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Abstract. We investigate the monotonicity properties of unary functions definable in ordered groups
whose elementary theories are o-stable and have finite convexity rank. The notion of o-stability, combin-
ing o-minimality and stability, ensures tameness of types around cuts. Prior work established piecewise
or local monotonicity of definable functions in weakly o-minimal structures, with key contributions by
Pillay, Steinhorn, Wencel, and others. We build on these results by focusing on local monotonicity, n-
tidiness, and the depth of definable functions. In particular, we show that any such function is piecewise
n-tidy for some finite n, extending the theory of monotonicity beyond weakly o-minimal structures to a
broader o-stable context.

Keywords. O-minimal theory, NIP theory, piecewise monotonicity, local monotonicity, o-stable theory,

the convexity rank.

1 Preliminaries

The notion of o-stability combines both notions of o-minimality and stability. Roughly speak-
ing, a linearly ordered structure is o-stable if, for any cut, there exist a few complete one-types
that are consistent with this cut. B. Baizhanov and V. Verbovskiy showed in [1] that a weakly
o-minimal theory is o-stable. A sharper result follows from the description of weakly o-minimal
structures by B. Kulpeshov, that a linearly ordered structure is weakly o-minimal if and only
if any cut has at most two extensions up to complete one-types over this structure and the sets
of all realizations of these one-types are convex [5]. So, we can say that any weakly o-minimal
theory has Morley o-rank 1 and Morley o-degree at most 2, so, these theories are o-w-stable.
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26 Viktor V. Verbovskiy

A. Pillay and C. Steinhorn started the investigation of the piecewise monotonicity of
definable unary functions in linearly ordered structures in [9]. R. Wencel extended their re-
sult to the class of non-valuational weakly o-minimal ordered groups [14]. D. Macpherson,
D. Marker, and C. Steinhorn introduced the notion of a local monotonicity and a tidy function
and proved that any unary function that is definable in a structure of a weakly o-minimal
theory is tidy. V. Verbovskiy introduced the notion of the depth of a function and proved
that any function definable in a structure of a weakly o-minimal theory has finite depth and
is piecewise n-tidy for some finite natural n [10]. Also, the question of monotonicity of unary
functions has been studied in many other articles for different classes of theories. V. Ver-
bovskiy and A. Dauletiyarova proved piecewise monotonicity of a unary function definable
in an ordered non-valuational group with an o-stable theory [13]. Here, we aim to consider
local monotonicity and the notions of n-tidy and the depth of a unary function definable in
an ordered group with an o-stable theory of a finite convexity rank.

In the following section, we provide some standard definitions and notations.

Let M = (M, <,...) be a totally ordered structure, a be an element of M, and let A and
B be subsets of M. As usual, we write

a < B, ifa<bforanybeB,
A< B, ifa<bforanya€ Aandbe B.

A partition (C, D) of M is called a cut if C < D. Given a cut (C, D), one can construct
a partial type {¢ <z < d:c € C, d € D}, which we also call a cut and use the same notation
(C, D). If the set C is definable, then the cut is called quasirational; if in addition sup C' € M,
then the cut (C, D) is called rational. A non-definable cut is called irrational. If C = (—o0, ¢)
we denote this cut by ¢, and if C' = (—o0, ¢] we denote it by ¢*. If C = M, we denote this cut
+00. The notation sup A stands for such a cut (C, D), that C = {c € M : ¢ < sup A}. If the
set C' is definable we sometimes distinguish cuts defined by sup C' and inf D as: sup C' stands
for (C,D) U {C(x)} and inf D stands for (C,D) U {~C(z)}. A cut (C,D) in an ordered
group is called non-valuational |7, 14] if d — ¢ converges to 0 whenever ¢ and d converge
to sup C' and inf D, respectively. A cut, which is not non-valuational, is called valuational.
Observe that for a valuational cut (C, D), there is a convex non-trivial subgroup H such that
sup C' = sup(a + H) for some a, and this cut is definable iff the subgroup H is definable.
An ordered group G is said to be of non-valuational type, if any quasirational cut is non-
valuational. Note that G is of non-valuational type if and only if there is no definable non-
trivial convex subgroup in G.

