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Abstract. The concept of pseudofinite structures emerged in the 1960s as part of efforts to understand
infinite structures that behave, in certain respects, like finite ones. A structure is pseudofinite if it satisfies
every first-order sentence that holds in all finite structures of the same language. This idea gained
importance through works by Ax, who studied pseudofinite fields, and later by Hrushovski and others
in the context of model-theoretic algebra. Pseudofiniteness has since played a key role in finite model
theory and asymptotic classes. The article considers universal theories T, the number of isomorphism
types of whose finite models is finite. It is proved that all cyclic submodels of a T-pseudofinite model

of this theory are finite.
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1 Introduction

The concept of pseudofinite structures emerged as part of a broader effort in model theory to
understand the relationship between finite and infinite models, particularly within first-order
logic. The development of this idea can be traced back to the 1960s, at the intersection of
logic, algebra, and number theory, when logicians began to investigate infinite structures that
could be characterized by the same first-order sentences as finite structures.

A structure is called pseudofinite if it is infinite, yet satisfies every first-order sentence that
holds in all finite structures of the same language. More precisely, a model 9t is pseudofinite
if it is elementarily equivalent to an ultraproduct of finite structures. This notion allows
logicians to treat certain infinite models as “limits” or idealizations of finite ones, enabling the
application of model-theoretic methods to problems originally rooted in finite mathematics.
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One of the foundational developments in the area was James Ax’s work in the late 1960s,
particularly his characterization of pseudofinite fields. In his landmark paper “The Elementary
Theory of Finite Fields” (1968), Ax proved that the theory of finite fields is complete and
that every pseudofinite field is elementarily equivalent to an ultraproduct of finite fields. He
further showed that pseudofinite fields are perfect, have exactly one extension of each finite
degree, and are pseudo-algebraically closed. This result brought substantial attention to the
utility of ultraproducts in connecting finite and infinite model-theoretic behavior.

Throughout the 1970s and 1980s, pseudofiniteness became an increasingly important
concept in various branches of mathematical logic and algebra. Researchers began to apply it
not only in the study of fields but also to groups, rings, and other algebraic structures. The
broader idea of interpreting “finiteness-like” behavior in infinite models proved valuable in
understanding the asymptotic properties of classes of finite structures, which became central
in finite model theory and descriptive complexity theory.

In the 1990s and 2000s, Ehud Hrushovski significantly expanded the theoretical framework
surrounding pseudofinite structures. His work on Zariski geometries and non-standard finite
fields used pseudofinite techniques to derive deep results in number theory and algebraic
geometry. Hrushovski’s application of model-theoretic tools to diophantine geometry and
the Mordell-Lang conjecture marked a new era in the interplay between logic and classical
mathematics.

Pseudofiniteness also plays a crucial role in the study of asymptotic classes, random
structures, and finite model theory, particularly in the context of computer science. The work
of Macpherson, Pillay, and others on simple theories and the classification of pseudofinite
groups has led to further connections with permutation group theory and stability theory.

Today, the study of pseudofinite structures continues to be a vibrant area within model
theory. It lies at the crossroads of logic, algebra, and combinatorics, providing a unifying
framework for analyzing infinite structures through the lens of finite approximations. This
duality remains a powerful conceptual and technical tool in both pure and applied model
theory.

Recently, the model theory of pseudofinite structures is an actively developing area of
mathematics. In [1-3] and [4], the model-theoretic properties of theories of pseudofinite fields,
groups, rings, and acts over monoids are studied. Clearly, given a pseudofinite model It of
some theory T' in a language L and a sentence true in 91, a finite model of this sentence may
not be a model of T'. For example, if gA is a pseudofinite act over a monoid S and gA | P,
then B = ® for some finite structure B in the language of acts over a monoid S, but B may
not be an act over S. So, it is natural to consider the concept of T-pseudofiniteness for a
theory T of a language L, which was introduced in [7]. A model 91 of a theory T" in a language
L is called T-pseudofinite if every sentence in a language L true in 9t has a finite model, which
is a model of the theory T. It is clear that T-pseudofiniteness implies pseudofiniteness, and
pseudofiniteness implies T-pseudofiniteness for every finite axiomatizable theory T'. In |7, §],
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T-pseudofinite acts over a monoid S are considered, where 1" is a theory of all acts over S.
Also, we can note the articles [5] and [6]. In [5], S. Malyshev gives the description of types
of pregeometries with an algebraic closure operator for acyclic theories. In [6], N. Markhabatov
and Ye. Baisalov consider acyclic graphs approximated by finite acyclic graphs.
In this work, we consider universal theories T', the number of isomorphism types of whose
finite models is finite. We prove that all cyclic submodels of a T-pseudofinite model of this
theory are finite.

