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Abstract. Numerous applications in physics and engineering involve models with partial differential
equations of mixed type. The theory of boundary-value problems for such equations in two dimensions
has been well studied. However, the key problem of well-posedness of mixed problems for such equations
in multidimensional bounded domains remains unsolved. This paper establishes a mixed domain in which
the solution to the Tricomi problem for the multidimensional Lavrent’ev-Bitsadze equation has a unique
classical solution.
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1 Introduction

Many important applications in physics and engineering involve models with partial dif-
ferential equations of mixed type. For instance, models of electrostatic waves in a cold plasma
lead to solving boundary-value problems for mixed elliptic-hyperbolic equations (see [1]).

Another classical application involves modeling vibrations of elastic membranes. Let the
membrane deflection be described by a function u(x, t), x = (x1, ..., xm),m ≥ 2. Following
Hamilton’s principle, one then obtains a multidimensional wave equation. Instead, assuming
that in the bending position the membrane lies in equilibrium, we get to the multidimen-
sional Laplace equation. Hence, the process of vibrations of elastic membranes in space is
mathematically represented by the multidimensional Lavrent’ev–Bitsadze equation ([2]).

The theory of boundary-value problems for hyperbolic-elliptic equations in two dimensions
has been well studied (see, for instance, the monographs [2, 3] and the references therein).
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However, the key problem of well-posedness of mixed problems for such equations in mul-
tidimensional bounded domains remains, to the best of our knowledge, currently unsolved
([4]).

A multidimensional version of the Tricomi problem for the Lavrent’ev–Bitsadze equation
was initially posed in [4,5] (see also [6]). In the articles [7, 8] the authors prove that this
problem in the multidimensional case is ill-posed, i.e., it has multiple solutions.

Naturally then, a key question is: in which mixed domains the solution of the Tricomi
problem is well-posed? In this paper, we answer this question by establishing a mixed do-
main in which the Tricomi problem (for the multidimensional Lavrent’ev–Bitsadze equation)
is uniquely solvable; moreover, we obtain an explicit form of the classical solution to this
problem.

Let us also mention the article [9], which analyzes the Tricomi problem in a three-
dimensional domain.

2 Statement of the Problem and the Main Result.

Let Ωε be a finite domain of the Euclidean space Em+1 of points (x1, ..., xm, t), bounded for
t > 0 by the spherical surface Γ : |x|2+t2 = 1, whereas for t < 0 by the conesKε : |x| = −t+ε,
K1 : |x| = 1 + t, ε−1

2 ≤ t ≤ 0, where |x| is the length of the vector x = (x1, . . . , xm), and
0 ≤ ε < 1.

Let us denote with Ω+ and Ω−ε the parts of the domain Ωε, that lie in the half-spaces t > 0
and t < 0, with Sε the general part of the boundaries of the domain Ω+, Ω−ε representing the
set {t = 0, ε < |x| < 1} of the points in Em. The parts of the cones Kε, K1, bounding the
domain Ω−ε , are denoted as Sε, S1 respectively.

In the domain Ωε let us consider the multidimensional Lavrent’ev–Bitsadze equation

∆xu+ (sgn t)utt = 0, (1)

where ∆x is the Laplace operator defined over the variables x1, . . . , xm, m ≥ 2.
From here onwards, we conveniently switch from the Cartesian coordinates x1, . . . , xm, t

to the spherical ones r, θ1, . . . , θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i = 2, . . . , m − 1,
θ = (θ1, ..., θm−1).

The multidimensional Tricomi problem is then the following:
Problem 1. Find a solution of the Equation (1) in the domain Ωε under t 6= 0 in the

class C(Ωε) ∩ C2(Ω+ ∪ Ω−ε ) satisfying the following boundary-value conditions:

u
∣∣∣
Γ

= ϕ(r, θ), (2)

u
∣∣∣
S1

= ψ(r, θ), (3)

Let us mention that Problem 1 under ε = 0 in a specific case has been analyzed in [5].
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Let
{
Y k
n,m(θ)

}
be a system of linearly independent spherical functions of order n, where

1 ≤ k ≤ kn, (m−2)!n!kn = (n+m−3)!(2n+m−2), and W l
2(S), for l = 0, 1, . . . , are Sobolev

spaces.
The following lemmata hold ([10]).
Lemma 1. Let f(r, θ) ∈W l

2(Sε). If l ≥ m− 1, then the series

f(r, θ) =

∞∑
n=1

kn∑
k=1

fkn(r)Y k
n,m(θ), (4)

as well as the series obtained from it by differentiation of order p ≤ l − m + 1, converges
absolutely and uniformly.