The set of all cuts (C, D) that are definable in M and such that the set D has no smallest
element will be denoted by M. The set M can be regarded as a subset of M by identifying
an element a € M with the cut ((—o0, a], (a, +00)). After such identification, M is naturally
equipped with a linear ordering extending (M, <): (C1, D1) < (Cs, Ds) if and only if C; C Cs.
Clearly, (M, <) is a dense substructure of (M, <).
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A subset A of a totally ordered set M is called convex if for any a and b € A the
interval [a, b] is a subset of A. The length of a convex set A is defined as sup{a—b:a,b € A}.
A convexr component of a set A is a maximal convex subset of A. The conver hull A¢ of A is
defined as

Af = {b €M :Jaj,as € A(a; <b< ag)},

that is, it is the least convex set containing the set A.

2 Introduction

The aim of this paper is to investigate the properties of unary functions that are definable in
an o-stable ordered group whose convexity rank is finite, say, n.

Let M = (M, <,...) be a totally ordered structure. Recall that a function can be defined
from its graph and for each function, it is easy to construct its graph. So, we consider an
arbitrary formula: ®(z, 7). Let B be the set of all such b, that ®(M, b) # (). Given an element
b we consider the definable set ®(M,b). Then we can consider sup ®(M,b) as an element of
M. So, the set

{(b,sup ®(M,b)) : b € B}

defines the graph of some function f from B to M. The main property we consider here is
the monotonicity of a function. So, below, we define f(by) > f(b2) in terms of ®. We prefer
to work with a formula ®(x; %) rather than with a function f(7).
So, let ®(x,y) be an M-definable formula. We write
2
O(M, 1) > B(M, ), if M = Vo3[ \ (i, 5:) = w2 < 21

=1

it means that sup ®(M, 71) > sup (M, g2). Then
(M, 71) = ®(M, f2) & P(M,71) < B(M, 2) A P(M,71) > B(M, T2)
(I)(Magl) < q)(MaﬂQ) <~ (I)(M7g1) S Q)(Mng) A ¢<M7g1) 7& (I)(MayQ)

Now we consider the case where the length of the tuple g is 1, that is, y is a variable.
We say that ®(z,y) is strictly increasing on a set I, if

YyVzly,z € INy < z = ®(M,y) < (M, 2)].

If E(y, z) is an equivalence relation with convex classes on a set I, then ®(M, y) is strictly
increasing on the quotient set I/p, if

VyVzly,z € IN-E(y,z) ANy < z = ®(M,y) < ®(M, z)].
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We define strictly decreasing and constant behavior in a similar way to strictly increasing

behavior.
We assume that dom ®(M,y) ={y € M : M |= (3z)®(z,y)}.

Definition 1 (M. Dickmann; D. Macpherson, D. Marker, C. Steinhorn).

e A weakly o-minimal structure is a totally ordered structure M = (M, <, ...) such that
any definable subset of M is a finite union of convex disjoint sets under the ordering <.

e A theory is weakly o-minimal if all of its models are.

Definition 2 (D. Macpherson, D. Marker, C. Steinhorn,[7]). If M is a totally ordered struc-
ture, ®(x,y) is an M-definable formula, I C dom(®(M,y)), then we say that ® is tidy on I,
if one of the following holds:

1. Vz € I there is an infinite interval J C I such that x € J and & is strictly increasing on
J (we say that @ is locally increasing on I).

2. Vz € I there is an infinite interval J C I such that x € J and @ is strictly decreasing
on J (we say that ® is locally decreasing on I).

3. Vz € I there is an infinite interval J C I such that x € J and ® is constant on J (we
say that @ is locally constant on I).

and, if for some = € I the set {y € I | ®(M,t) is strictly monotonic on (z,y) U (y,z)} and
has a maximum or a minimum, then ®(M,t) is strictly monotonic on I.

