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Abstract. The problem of constructing a system of first-order 1td stochastic differential equations by
the given properties of motion is considered. Necessary and sufficient conditions for the existence of a
given integral manifold of the constructed equation are obtained in terms of the equation’s coefficients.
These conditions are derived separately for two cases: when the manifold depends on all independent

variables and when it depends only on a part of the variables.

Keywords. stochastic differential equations, integral manifold, inverse problem, degenerate diffusion.

1 Introduction

The inverse problems for systems of Itd stochastic differential equations (SDEs) occupy a
significant place in the theory of stochastic processes, lying at the intersection of differential
geometry and stochastic analysis. Classical stochastic calculus, initiated by the foundational
work of K. It6, traditionally focuses on the direct problem: analyzing the behavior of solu-
tions when the equations are given. In contrast, the construction of stochastic systems from
prescribed geometric or dynamical properties, such as the existence of an invariant manifold,
presents more intricate challenges and remains relatively less developed.

One of the central tasks in this context is to determine under what conditions a system
of first-order It6 SDEs admits a given integral manifold. This problem naturally generalizes
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concepts from the deterministic theory of differential equations to the stochastic setting. The
presence of both drift and diffusion components introduces additional constraints, requiring
the manifold to remain invariant not only under deterministic flow but also under stochastic
perturbations.

Recent progress in this direction has led to the derivation of necessary and sufficient
conditions for the existence of such manifolds, formulated explicitly in terms of the coefficients
of the system. The analysis typically distinguishes between two cases: when the manifold
depends on all independent variables and when it depends only on a part of the independent
variables. This distinction reflects the geometric flexibility of the manifold structure and
allows a finer classification of integrability conditions.

These developments contribute to the broader effort of extending classical geometric and
analytic techniques to stochastic systems. They also have potential applications in stochastic
control, filtering theory, and mathematical modeling in various applied fields where invariant
structures play a crucial role. As such, they provide a rigorous foundation for the systematic
construction of stochastic models with prescribed qualitative behavior.

2 Case 1. The given properties of motion depend on all variables

Let a set

A(t) : Mz,y,t) =0, A€ R™, A= A(z,y,t) € Cﬁf} (1)

be given. It is required to construct the equations of a motion for the class of the first-order
[t6 stochastic differential equations with degenerate diffusion

T = fl(.T,y,t)
{ g = folz,y,t) + oz, y,t)E (2)

such that the set (1) is the integral manifold of System (2).

Here x € R™,y € R™,ny +ny = n, & € R*, and o(x,y,t) is a (n x k)-dimension
matrix; {&1(t,w), ..., &k(t,w)} is a system of independent Wiener processes [1] defined on some
probability space (2, U, P).

Suppose that the vector functions fi(z,y,t), fo(x,y,t) and the matrix o(z,y,t) satisfy
the following conditions:

(i) fi(z,y,t), fa(z,y,t), and o(x,y,t) are continuous in ¢ and Lipschitz continuous in z,
y in the whole space R" 3 z = (27, yT)7,

(i) fi(z,y,t), fa(z,y,t), and o(x,y,t) satisfy the condition of linear growth

1A DI + 122, + llo(z )17 < LA+ [12]*)

which ensures the existence and uniqueness up to stochastic equivalence of the solution z(t)
of Equation (2) in R™ with the initial condition z(tp) = 2o that is a strictly Markov process
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continuous with probability one [1]. We say p(z,y,t) belongs to the class K (p € K) if it
satisfies conditions (i) and (ii).

A particular case of the statement of this stochastic problem is the problem of constructing
a second-order equation

i = gla, 3,t) + o(a, &, t)E.

By substituting @ = y it is reduced to the first-order equations system

A
v =g(x,y,t) +o(x,y,t)§

with degenerate diffusion in half of the independent variables. Previously, this problem was
studied in [2, 3, 4].

The problem of constructing the system (2) by the given set (1) was studied in [5, 6, 7, §]
in the absence of stochastic perturbations (¢ = 0). In [5, 6], Galiullin proposed a formulation,
classification of the inverse problems of dynamics, and methods for solving them in the class
of ordinary differential equations (ODEs). One of the general methods for solving the inverse
problems of dynamics for ODE (the quasi-inversion method) was proposed in [8].

