1
lellyioe) = </ |daVHU|pd$>p
G

Remark 7. Note that Lemma & is inferred from Theorem 6 when o = 0.

Proof of Theorem 6. The proof is divided in the cases such as 1 <p<2and 2 <p < @. In
each case, we make use of Proposition 2 and Lemma 5.

Case 1 < p < 2. The outline of proof consists of the following steps: we take v = d%u,
then apply Proposition 2, the integral by parts, the divergence theorem, and inequality (14),
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respectively. Then for v; = avd 'V yd and v = Vv —avd 'V gd in Proposition 2, we have

p
p)/ |daVHUpd-T:C(p)/ ‘VHU— oavVgd
G G d

0PIV
p
a2

dzx

[|VHU|7’ - dz
G

p—2
- pa|a|p_2/ ofol IV gd|P~2(Vud,Vgv — ad oV gd)dzx
G

>
ar—1

|V ydf?
dar dr—1

[ \VgdP, ] o [ |VgdP?
_ p _ plVHA _ p Vaar =
; _|VHU| +(p—1la| T |v] | dz — alal .l

: .
= [ 1w+ - o Y2
Gl dp

z/ Vool + (p— Djap V2L
G L

d
:/(}|VHv|pda:+a|a]p_2( —p+alp / WH P’ lv|Pdz

> (1 alaP2Q - p+atr-1) (52 p) ) [ o

So we arrive at

o [ o = pala [ L 192V, Vs
i G

(Vyd,Vig|v|P)ydz

/
[ [waor+ @ vjar
/

|v|? da:—l—a]apz/ |v[Pdivey (|V gd|P~2d" PV d)da
J G

d 1 d|P
Yo op | as+ ajap2@ - p) [ VHE s

Cp)/ ]daVHu|pda:2C1(oz,Q,p)/ |V rv|Pde. (18)
G G

By applying Lemma 5 on the right hand side of inequality (18) and v = d“u, then we obtain

b
C(a,s,p,Q) (/ ’daVHUpdl'> _/ ‘de‘ ‘da ‘p*
G G

This proves inequality (17) in the case 1 < p < 2.
Case 2 < p < Q. The outline of proof is to estimate in both the upper and lower bound
of the following expression

—1
22202 [ (lad™u¥ i + Vg2 Viro = ad ™oV e, (19)
G

The upper bound estimate is obtained by applying Holder inequality, Minkowski inequality
and Hardy type inequality (14), respectively. On the other hand, lower bound estimate is
acquired by making use of Proposition 2 with v; = ad 'vVgd and vo = Vv — ad oV gd,
integral by parts, the divergence theorem and Hardy type inequality (14), respectively.

KAZAKH MATHEMATICAL JOURNAL, 25:1 (2025) 50-70



Weighted and Logarithmic Caffarelli-Kohn-Nirenberg . .. 57

Let us estimate the upper bound of expression (19), by denoting Cp, = 2”*2@ we have

c, / (Jad " oV sd| + |V o) P2V v — ad~ oV d2de
G

P

p—2
<Gy ([ aaovua + (Wuvpa) * ([ (G0 - ad o udra)
G G
1

1 p—2 2
P P P
<G, (/ \adlvadypdx> + (/ |vHvdex> (/ IV o — adludedex>
G G G
_9 p—2 2
p p P _1 p
<Cp 1+ | | / |V go|Pdz / Vv —ad  vVgdPds | . (20)
Q-p G G

Now we estimate the lower bound of expression (19), by using Proposition 2. We have

—1
2222V (0d 109 ] 4 V0] 2V v — a0V

p(p—1)
2

> 2lad YoV gd| + |Vgo|)P 2|V v — ad” oV gd|?

-1
Zp(pg )(|Oéd_1’UVHd‘ + Vv — ad WV gd|)P Vv — ad oV gdf?

>|VyoP — |ad oV gdP — plad oV gd|P 2 (ad vV gd, V gv — ad oV yd)

P
=Vl +(p - 1)|a|p‘21|0|VHd|p — palaP2olvP 2|V gd PV d, Vo).
By integrating both side of the above inequality, we arrive at

Op/(yad—lvad| + [V uo|)P 2|V gv — ad oV gd|*dz
G

[vl?