Definition 3. If ® and I are like in Definition 2, then we say that ® is n-tidy on I if the
following holds:

o V2Vyvt [B(M,2) = PM,y) Az <t <y— PM,z)=D(M,t)]
o & is tidy on I/E,_1, where ®™ (z,y) := 3z[E,_1(y, 2) A ®(z, 2)]
e Vyel)E,(I,y)/E,—1 has no minimum and maximum.
o |I/E,| > w.
Where E,, is an equivalence relation on I such that

En(z)y) ~ En—l(zay) \%
V o[z <yA-En_1(z,y) = e | [2,y]/En—1 is strictly monotonic] A
A ly<zA—-En_1(z,y) = ®™ | [y, 2]/En_1 is strictly monotonic]]

Here 0-tidy is tidy, ®©) = &, Ey(z,y) < z =y.
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Figure 1: The example of the graph of a function of depth 3

Definition 4. If ® and [ like in Definition 2, then we say that ® is strongly tidy on [ if there
exists n € N such that ® is (n — 1)-tidy on I and ®(™ is strictly monotonic on I/E,_1. So
we say that the depth of ® on I equals n.

Definition 5 (D. Macpherson, D. Marker, C. Steinhorn, [7]). Let M be a weakly o-minimal
structure. We say that M has monotonicity if the following holds: whenever ®(z,y,a) is a
formula with @ € M, there is m € N and a partition of dom(®(M,y,a)) into definable sets
X, I,..., I, such that X is finite, each I; is convex and on each I; the formula ®(z,y,a) is
tidy.

Definition 6 (V. Verbovskiy, [10]). Let M be a weakly o-minimal structure. We say that
M has strong monotonicity (monotonicity [7]), if the following holds: whenever ®(x,y,a) is
a formula with @ € M, there is m € N and a partition of dom(®(M,y,a)) into definable sets
X, I, ..., I, such that X is finite, each I; is convex and on each I; the formula ®(z,y,a) is
strongly tidy.

Definition 7. Let M be a weakly o-minimal structure. Then we say that M has finite depth,
if the following holds: whenever ®(x,y, z) is a formula, there exists n € N such that for any
a € M and for any convex set I C dom(®(M,y,a)), on which ®(M,y, a) is strongly tidy, the
depth of ®(M,y,a) on I is less than n.
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Theorem 8 (D. Macpherson, D. Marker, C. Steinhorn, [7]). If all models of Th(M) are
weakly o-minimal, then M has monotonicity.

Theorem 9 (V. Verbovskiy, [10]). If all models of Th(M) are weakly o-minimal, then M has
strong monotonicity and finite depth.

Definition 10 (B. Baizhanov, V. Verbovskiy, [1], [11]).

1. An ordered structure M is o-stable in A if for any A C M with |A| < A and for any cut
(C, D) in M there are at most A 1-types over A which are consistent with the cut (C, D),
Le.

S,y ()] < A
2. A theory T is o-stable in X if every model of T is. Sometimes, we write T is o-\-stable.
3. A theory T is o-stable if there exists an infinite cardinal A in which T is o-stable.

In [11], V. Verbovskiy proved that any ordered group whose elementary theory is o-stable
is Abelian.

Lemma 11 (V. Verbovskiy, [11]). Let G be an ordered group of non-valuational type whose
elementary theory is o-stable. Then any equivalence relation in G has at most finitely many
infinite conver classes.

Let I' = {(z, f(z)) : * € dom(f)} be the graph of a function f.

We denote by lim,_ 410 f the set of all elements b € G such that (a,b) is a limit point
of the set {(x, f(x)) : x € dom(f),z > a}. In other words, lim,_,,40 f is the set of all the
right-hand limit points of the function f at the point a.

Similarly, we define lim,_,,—o f as the set of all such b that (a,b) is a limit point of the
set {(z, f(x)) : x € dom(f),z < a}.

Furthermore, we define

. A 1 .

ilgéf a xggl—ofuxgg}rof'
Fact 12 (J. Goodrick, [4]). For any densely ordered structure A and any function f : A — A,
for any a € A, the set lim,_,, f(x) is nonempty.

Lemma 13 (V. Verbovskiy, A. Dauletiyarova, [13]). Let an ordered group (G, <,+, f,0,...),
whose order is dense, have an o-stable theory. Then there exists a natural number k such that
for any element a € dom f, the set lim,_, f(x) has at most k elements.

Due to Lemma 13, we can define k functions f1, ..., fi, where k is taken from Lemma 13,
as follows: f;(z) is the i-th element of lim,_,, f(z). So, we can define finitely many functions
which have at most one limit lim,_,,40 f and at most one limit lim,_,,_¢ f. So, without loss
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of generality, we may assume that a function under consideration has at most one left-hand
limit and at most one right-hand limit.