We generalize the quasi-inversion method to the class of first-order Itd stochastic differ-
ential equations with degenerate diffusion.

To solve the posed problem, we apply the Ito stochastic differentiation rule and construct
the equation of perturbed motion

ox O oA o
=+t o+ S5+ 208, (3)
oy x

A‘E’ax B

1 /0%\ T 0%\ .
where S = -~ | = : 00’ |, and by — : D, following [1|, we mean the vector, elements of
2 \ Oy? oy?
which are traces of the products of matrices of the second derivatives of the elements A, (z, y, )
of the vector \(z,,t) with respect to & and the matrix D, D = oo’ .
We introduce arbitrary Yerugin functions [7]: A and B such that A(0,z,%,t) = 0,
B(0,z,2,t) =0, and

A=A\ z,2,t) + B\, z, &, t)E. (4)
By comparing equations (3) and (4), we get the relations

oA ox O oA

—fo=A————f-S8

3y p) % Ba fi— 5,
from which we need to determine the vector-functions f;, fo and the matrix o.

The following lemma is required to solve the problem.
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Lemma 1 (I.A. Mukhametzyanov, R.G. Mukharlyamov [8], p. 12-13). The set of all solutions
of the linear system

Hﬁ:gv H:<hz])7 19:(192)7 g:(gz)7 i:17k7 j:17n7 kénu

is determined by the expression ¥ = s|[HC| + H*tg, where the matriz H has rank m.

Here s is an arbitrary scalar value, [HC| = [hy...hiCiy1...cn—1] is a vector product of
vectors h; = (i) and arbitrary vectors ¢, = (cpi), p=m+1,n—1; H" = H'(HH")™1,
HT is a matriz transposed to H.

According to Lemma 1, from Relations (5) we define the vector function f, and the
columns oy, (i =1, k) of the matrix o.

o\ OMN\ " ON O\
fo=s1 [ayc} +<5y) (A_at_amfl_s>’ (6)
O\ 122N N —
0; = 82 [83/0] + (63/) Bi, 1 =1k, (7)

where 0; = (014, 024, ..., Onyi) ! is i-th column of the matrix o, B; = (B, Bai, ..., Bms)! is i-th
column of the matrix B, s;, k are arbitrary scalar values.
Thus, the following statement holds.

Theorem 2. For the system of first-order Ité differential equations (2) to have a given integral
manifold (1), it is necessary and sufficient for arbitrarily given vector functions fi € K the
vector function fo and the columns o; of the matriz o of System (2) are of the form (6) and
(7), respectively.

3 Case 2. The given properties of motion depend on a subset of variables

Let a set
A(t) : Az, 8) =0, A€ R™, A= \(z,t) € C% (8)

be given. It is required to construct the equations of motion for the class of first-order Ito
stochastic differential equations with degenerate diffusion

T = gl(xayvt)
{ U = ga(z,y, 1) + o(z,y,t)E 9)

such that the set (8) is the integral manifold of system (9).
Suppose that the vector functions gi(z,y,t), g2(x,y,t) and the matrix o(z,y,t) satisfy
the following conditions:
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(iii) g1(z,y,t), g2(x,y,t), and o(z,y,t) are continuous in ¢ and Lipschitz continuous in x
in the whole space R" 3 z = (27, y")7,
(iiil) g1(z,y,t), g2(x,y,t), and o(x,y,t) satisfy the condition of linear growth

lgr (2, )11 + llg2(z, 17 + llo (2, B)II* < L1+ [12]%)

which ensures the existence and uniqueness up to stochastic equivalence of the solution z(t)
of equation (9) in R™ with the initial condition z(tp) = zo that is a strictly Markov process
continuous with probability one [1], as in Case 1.