2/ |VavlPde + (p — 1)|af? \VHd|pd:c—a|oz|p_2/ \V g d|P~2(V d, V g |v|P)d
G ¢ G

p
—/ |VHv|pd:C+(p—1)|a|p/ ’ZL\VHd\pderamW?/ lv|Pdivy (|V gd|P~2V gd)dx
G G G

V gd|P
> [ 1Vinlede +alal 2@+ ap-1) [ 2L
G c dr
ch/ |VavlPde. (21)
G
By combining (20) and (21), we obtain
C) [ 1milPde > G0 Q) [ (Violda: (22)
G G

KAZAKH MATHEMATICAL JOURNAL, 25:1 (2025) 50-70



58 Bolys Sabitbek

By applying Lemma 5 on the right hand side of inequality (22) and v = d“u, then we obtain

Q-—s
Q- dls
C(ays,p,Q) </ |daVHupdx> ! 2/ %Wau\p*(s)dx.
G G

This proves inequality (17) in the case 2 < p < Q. O

Theorem 8 (Weighted Caffarelli-Kohn-Nirenberg inequality). Let G be a stratified group.
Let

1<p<@Q,¢g>1,r>0,0<a<l,
1 B

« 1 1~
p Q qg Q roQ (23)

where v = aoc + (1 — a)B. Then there exists a positive constant C such that
IV ad|* Y ul| gy < CllA |V rulllEs @)1V * P dullp, ) (24)

holds for all functions u € C§°(G), and if and only if the following conditions hold:

1oy _ (o1 _af(i_ B
T+Qa<p+ Q >+(1 a)<q Q)’ (25)
0<a—o<l, ifa>0and}1)+ac_21—i+5. (26)

Note that in Theorem 8 if we choose a = 1 then the condition (26) has the following form
1 a-o-1\"
0<a—o=a—v<1, andr-(—i—aa) ) (27)
p

since 7 = o. Furthermore, we have p <r < p* = % that allows to write r as follows

. _ P(@Q—1tp)
r=tp+(1—-t)p" = . 28
(1—-1) Q0 (28)
By combining (27), (28) and (a — o)r = tp we obtain the following relations:
p(Q — tp) <1 a—a—1>_1
— = |-+ ) 29
Q—p p Q %)
1 a—oc—1\"
tp=(a—o ( + ) . 30
(a=a) {5 0 (30)
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Note that tp equals s from Theorem 6. If we insert (29) and (30) into inequality (17) then we
arrive at

(a—0)(1+e=g=1)"" o1\ 1 1(1ya-0-1)""
/ ('de‘> (=) o) G257 dx§C</ |davHuypdx>”(” &) .
G G

d
(31)

Here, we showed that Theorem 8 implies Theorem 6 and inequality (31) will be used in
the proof of Theorem 8.

Proof of Theorem 8. First, we calculate the following term
/G‘VHd|(a'y)rd7r|u’rdx :/G :’de‘afaaf(lfa)ﬁdanr(lfa)ﬁ’u‘:|rdx (32>
_ / _|de‘a(oc—a)+(1—a)(a—ﬁ)dw+(1—a)/3|u|}Tdx
G L

r ar r(l—a
= [ [wnd =@ lul] [Vade D@l @
G-

1

Lacey (3
Z</ [|de‘(a—a)dg|u|}<;+ Q ) da:) '
G
r(1—a)
X (/ [|de|(a5>d5|uy}qu>
G

Now we prove inequality (24) by applying the inequalities (32) and (31),

a—oc—1

1
/ ’VHd‘(af’Y)rd'Yr’qux — (/ |VHd|(a'Y)rd’yr|u’rdx> r (/ ‘VHd|(a’Y)rd’yT‘u|rdx) -
G G G

1

1, a-0-1\"! a(E"’_ Q )
2(/ [‘de|(a0)d0a’dau’}<p+ Q ) d.’L‘)
G
r—1

1-a
x < / |de|q<a5>d5q|u\de> ’ < / |de|<M>Td'ﬂ"|urdx> '
G G

a 1
> C( / d"‘VHu\pd:r)p ( / \de|<a—5>Qd5qyuyqu> ’
G G
r—1
X < / |VHd|(a_7)"dw|u|”dx)
G
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We arrive at

l1—a

1 a
< / |VHd(O‘_7)’"dW]u|Td:v>T > c( / |davHu|Pda;)p < / |de|<a—ﬂ>qd/3Q|u|de> ’
G G G

We finish the proof. O

When a = v = § in Theorem 8, we obtain the following Corollary.