2 Preliminaries

A structure 9 in a language L is called pseudofinite if every sentence true in 991 has a finite
model. Let T be a theory of a language L. A model 9 of a theory T in the language L is
called T-pseudofinite if every sentence in a language L true in 97 has a finite model, which is
a model of the theory T

Theorem 1 (A.A. Stepanova, E.L. Efremov, S.G. Chekanov [7]). Let T' be a theory of a
language L and M be a model of T. Then M is a T-pseudofinite structure if and only if M
s elementarily equivalent to the ultraproduct of finite models of the theory T .

Theorem 2 (A.A. Stepanova, E.L. Efremov, S.G. Chekanov [3]). Every coproduct of finite
S-acts is a T-pseudofinite S-act, where T is the theory of all S-acts.

A class K of L-structures is called aziomatizable if there exists a set Z of sentences of the
language L such that for any structure 2,

2 € K <= (the language of 2is L and A = ® for all & € 7). (1)

An axiomatizable class K of L-structures is called universal axiomatizable if there exists a set
Z of V-sentences of the language L for which (1) holds.

A substructure B of an L-structure 2 is called one-generated or cyclic if there exists
b € B such that the intersection of all substructures of 2l containing b coincides with 9. In
this case, we denote the substructure B by (b).

3 Main result

Theorem 3. Letl € w, let K be a universal axiomatizable class of L-structures such that the
cardinality of any finite cyclic structure in K is less than | + 1, and let T be a theory of K.
If A is a T-pseudofinite structure, then the cardinality of any cyclic substructure of 2 is less
than 1+ 1.

Proof. Let the hypotheses of the theorem be satisfied, and let 2 € K be a T-pseudofinite

structure. By Theorem 1, 2 = B, where B = [[,c; B:/D, B; are finite models of T, D is an
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ultrafilter on I. Since T is a theory of an axiomatizable class K, then 6 € K and B; € K
for all i € I. We prove that the cardinalities of all cyclic substructures of 9B are less than
[+ 1. Assume the opposite, that is, there exists a cyclic substructure (b/D) of 9B such that
|(b/D)| > 1. Then B = &y, . 4,(b/D), where

Oy 4(x) = Fzg... 3y /\ T # T A /\ x; = ti(z) |,

0<i<j<l 0<i<l
ti(x) are some terms of the language L. By Los’s theorem,
J={iel|Bik P, (0()} €D,

that is, [(b(i))| > [ for all ¢ € J. Since K is a universal axiomatizable class, then (b(i)) € K
for all ¢ € J. But the cardinality of any finite cyclic structure in K is less than [ + 1. A
contradiction. Consequently, the cardinalities of all cyclic substructures of 8 are less than
[+ 1.

Now we prove that the cardinality of any cyclic substructure of 2 is less than [ + 1.
Assume the converse, that is, there exists a € A such that [(a)| > [. Then A = &4, 4 (a)
for some terms go, ..., g; of the language L. Since the structures 2l and B are elementarily
equivalent, B |= Jx g, . 4 (x). Therefore, there exists a cyclic substructure 98 of cardinality
greater than [. This contradiction proves the theorem. O

4 Corollaries from the main result

Corollary 4. Let S be a monoid, | € w, K be the class of all S-acts such that the cardinality
of any finite cyclic S-act is less than I+ 1, and T be a theory of K. If gA is a T-pseudofinite
S-act, then the cardinality of any cyclic subact of gA is less than [ + 1.

Proof. Since the class K is universal axiomatizable, this Corollary follows from Theorem
3. O

By Corollary 4, we obtain the following corollary.

Corollary 5 (A.A. Stepanova, E.L. Efremov, S.G. Chekanov [7]). Let S be a monoid, the
number of isomorphism types of finite cyclic S-acts be finite, and T be a theory of S-acts. If
sA is a T-pseudofinite S-act, then every cyclic subact of sA is finite.

Corollary 6. Let G be an abelian group, the number of finite index subgroups of G be finite,
and T be a theory of all G-acts. Then A is a T-pseudofinite G-act if and only if gA is a
coproduct of finite G-acts.
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Proof. Let oA be a T-pseudofinite G-act. It is well known that every act over a group G is a
coproduct of cyclic acts, and every cyclic act over G is isomorphic to a G-act G /H, where H
is a subgroup of G and the unary operations on G/H are defined as follows: g(aH) = (ga)H
for any g,a € G. Then by Corollary 4 oA is a coproduct of finite G-acts.

If ¢A is a coproduct of finite G acts, then by Theorem 2 A is T-pseudofinite. O

Corollary 7. Let K be the class of all abelian groups such that the number of isomorphism
types of finite cyclic subgroups of groups in K is finite, T be the theory of class K, and let G
be a pseudofinite (T-pseudofinite) group. Then G is a periodic group.