Let us assume that g; € C12!. Using the Ito stochastic differentiation rule, we have

xyt *
. AN OA
)‘ E—i_aigl(xayatx
9 +a? N\ -, OA
o2 oot T dt or )T g

) 0%\ 702\ O\ o\ 1 T 1 T T
Tl 2(975(9 91+ 91 2 + FIRAL + Eate + Az91,92 + 5)\x91yy 100" + Agg1,0€. (10)

Let us introduce arbitrary Yerugin functions [7]: A; and B; such that A;(0,0,z,y,t) =0,
B(0,0,z,y,t) =0 and ) ‘ ‘ ‘
A=A\ A\ zyy,t) + B Az, y, t)E. (11)

Based on equations (10) and (11) we obtain the relations

Gig2 = A1 — Go,
{ G0, = By, i = 1,k, (12)
where
Gl = )‘:Dg%;p
02\ 0%\ 70\ o\ 1
—— 2 41927 Az cool
Ga 92 T2 T 9 et T gt 5 A1y 1007,
from which we need to determine g1, g» and o.
Using Lemma 1, from relations (12) we define the function g2 and matrix o
g2 = 51[G1C] + (G1)T (A1 — Ga), (13)
= %[G1C] + (G1) " Bu:. (14)

Theorem 3. For the system of first-order It differential equations (9) to have a given integral
manifold (8), it is necessary and sufficient that for arbitrarily given vector functions g1 € K,
the vector function go and the columns o; of the matriz o of System (9) are of the form (13)
and (14), respectively.
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The results of this work were reported at the International Conference “Actual Problems
of Analysis, Differential Equations, and Algebra” (EMJ-2025), Astana, January 7-11, 2025.
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Tineybeprenos M.bBl., Bacumuaa K., Mener6exkos M.M. ASBIHTAH IO DOY3UAJIBI
BIPIHIII PETTI CTOXACTUKAJIBIK JUOOEPEHLIMAJJIBIK TEHAEVJIEP XKYII-
ECIHIH, HET'I3I'I KEPI ECEBIHIH IHTEIIIMAIJITT TYPAJIBI

KosramabicTein Gepinaren kacuerTepi 6oiibIHIIA Oipinmd perTi [to cToxacTukamwk, audde-
PEHIMAJIIBIK, TEHIEYIep »KyileciH Kypy ecebi KapacThIpbLiabl. Tenmeymis, KoadduimenTrepi
OolibIHINA, KYPACTBIPBLIFaH TEHIEY VIIMiH OepiireH HHTEerpasiIblK, Koroeiinenin 6ap 00y bIHBIH,
KAXKeTT1 YKoHe KETKIJTIKTI mapTTapbl 0apJiblK, TOyeJsICi3 affHbIMAJIbLIADIAH TOyeJJIi XKOHE aii-
HBIMAJIBLIAP/ILIH Oip OesirineH raHa Toyesiai OOJFaH Ke3/e eKi Kargail 6eJieK aIbIHIbI.

KinTTik ce3mep: croxacTukaJblK, JAnddepeHInalIblK, TeHAeYIep, HHTerPAIIbIK KOIl-
OeiiHe, Kepi ecell, a3bIHFaH TUMPY3US.
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Tiey6epresos M.U., Bacumuna I'K., Menerbekos M.M. O PASPEIINMOCTU OC-
HOBHOI1 OBPATHOI1 3AJTAY CUCTEMBI CTOXACTUYECKUX JUODPEPEHIIN-
AJIBHBIX YPABHEHNII ITEPBOT'O TTOPSIJIKA C BEIPOYKIAIOIIENCS TNODY31-
EI

PaccmarpuBaercs 3aj1ada MOCTPOEHUS CUCTEMbBI CTOXACTUYIECKUX MU DepeHInaIbHbIX
ypasHeHuil I1To mepBoro mopsiaka Io 3aJaHHBIM CBOMCTBaM JBUKeHMs. B TepMuHAX KO3(D-
GUIMEHTOB ypaBHEHUS MOJIyUI€Hbl HEOOXOIMMBIC U JIOCTATOYHBLIC YCJOBUS CYIIECTBOBAHUS Y
[TOCTPOEHHOI'O YpaBHEHHUsI 3aJaHHOIO MHTErPAJIbHOIO0 MHOTOO0OPa3us OTIEILHO B JABYX CJIyYa-
sIX, KOI'ZIa, OHO 3aBUCUT OT BCEX HE3aBUCUMBIX IIEPEMEHHBLIX M KOIJa OHO 3aBHUCHUT JIAIIL OT
JaCTU IIepeMeHHBIX.

KuroueBbie ciioBa: croxacrumyeckue auddepeHimaabable ypaBHEHUs, WHTErpaaIbHOe
MHOroobpa3ue, oOpaTHas 3a/1a4a, BeIpOXKIaioasics auddy3us.
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