Corollary 9. Let G be a stratified group. Let

]-<p<Qa qu)T>0a OSCLS].,

1 « 1 « 1 «
- +=>0, - +=>0, -4+ =>0. 33
p Q ¢ Q roQ (33)
Then, there exists a positive constant C' such that
1dul (o) < CIA® IV szl [ g 1dul 155, (34)

holds for all functions u € C§°(G), and if and only if the following conditions hold:

1 1 1 1—a
=aG-g) T )

Note that Corollary 9 is a main ingredient to acquire the logarithmic Caffarelli-Kohn-
Nirenberg type inequalities in the next section.

3 Logarithmic Caffarelli-Kohn-Nirenberg type inequalities
Lemma 10. Let G be a stratified group. Let the parameters
l<p<r<g<oo, 6€]0,1],

satisfy

r p q
then we have the following Holder inequality

1dul [ @) < Nl ullf [ ull 2l (36)

for d®u € LP(G) N LY(G).
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Remark 11. Note that the Hélder inequality (36) is equivalent to the convezity of the function

é (i) _ %log ( /@ (dau)’"dx> ,
G en)ernll)

Proof of Lemma 10. A simple computation gives

that is

1 _ 6 1-6
fOT‘;—,’,,_F qi'

/ (d®u)"dx = / (d®u)?7 (d%u) =07 d
G G
(1—-6)r

< < /«; (d%)%@)ag ( /G (dau)qu> "

1:ﬁ+(1_9)r.
p q

since

O

Lemma 12 (A logarithmic Holder inequality). Let G be a stratified group. Let1 < p < q < o0,
then we have

(dau)p (dau)p p f (da‘Uqu%’
[ Vo ()

HdaUH]ip(G) HdauHiP(G) fG(da|u\)Pda:
for d*u € LP(G) N LY(G).

Proof of Lemma 12. Observe that the derivative of convexity of the function

4(h) = hlog ( / <daru|>idx> ,

dg(h) oL 1 [ (d®ul) " log(d®|ul)dx
—y =log (/G(d |u\)hdx> - G (@) i .

that is,

Then convexity of function ¢ in (0, 00) is equivalent to

do(h) _ é(h) — o(h)
dh — hi—h

KAZAKH MATHEMATICAL JOURNAL, 25:1 (2025) 50-70
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for h > h; > 0. Now by taking h := = and hi1 := =, we derive to

d*|ul)P log(d*|ul|)d 1 d*|u|)d.
Js 7 1og w>x_1%</@mﬂww>§ D g (el
Je(dfu|)Pdz p G q—p Je(dlul)pda
The left side of the above inequality can be rearranged in the following form
d®|ul)P log(d®|ul)d 1
f({}( |u| )P log(d® |u|)dx — Zlog (/ (do‘|u])pdx>
Je(dlul)pda p G
_ Jgld®ul)Plog(d*[ul)dz [g(d”|u]) log(||d"u||r(c))dx

Jo(dful)Pdz - Jo(dful)Pdz
4o p de
Sy UG R U0 P
G lld uHLp((G) (]]a« uHLp G))
The proof of Lemma 12 is finished. O

Now we state the logarithmic Caffarelli-Kohn-Nirenberg inequality on G.

Theorem 13 (Logarithmic Caffarelli-Kohn-Nirenberg inequality). Let G be a stratified group.
For a positive constant C', the inequality

[e% a,,\q daV u
/ () ((ld W' Ve < 1 10g (o H ’aH H‘Lq © (38)
o Tl 8 Tl ) @ = 1= laalll,

q
p*
is valid for parameters

1<qg<p’, 1<p<Q, ap+Q >0, ag+Q >0,
for every function d*|Vgu| € LP(G) and d*u € LY(G).