The definition of the convexity rank of a formula with one free variable was introduced
in [5] and extended on an arbitrary set in [6] by B. Kulpeshov:

Definition 14 (B. Kulpeshov, [5, 6]). Let T' be a weakly o-minimal theory, M T, A C M.
The rank of convezity of the set A (RC(A)) is defined as follows:

1. RC(A)=—-1if A=0.

2. RC(A) =0 if A is finite and non-empty.

3. RC(A) > 1if A is infinite.

4. RC(A) > a+ 1 if there exists a parametrically definable equivalence relation E(z,y)
and an infinite sequence of elements b; € A, ¢ € w, such that:

e For every i,j € w whenever i # j we have M = —E(b;, b;);
e For every i € w, RC(E(z,b;)) > a and E(M,b;) is a convex subset of A.

5. RC(A) > § if RC(A) > « for all a < §, where § is a limit ordinal.

If RC(A) = « for some ordinal «, we say that RC(A) is defined. Otherwise (that is, if
RC(A)) > « for all o), we put RC(A) = .

The rank of convexity of a formula ¢(x,a), where a € M, is defined as the rank of
convexity of the set ¢(M,a), that is, RC(é(x,a)) = RC(¢(M,a)).

The convezity rank of a 1-type p is defined as the rank of convexity of the set p(M), that
is, RC(p) = RC(p(M)).

Obviously, a theory that extends the theory of a linear order has the convexity rank 1 if
there are no parametrically definable equivalence relations with infinitely many infinite convex
classes.

3 Main result
Let A be a definable convex set. We define the following convex subgroups:
Hi={geG:a+|g| € Afor any a € A},

H,y={9geG:a—|g| € Aforany a € A}.

Following [8], we say that the right shore of A is long if H} is trivial; similarly, the left
shore of A is long if H is trivial.

Lemma 15. Let G be an ordered o-stable group and E a definable equivalence relation with
convex classes. Then the number of infinite E-classes with a long shore is finite.

KAZAKH MATHEMATICAL JOURNAL, 25:2 (2025) 25-35



32 Viktor V. Verbovskiy

Proof. Let E be a definable equivalence relation with infinitely many convex classes. Assume
to the contrary that there exist infinitely many infinite E-classes with a long shore. By
Dirichlet’s principle, without loss of generality, we may assume that there are infinitely many
infinite F-classes with the right long shore. Moreover, without loss of generality, we may
assume that there exists an infinite increasing sequence (a; : ¢ < w) of representatives of
infinite F-classes with a long right shore, such that —F(a;,a;) for each i < j < w. Since
we can consider a sufficiently saturated model, we may suppose that there exists a positive
element b € G such that E(a;, a; + b) holds for each i < w.

Let ¢(x;b) say that = belongs to an E-class whose length is at least b and whose right
shore is long and the distance between x and the right shore of [x]g is less than b. Since the
right shore is long, this set is not empty.

Let C ={g € G: g < a; for some i} and D = G\ C. Since for each ¢ € C and each b;
and by with 0 < by < by < b it holds that

©(G,b1) N (c,supC) C ¢(G,b2) N (¢, sup C)

we obtain that G has the strict order property inside the cut sup C. Since an expansion of
a model of an o-stable theory by a convex unary predicate preserves o-stability [11], we may
add a convex predicate P which names C'. So, we obtain the strict order property inside the
cut

{c<x<d:ceC, de D}U{P(x)},
that contradicts o-stability, [1]. O

Theorem 16. Let G = (G, <,+,...) be an ordered group with an o-stable theory. Let G have
finitely many, say k, non-trivial proper definable convex subgroups. Then RC(G) = k. And
vice versa, if RC(G) is finite, say k, then the number of non-trivial proper definable convex
subgroups is equal to k.

Proof. Let {0} < H; < --- < Hi < G be a chain of all definable convex subgroups of G. Then
Ey(z,y) £ * —y € Hy is an equivalence relation with convex classes, and the chain Ej, ...,
Ej, of equivalence relations demonstrates that RC(G) is at least k.