Proof. Since the class K is universal axiomatizable, this corollary follows from Theorem 3. [
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CrenanoBa A. A., Eppemos E. JI., Hekanos C.I" YHUBEPCAJIIBIK T TEOPUAJIA-
PBIHBIH T-IICEBOO-IIEKTI MYJIAEJIEPIHIE

ZKasran akpIpJibl KypPbLIbIMAAD YEBIMBI 1960-KbLImaphl, MEKCi3 KYPhLIIMIaPIbl Oearii
6ip MarbIHA @ AKBIPJIbI KYPBLIBIMIAD CUSIKTHI CHITATTaY MAaKCATBIH/A Taliia 601161, KypblibiM
JKaJIFaH aKbIPJIbL JIEI aTAJIaJIbl, erep OJI COJI CUTHATYPAIAFbl OapJIbIK, AKbIPJIbI KYPBLIBIMIAPIA
OPBIHIAIATHIH OIPIiHII peTTIK TYKbIpbIMIapra OarblHCca. By uaes agraln peT mceBI0aKbIPJIbl
epicrepi 3epTTereH AKC eHOEKTepiHe MaHbI3ra e OOoJIbl, KeliiHipek XPYIIEeBCKU YKoHe
backa 3epTTeyIiijiep MOJEIb/IK TeOPHUSJIBbIK ajaredpa cajachblHIa OHBI Opi Kapail JaMbITTHI.
Coman Oepi »KaJjiraH aKbIPJIBLIBIK, AKBIPJIBI MOJIE/IBIED TEOPUSCHIHIA KOHE aCHMIITOTUKAJIBIK,
KJIacTapja MaHbI3/Ibl peJi aTkapajbl. Makamsana T ombeball Teopusiiapbl KapacTbIPbLIAJIbI,
OJIAPJIbIH, TIIEKTI MOJEJbIepiHiH, n3oMopdusM Typiepinid caubl mekTi. byn Teopusiabiy, 1-
rceBIOMUHUTTI MOIETIHIH OAPJIbIK IMUKJIIIK IITKI MOIETbaepi aKbIPJIbI OOJATHIHEI JOJIEIIECHI].

Tyiiin ce3aep: L-KypbLIbIMIapIblH oMOeball aKCHOMaTH3aInsIaHATBIH KJIachl, L-Kypbl-
JIBIMJIAP KJIACBIHBIH TEOPUSCHI, ICEBIOMUHUTTI KYPbLIbIM, 1 -11CeBIOMUHUTTI KYPHLIBIM.

CrenanoBa A. A., Edpemvos E. JI., Hekanos C.I. O T-IICEBJIOKOHEYHBIX MO/E-
JIAX YHUBEPCAJIbHBIX TEOPUI T

[lonaTne 1CEBIOKOHEYHBIX CTPYKTYP BO3HUKJO B 1960-X rojgax B paMKax IOIBITOK IIO-
HATH OECKOHEYHbIE CTPYKTYPhI, KOTOPBIE B OIPEIeIEHHOM CMBIC/IE BeIyT ceDs KaK KOHETHbIE.
CrpyKkTypa Ha3bIBAETCs TICEBIOKOHETHOMN, €C/I OHA YJIOBJIETBOPSIET KAXKIOMY IIPEJJIOXKEHUIO
IIEPBOTO MTOPSIIKA, KOTOPOE BBIOJHAETCA BO BCEX KOHEUHBIX CTPYKTYPAX TOTO K€ sI3bIKA. DTa
ujiesi npuobpesia 3HadeHue byarojaps paboram Akca, U3ydaBIIero ICEBIOKOHEUHBIE TOJIs, a
11o37ke X PYIIEeBCKOIO U APYTUX — B KOHTEKCTE MOJAECIbHO-TeopeTndecKoit aaredbpsr. IlceBmoko-
HEYHOCTh C TeX IIOpP UTPaeT BaXKHYIO POJIb B TEOPUU KOHEUHBIX MOJIeell U aCUMIITOTUIECKUX
KJIACCOB. B cTaTbe paccMaTpuBaIOTCS YHUBEpPCAJbHBIE Teopun 1, IUCI0 THIOB M30MOPGU3-
MOB KOHEYHBIX MOJeJIell KOTOPBIX KOHeYHO. /loKa3bpIBaeTcst, 9TO BCe IUKIINIECKIE TTOIMO/IEIN
T-11ceBJIOKOHETHOI MOJIEJIM 3TOM TEOPUU KOHEUHHI.

KuroyeBsbie citoBa: yHUBEpCAIBHO AKCUOMATH3UPYMbBIT KJ1acC L-CTPYKTYP, TEOPUS KJiac-
ca L-cTpyKTyp, IICEeBIOKOHEUHAsI CTPYKTYPa, T-TICeBIOKOHETHAasT CTPYKTYpa.
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