Proof of Theorem 13. We use Lemma 37 with ¢g = p, p =17, 1 < ¢ < r < oo and inequality
(34). This gives

(du)? (du)? 1
@108 | e | 4 < log (||du||9, ) — log (||d®u||?
/G HdO‘UHqu((;,) || dou HLq(G 1—q/r [ ( %] (G)> (‘ L‘Z(G))}
1 (1—a)q
< q|| e’ - a r(1q
S [1og (712 5 lld*ull s @7) = 10g (1 11%0(c )]
d*|V gul||4
LI (CqH | IHLP(G)>

- Q/T ||dau|‘%q(¢;)
1 || d|V zrul]|]
=———log | CY - L@ |
1—Q/P ||d “HLq(G)
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In the last line, we have used 1 — ¢/r = a(p* — q)/p* from 1/r = a/p* + (1 — a)/q. That
finishes the proof. O

Theorem 14 (Parametric logarithmic Caffarelli-Kohn-Nirenberg inequality). Let G be a
stratified group. Suppose

1<p<Q, p*zﬂ, 1< p?/q<p",
Q-p

ap+Q >0, ap®/qg+Q >0, u>0.
There exists a positive constant C such that

/ |d®u|P log |deulP g HVH(da“)Q/pHip(@) (39)
T — p
o a2, g 8 \ ldulll, ) ldul7,

p pC? p _
< log< > + log [|d%u|[P51
q—p*/p* elg—p*/p*)n)  a—p*/p* 2o )

for all functions u € LP(G) and Vy(d®u)?/? € LP(G).

Proof of Theorem 14. When o = 0 in the logarithmic Caffarelli-Kohn-Nirenberg inequality
(38), we have

q q 1 IV aulll7,
/ l; log 1; dr < — log C’q—) .
G ||U‘|Lq(@,) HUHLq(G) 1- P [u ”Lq(@

By taking p?/q instead of ¢ and substituting « with (d®u)?/? in above inequality, we arrive at

oy [P oy [P IV (d*w) 7|7,
/ Ld Iﬂ log Ld Y dz S%log cP ?(€)
o T, ¢ \Tlaall, g ) Sa=r/p Tl

p
— P g ||d®u
T sl

+

In the last line, we drag p/q from inside the expression of log and arrange to have a form as
(40). Now we add the following term

||VH(dau)q/p| |I£p((g)
ld*ull7, g

—p (40)
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to both sides of the above inequality, then we get

/ v ddap IV (dw) |},
o T — U
G Hdaquzp(@ HdauHLP (@) HdauHU’(G

» og( p||VH(da )q/pHiP(G)> - ||V (d®u )q/pHIZP(G)

~q—p*/p* ||dau‘|12p(@) ||dau|‘%p(@)
p a, ||P—4
+ 7(] 2 log ||d u||L,,(G)
— 7]92 —log (CPz) — pz + 7;0 log HdauHLP(G
q—p*/p q—p?/p*

where
IV 5 (d*w) 2P|, o
|[deull?

z =

If we maximize the right-hand side of the above inequality with respect to z, we get
/ [dul” [dul” IV (d*w)??|7,,
og T —
o ldull, g 8 \ Tld=ulll, dul[%,

p p p -
<P o <cp ) + log ||d®ul [
q—p*/p* enlg —p*/p*))  a—p*/p* 2o ey

That proves inequality (39). O

4 Application

Theorem 15. Let G be a stratified group. Suppose

1
1<p<@Q, ﬁ<m<ao<oo,t>0.

Let u(t) be a positive strong solution to d*u = L,(d“w)™. Then for a function d*u(0) € L*(G)
and d*u(t) € L*°(G), we have

[d*u(t)[| Lo (G) < C(Q, p,m, ag)||d*u(0 )HL%?&(W(Z’ D=y aop+Q<m(p n-1) (41)

for such C(Q,p, m,ag) is a positive constant.