Assume that RC(G) = k and a chain of equivalence relations Fi, ..., Fj witnesses it,
where FE; refines F; 1 for each positive ¢ < k. By Lemma 15, without loss of generality, after
removing finitely many equivalence classes, we may assume that each shore of each class of
each equivalence relation is short, that is, not long, so, it defines a non-trivial subgroup. By
the first paragraph of the proof of this theorem, the number of definable convex non-trivial
proper subgroups is at most k, say, n. Let

{0} <H <---<H,<G

be the sequence of all definable convex non-trivial proper subgroups of G.
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First, we consider F;. Since Hj is the least non-trivial definable convex subgroup, and
each shore of each infinite E1-class defines a subgroup, each infinite E1-class consists of cosets
of H 1.

Assume that there are infinitely many cosets of Hy such that each contains an Ej-class as
a proper subset and this F1-class consists of infinitely many cosets of Hy. Then we consider
G/H; with the full induced structure. Its elementary theory is o-stable [11]. We obtain an
equivalence relation in G/H; with infinitely many infinite convex classes, but these classes are
proper subsets of cosets of Hy/Hj. So, there exists a definable convex subgroup H'/H; <
Hy/H;y. Let H' be the pre-image of H'/H; in G. It is definable and convex. We obtain
a contradiction with the fact that there are exactly n definable convex non-trivial proper
subgroups. So, either an Fj-class consists of finitely many cosets of H; or consists of cosets
of Hs. Note that if an Ej-class consists of finitely many cosets of Hy, then the order in G/H;
is discrete. Moreover, there is a positive integer my such that if a Fq-class consists of finitely
many cosets of Hi, then the number of these cosets is at most my. Indeed, otherwise by
compactness there are infinite F7-classes and we obtain a contradiction as above.

Considering G/ H; we can conclude by the similar reasons that either an F;1-class consists
of finitely many cosets of H;11 or consists of cosets of H;o.

These imply that & < n. So, we obtain the equality & = n. O

Theorem 17. Let G be an order-stable ordered group of mon-valuational type with a dense
order, let A be a sort in G, and let f : D C G — A be a definable and continuous function.
Then the function f is piecewise monotonic; that is, there exists some m € N and a finite
partition of the domain of the function D = dom f into definable sets X, Iy, ..., L, such that
X is finite, each I; is convex for i < m, and f | I; is monotonic.

Theorem 18. Let G be an ordered group with an o-stable theory and let f be a definable
continuous unary function. Let RC(G) = n. Let {0} < H; < --- < H,, < G be the chain of
all its definable convex subgroups and let G/H; be dense for each i.

Then f is strongly tidy and its depth is at most n. In other words, an ordered group
with an o-stable theory and a finite convexity rank has strong monotonicity and finite depth
bounded by its convexity rank.

Proof. As we mentioned it below Lemma 13, we may assume that the graph f has at most
one limit point from the left and at most one limit point from the right for each element.
By Theorem 17 the restriction of f to any coset of Hp is piecewise monotone. Let F; be
an equivalence relation on dom f with convex classes, on which f is monotone. Then, as we
know, the Ej-classes are cosets of Hy. Now we consider G/H; with the complete induced
structure and we find that f/H; is monotone on the cosets of Hy/H;. Here,

f/Hi(a) = sup{f(z):x € a+ Hy}.
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Proceeding by induction, we conclude that the statements of the theorem hold. The
bound for the depth of f follows from Theorem 16. O
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Bep6osckuit B.B. HIEKTEVYJII IOHECTIK PAHI'T BAP PETTEJII'EH-TYPAKTHI
TOITAYBl ®OYHKIINAHBIH TEPEHIIT'T TYPAJIBI