Lemma 2. For f(r, θ) ∈ W l
2(S), the necessary and sufficient condition is that the coeffi-

cients of the series (4) satisfy the inequalities

∣∣∣f1
0 (r)

∣∣∣ ≤ c1,

∞∑
n=1

kn∑
k=1

n2l
∣∣∣fkn(r)

∣∣∣2 ≤ c2, c1, c2 = const.

We denote by ϕkn(r) and ψkn(r) the coefficients of the decomposition of the series (4) of
the functions ϕ(r, θ) and ψ(r, θ), respectively.

Let ϕ(r, θ) ∈W l
2(Γ), ψ(r, θ) =

(
r − 1+ε

2

)m+1
2 ψ∗(r, θ), ψ∗(r, θ) ∈W l

2(S1), l > (3m+4)
2 .

Then, the following theorem holds.
Theorem 1. For any ε ≥ 0 Problem 1 is uniquely solvable.
Proof of Theorem 1. In spherical coordinates, the equation (1) in the domain Ω+ has

the following form (see [10]):

urr +
m− 1

r
ur −

1

r2
δu+ utt = 0, (5)

δ ≡ −
m−1∑
j=1

1

gj sinm−j−1 θj

∂

∂θj

(
sinm−j−1 θj

∂

∂θj

)
, g1 = 1, gj = (sin θ1... sin θj−1)2, j > 1.

It is well known that the spectrum of the operator δ consists of the eigenvalues λn =
n(n + m − 2), for n = 0, 1, . . . , to each of which correspond kn orthonormal eigenfunctions
Y k
n,m(θ).

Given that the desired solution of Problem 1 in the domain Ω+ belongs to the class
C(Ω̄+) ∩ C2(Ω+), then this solution can be sought in the form

u(r, θ, t) =

∞∑
n=0

kn∑
k=1

ūkn(r, t)Y k
n,m(θ), (6)
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where ūkn(r, t) are functions to be determined.
Substituting (6) into (5), taking into account the orthogonality of the spherical functions

Y k
n,m(θ) (see [10]), we obtain

ūknrr +
m− 1

r
ūknr + ūkntt −

λn
r2
ūkn = 0, k = 1, kn, n = 0, 1, ... , (7)

where we write the boundary condition (2), considering Lemma 1, in the form

ūkn(r,
√

1− r2) = ϕkn(r), k = 1, kn, n = 0, 1, ..., 0 ≤ r ≤ 1. (8)

In (7),(8), substituting ūkn(r, t) = r
(1−m)

2 ukn(r, t), and then letting r = ρ cosϕ, t = ρ sinϕ,
ρ ≥ 0, 0 ≤ ϕ ≤ π we obtain

υknρρ +
1

ρ
υknρ +

1

ρ2
υknϕϕ +

λn
ρ2 cos2 ϕ

υkn = 0, (9)

υkn(1, ϕ) = gkn(ϕ), (10)

where
υkn(ρ, ϕ) = ukn(ρ cosϕ, ρ sinϕ), λn =

[(m− 1)(3−m)− 4λn]

4
,

gkn(ϕ) = (cosϕ)
(m−1)

2 ϕkn (cosϕ) ,

Let us seek the solution of the problem (9)–(10) in the form

υkn(ρ, ϕ) = R(ρ)φ(ϕ). (11)

Substituting (11) into (9), we obtain

ρ2Rρρ + ρRρ − µR = 0, (12)

φϕϕ +

(
µ+

λ̄n
cos2 ϕ

)
φ = 0, µ = const. (13)

If we look for the solution of the Euler equation (12) in the form R(ρ) = ρs, 0 ≤ s = const,
we hence obtain s2 = µ.

Henceforth, let’s write the equation (13) in the following form:

φϕϕ =

[
l(l − 1)

cos2 ϕ
− s2

]
φ, l = −n− (m− 3)

2
. (14)

In equation (14), substituting ξ = sin2 ϕ we obtain the following equation:

ξ(ξ − 1)gξξ +

[
(α+ β + 1)ξ − 1

2

]
gξ + αβg = 0, (15)
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g(ξ) =
φ(ϕ)

cosl ϕ
, α =

(l + s)

2
, β =

(l − s)
2

.