KAZAKH MATHEMATICAL JOURNAL, 25:1 (2025) 50-70



Weighted and Logarithmic Caffarelli-Kohn-Nirenberg . .. 65

Proof of Theorem 15. Suppose that ag < r(t) < oo and 7(t) > 0 hold for r(¢). A straightfor-
ward calculation gives

1

d ar r r® o _i'(t) ar(t), r(t
4 (/d on Udm) | uHU@)(G)(TQ(t))log(/ﬁ O 0) g

1—r(t
[ldul (5

r(t)

/G (@) Tog(du(t)7 + r(t) (@ u()) O~ ai(t) ) da

= el {daur( ;

/[dau(t)]r(t) log(d®u(t))dx
G

L'r(t

#(t)]deul |}, ()¢

w2 [ euwy® (@)
= Il o) {/@d TRCAN VPO

Lr t) Lr(t) (G)

T2(t) Wy r(t)—1 ay -
/G(d () O~ a(t)d ]

(0l [

T2
—log [|[d%u(t )HLr(t)(G) ®) /(;Tdau(t)(dau(t)y(t)ldx]

/ (du(t)) D du(t)de = / (du(t))"D=LL, (du(t)™dx
G

G
_ /G<‘vH(dau(t))m‘p_QVH(do‘u(t))m) . VH((dau(t))r(t)_l)dx
= -—mPH(r(t) = 1) / (du(t)) = DE=D O =2y (dou(t) P
G

_ ppmp—l(r(t) -1) o, 'I{)ﬁ)«fﬂni%pfl)fl P i
- (T(t)+m(p—1)—1)p/(G‘WH(d ) da.

Let us have a function v such that (d®v)" = (d*u)P, then we get

1l gy = 1140l 2,
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We insert to

(du®)" | (@u@) \
/@ [ o8 <|‘d““‘|TT<G)> !

prmP (r(t) = 1) r? /
(O +m{p—1) - 1)p r||dau|rm

—/ (d®v)P log dx
G 1|7, Hd v\l
2

Pl -1 oS
(r(t) +m(p—1) — 1)P 7||d> vHLp G)/IVH(d )7 e,

r(t)+m(p—1)—1 |P

(d%u)| » dz

where ¢ = pw. Here a parameter p from the parametric logarithmic Caffarelli-
Kohn-Nirenberg type inequalities is given by p = ;% By applying Theorem 39,
we obtain

d

7||dau\|Lr(G)

(d*v ) p a
= |ld®ul|r (@) / do——F [Tyt pde
© ||dav\| o[}, 0], g, Jo
PP P r(p—q)
< ||d%ul| - —_— Cc? > + log ||d“ul| ] . 42
el @) 73 g g [ < en(q — p?/p*) p ldullz @) (42

Then inequality (42) can be seen as
h < F(t)hlog(h) + G(t)h, (43)
where

h(t) := [|d"u()|| - ()
T pP—q
rq—p?/p*’

T P P
Gt) = ——+  Jog|OP—— £ ).
®) r2q—p2/pr o ( en(q —p2/p*)>

The solving (43) is a simple calculation but very long, so we refer to [19] where @ instead
of n in our case. Then for ag < b < 0o we have

F(t):=

ag(bp+Q(m(p—1)—1)) (b—ap)Q
[ u()||v@) < C(Q,p,m, a0, b)||d*w(0)]] ey’ ™"t Heorsim=0-17, (44)
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b—mg

where C(Q, p, m,ap,b) = C (b*ml) "M with my = mg = ag, and

bmo

my = <1—§*> (ao <1—;*>+m(p—1)—1>, ma = ag <1—§*>+m(p—1)—1.

Making use of L’Hospital, it can be shown that for b — oo the constant is C(Q, p, m, ag, b) <
oo. This proves

o « aoerQ(fr?(I;fl)*l) —W
du(®)] |6 < C(Q.p,m, a0)][d*u(0)] 72012 PG
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Coburbexk b.M. Canmakrairan »koue jgorapudmaik Kaddapemm-Kon-Hupenbepr rumri
TEHCI3IIKTEp cTpaTu(UKAIMSIIAHFaH TOITAap MeH KoJinaHbaiap OofbIHIIA