Bi3 sysemenTap Teopusapbl O-TYPaKThI KOHE IIEKTEYJ JOHECTIKTIK paHri 6ap perre-
eH TONTap/la aHBIKTAJATHIH YHAD (PYHKIUSIAD/IBIH MOHOTOHJIBIK, KACHETTEPIH 3ePTTEHMI3.
O-TYPAKTBLIBIK, YFBIMbI O-MUHUMAJIIBLIBIK, II€H TYPAKTBLIBIKTBI OipiKTipim, y3igicrep MaHbIH-
Jarbl TUITEPIiH TOPTINTLIINH KaMTaMackl3 eTei. byran neitiari enbekrepae [mwamsit, Craiin-
xopH, Bemnries xxkone 6ackaapabiH, MAHBI3ILI VIECIMEH 9JICI3 O-MUHUMAJI KYPbLIBIMIAPIA aHbI-
KTaJIaThIH (PYHKITUIIAPIbIH KEeCIHILTIK HeMece JIOKAJIbII MOHOTOHIBIFBI KepceTiareH. Bis 6y
HOTHUKEJIEPIl YKAJIFACTBIPDII, JIOKAJIBI MOHOTOHIBIKKA, N-TOPTINTIIIKKE YKOHE aHBIKTAJJIATHIH
QYHKITUATAPIBIH TEPEHIITiHEe HA3ap ayIapaMbi3. ATam affTkaHaa, MyHIAH OYHKITHSTHBIH Keii-
6ip mIeKTi HATYypaJI N YIIiH KeCIHIUNK n-TopTinTi 60J1aThIHBIH KepceTeMi3. Byl MOHOTOHIBIK,
TEOPUSCHIH OJICI3 O-MUHUMAJI KYPBLIBIMIAPIAH KeHipEeK O-TYPaKThl KOHTEKCKE JIeHiH KaJjra-
CTBIPA/ILL.

Tyiiia ce3nep: perreiren MunuMmaj Teopusi, NIP Teopusichl, KeciHmiIiK MOHOTOHJIBIK,
JIOKAJIbJIi MOHOTOH/IBIK, PETTEINeH TYPAKThl TEOPUs, JTOHECTIK PAHT.

Bep6osckuit B.B. O INIYBUHE ®YHKINU B O-CTABMUJILHOI YIIOPSJTOYEH-
HOW I'PYIIIIE C KOHEYHBIM PAHI'OM BBIITYKJIOCTU

MpsI uccyemgyeM CBORCTBA MOHOTOHHOCTU YHAPHBIX (DYHKITHI, OIPEIEIMMBIX B YIIOPSIO-
YEeHHbIX TI'DyIIIax, 3JIEeME€HTapHbIE TE€OPUNU KOTOPbLIX ABJIATOTCHA O—CT&6I/I.H]:>HBIMI/I U UMEIT KO-
HEYHBI pPAHT BBIMYKJOCTU. [loHSATHE O-CTAOMIBLHOCTH, O0OBEIUHSIONEE O-MUHIMAJIBHOCTh U
CTabUJIBHOCTD, 0DECIIeUNBaET yIOPSIOUEHHOCTh TUIIOB B OKPECTHOCTH cedeHuii. B mpeabrmy-
mux paborax, B yacTHocTH Ojaromapst Bkjaajay llunnes, Craituxopua, BeHnens u japyrux,
ObL/Ia, yCTAHOBJIEHA KyCOUHAsT UM JIOKAJIbHAsT MOHOTOHHOCTD OIPEIeTUMbIX (DYHKINH B c1ab0
O-MHUHUMAJILHBIX CTPYKTYpax. MbI pa3BUBaeM 5TH PE3yJIbTATEI, COCPETOTAINBASICH HA JIOKAJb-
HOIl MOHOTOHHOCTH, N-YHOPSIIOYEHHOCTH U TVIyOWHE OmpesenMbix (yHKImi. B gacTHOCTH,
MBI TTOKA3BIBAEM, ITO JI00ast TaKas (DYHKINS SBJISIETCS KYCOIHO N-YITOPSIIOUEHHON IS HEKO-
TOPOTO KOHEYHOT'O 7, PACIIUPSssi TEOPUI0 MOHOTOHHOCTHU 33 IIPEJIEJIbl CJ1abo O-MUHUMAJIbHBIX
CTPYKTYP K Oojiee 0bOIIeMy O-CTaOUIBHOMY KOHTEKCTY.

KuroueBbie ciioBa: o-mMuHuMasibHast Teopus, Teopusi ¢ NIP, kycounass MOHOTOHHOCTB,
JIOKaJIbHasd MOHOTOHHOCTD, yHOpHﬂO“IeHHO—CTa6I/IHbHaH Teopusd, paHT BBIIIYKJIOCTH.
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