The general solution of equation (15) can be represented by the formula (see [11]):

gs(ξ) = c1sF

(
β, γ,

1

2
; ξ

)
+ c2s

√
ξF

(
β +

1

2
, γ +

1

2
,

3

2
; ξ

)
, (16)

which is periodic in ϕ, if s = 0, 1, ..., where c1s, c2s are arbitrary independent constants,
whereas F (β, γ, α; ξ) is the Gaussian hypergeometric function.

Consequently, from (11) and (16) it follows that the general solution of the equation (9)
can be written as

υkn,µ(ρ, ϕ) =
∞∑
s=0

ρs cosl ϕ

[
c1sF

(
β, γ,

1

2
; sin2 ϕ

)
+ c2s sinϕF

(
β +

1

2
, γ +

1

2
,
3

2
; sin2 ϕ

)]
.

(17)

Because
∣∣υkn (ρ, π2) ∣∣ <∞, from (17) we obtain

c1sF

(
β, γ,

1

2
; 1

)
+ c2sF

(
β +

1

2
, γ +

3

2
,
3

2
; 1

)
= 0,

or
c2s = − 2Γ(1− β)Γ(1− γ)

Γ

(
1

2
− β

)
Γ

(
1

2
− γ
)c1s, (18)

where Γ(z) is the gamma function.
Substituting (18) into (17), we obtain

υkn(ρ, ϕ) =

∞∑
s=0

c1sρ
s cosl ϕ

[
F

(
β, γ,

1

2
; sin2 ϕ

)
−

− 2Γ(1− β)Γ(1− γ)

Γ

(
1

2
− β

)
Γ

(
1

2
− γ
) sinϕF

(
β +

1

2
, γ +

1

2
,

3

2
; sin2 ϕ

) . (19)

A well-known result is (see, for instance, [12]) that the system of functions{
1

2
, cos 2sϕ, sin 2sϕ, s = 1, 2, ...

}
is complete, orthogonal in C([0, π]), and therefore it is also closed.

From here, it follows that the function gkn(ϕ) ∈ C([0, π]) can be decomposed into the series
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gkn(ϕ) = ak0,n +

∞∑
s=1

(
aks,n cos 2sϕ+ bks,n sin 2sϕ

)
, (20)

where
ak0,n = 1

2π

π∫
0

gkn(ϕ)dϕ, aks,n = 1
π

π∫
0

gkn(ϕ) cos 2sϕdϕ,

bks,n = 1
π

π∫
0

gkn(ϕ) sin 2sϕdϕ, s = 1, 2....
(21)

Next, subjecting the function (19) to the condition (10), taking into account the decom-
position (20) and allowing ϕ = 0, we obtain

c1n = aks,n, s = 0, 1, ..., . (22)

Therefore, from (6), (19), and (22) it follows that the solution of the problem (5),(8) in
the domain Ω+ is the function

u(r, θ, t) =
∞∑
n=0

kn∑
k=1

∞∑
s=p

[
aks,nr

2−m−n(r2 + t2)
s
2

+n
2

+
(m−3)

4

F

(
−n

2
+

3−m
4

+
s

2
, −n

2
+

3−m
4
− s

2
,

1

2
;

t2

r2 + t2

)
−

−
2Γ

(
1 +

n

2
+
m− 3

4
− s

2

)
Γ

(
1 +

n

2
+
m− 3

4
+
s

2

)
Γ

(
1

2
+
n

2
+
m− 3

4
− s

2

)
Γ

(
1

2
+
n

2
+
m− 3

4
+
s

2

) t(r2 + t2)−
1
2

F

(
−n

2
+

5−m
4

+
s

2
, −n

2
+

5−m
4
− s

2
,

3

2
;

t2

r2 + t2

)]
Y k
n,m(θ). (23)

From (23), for t −→ +0 we obtain

u(r, θ, 0) = τ(r, θ) =

∞∑
n=0

kn∑
k=1

∞∑
s=p

aks,nr
s+ 1−m

2 Y k
n,m(θ), (24)

where p ≥ m−1
2 , whereas aks,n are determined from (21).