Knaccukanbik Kadbdaperin—Kona-Hupenbepr TercizaikTepi amramr per 1980-KbLigaphb
EBkimmy kericriringe Kypbuibil, CoboJieB »KoHe Xapau TeHCI3MIKTepl apachblHIarbl HHTEPIIO-
JNus yOrH 6ipryTac Heri3 ycebiHAbl. By reHcismikrepai crparudukanusianrad (Hemece
6iprekti Kapmno) Jlu Tonrapsina xkammsiaay 2000-KbUIIapbl, 6acklHIa CYOLUINITHKAIBIK,
TaJIay MeH I'eOMETPUSIBIK OJIIEM TEOPHUSICHIHBIH, bIKIAJILIMEH OacTaslabl. Bysl KeHeldTy Tom-
TBHIH, KYPBLIBIMBI, MACIITa0Tay CUMMETPHUSICHI KoHe (PYHKITHOHAJIBIK TEHCI3IIKTep apachiH-
narpl Oail GaitmanbicTapabl amThl. Byin mMakadama 6i3 crparudukaiusiiagrad Jlu ToObIHIA
casmakTasran kone jgorapudmiaik Kaddapemm-Kon-Hupeunbepr tunri Tencizmikrepai op-
narambl3. Hormkecinge, 6i3 OHBI Kejeci TE€HIEYIiH OH KVIITI INEINMIEPIHIH CaJIMaKTAJIFAH
yJbTpa KOHTpakTuBTLIK (ultracontractivity) mosesjiey yiiiH KOJIJIaHA ajlaMbl3:

ou
d*— = L,(d%u)™,
myagarsl L f = Vg (|[VyfIP —2Vuf) - p-cy6-Jlannacuan, d cy6-Jlamianuan yrmin ipresi me-
mriMiMeH GaiijiaHbICTBL GipTeKTi HOpMa, XKoHe o € R, 1 < p < Q.
Tyitin cesaep: Kadapemnn-Korn-Hupenbepr rtencizairi; morapudmaix Kaddapemrtn-

Kon-Hupenbepr reHciziri; crparundukausianrad JIlu ToObI.

Caburbex B.M. Becopoe n jnorapudgmudeckne HepapeHcTBa Tuna Kaddapemm-Kona-
Hupenbepra Ha crparuduInpoBaHHBIX IPYIIIAX U UX TPUIOYKEHUS

Knaccuueckue mepasencrsa Kaddapenin—Kona—Hupenbepra, BriepBbie ycTaHOBICHHBIE
B €BKJINJIOBOM MpocTpancTBe B 1980-x rojax, mpejocTaBuiin €JIMHYI0 OCHOBY JIJIsi HHTEPIIO-
Jgsinan Mexkay HepaseHcTBamu CobosieBa m Xapau. VIx o6obmieHne Ha cTpaTHUITTPOBaH-
uele (mau ogHopoaabie Kapuo) rpymmst JIu Hadasocs B Hadaste 2000-X TO0B O/ BIMSTHEEM
CyOaITUIITUYECKOTO aHAJIN3a U TEOPUU NEOMETPUIECKON Mephl, BBISBUB OOraThle B3aUMOCBSI-
31 MEXK/ly CTPYKTYPO# IDYIIIbI, CHMMeTpHell pacTsikenuili u (pyHKIINOHATLHBIMUA HEPaBEH-
crBaMu. B 9T0i1 cTraThe MBI yCcTaHAB/IUBAEM BECOBBIE M JIOTAPU(PMUIECKIE HEPABEHCTBA, THUIIA
Kaddapenm-Kona-Hupenbepra na crparudunuposanuoit rpymme Jlu. Kak ciiencrsue, Mbr
MOXKEM MPUMEHUTH UX JJIsi JOKA3aTEIbCTBA BECOBOU YJIBTPACKUMAEMOCTU IOJIOXKUTETbHBIX
CUJIbHBIX PEIICHU

4" = L),
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rie L,f = Vu(|Vaf P2V f) — p-cy6-Jlamnacuan, d — OJHOPOAHAS HOPMA, CBA3AHHAS C
dyHIaMeHTABHBIM perenueM st cyo-Jlammacnana n o € R, 1 < p < Q.

Kuarouesbie caoBa: Hepasencrro Kaddapenm-Kona-Hupenbepra; porapudmvuaeckoe
mepasercTBo Kaddapemm-Kona-Hupenbepra; crparudurmpoBannas rpyiima Jlu.
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