It is known that if gkn(ϕ) ∈ Cq((0, π)), then the following estimate takes place (see [13])
|aks,n| ≤ c1

sq+2 , q = 0, 1, ..., and, moreover, the following formulae hold (see [14]):

dq

dzq
F (a, b, c; z) =

(a)q(b)q
(c)q

F (a+ q, b+ q, c+ q; z), q = 0, 1...,
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(a)q =
Γ(a+ q)

Γ(a)
,

Γ(z + α)

Γ(z + β)
= zα−β

[
1 +

1

2z
(α− β)(α− β − 1) +O(z−2)

]
,

as well as the following estimates hold (see [10]):

|kn| ≤ c1n
m−2,

∣∣ ∂q
∂θqj

Y k
n,m(θ)

∣∣ ≤ c1n
m
2
−1+q, j = 1, m− 1, q = 0, 1..., .

From the embedding theorem (see [15]) it follows that W l
2(Sε) ⊂ Cq(Sε)∩C(S̄ε) provided

that l > q + m
2 .

The above analysis, together with the lemmata and the boundary-value conditions, imply
that the solution of the form of equation (23) u(r, θ, t) ∈ C(Ω̄+) ∩ C2(Ω+), where

τ(r, θ) = r2τ∗(r, θ), τ∗(r, θ) ∈W l
2(Sε), l >

3m

2
+ 2.

Hence, taking into account the boundary conditions (3) and (24), we arrive, in the domain
Ω−ε to the Darboux-Protter problem for the multidimensional wave equation:

∆xu− utt = 0 (25)

with the following conditions:

u
∣∣∣
Sε

= τ(r, θ), u
∣∣∣
S1

= ψ(r, θ) (26)

for which the following theorem has been established (see [16-18]):
Theorem 2. For ε ≥ 0 the problem (25)–(26) has the unique solution.
Next, using Theorem 2, we arrive to the validity of Theorem 1.
Given that in [16–18] the explicit form of the classical solution of the problem (25)–(26)

has been obtained, then we can also analogously derive an explicit representation also for the
solution of Problem 1.
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Алдашев С.А. КӨПӨЛШЕМДI ЛАВРЕНТЬЕВ-БИЦАДЗЕ ТЕҢДЕУI ҮШIН ТРИ-
КОМИ ЕСЕБIНIҢ КОРРЕКТIЛIГI

Физика мен техникадағы көптеген қосымшалар аралас типтi iшiнара дифференциал-
дық теңдеулерi бар модельдердi қамтиды. Екi өлшемдегi мұндай теңдеулер үшiн шека-
ралық есептердiң теориясы жақсы зерттелген. Дегенмен, көпөлшемдi шектелген облы-
стардағы мұндай теңдеулер үшiн аралас есептердi дұрыс қоюдың негiзгi мәселесi қазiргi
уақытта шешiлмеген күйiнде қалып отыр. Бұл жұмыста аралас облыс келтiрiлген, онда
көпөлшемдi Лаврентьев-Бицадзе теңдеуiне Трикоми есебiнiң классикалық жалғыз ше-
шiмi бар екендiгi дәлелденген.

Түйiндi сөздер. Трикоми есебi, аралас облыс, классикалық шешiм, көпөлшемдi
Лаврентьев-Бицадзе теңдеуi, сфералық функциялар.

Алдашев С.А. КОРРЕКТНОСТЬ ЗАДАЧИ ТРИКОМИ ДЛЯ МНОГОМЕРНОГО
УРАВНЕНИЯ ЛАВРЕНТЬЕВА-БИЦАДЗЕ

Многочисленные приложения в физике и технике включают модели с уравнениями
в частных производных смешанного типа. Теория краевых задач для таких уравнений
в двумерном пространстве хорошо изучена. Однако ключевая проблема корректности
смешанных задач для таких уравнений в многомерных ограниченных областях остается
в настоящее время нерешенной. В данной работе установлена смешанная область, в кото-
рой решение задачи Трикоми для многомерного уравнения Лаврентьева-Бицадзе имеет
единственное классическое решение.

Ключевые слова. Задача Трикоми, смешанная область, классическое решение, мно-
гомерное уравнение Лаврентьева-Бицадзе, сферические функции.
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