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Abstract. We study the classification of Dedekind cuts in the field K(«), where K C R and « is
a positive infinitesimal. The cuts are analyzed according to three criteria: fundamentality, symmetry,
and algebraicity. We prove that every non-principal cut in K(«) that is both non-fundamental and
asymmetric must be algebraic. For such cuts, we construct a sign-changing polynomial whose root
realizes the cut. Furthermore, we investigate the properties of these polynomials and their dependence
on the structure of the base field K. The results contribute to the broader understanding of algebraic
and order-theoretic properties in non-Archimedean extensions of real fields, particularly in the context
of model theory and real algebraic geometry. The classification developed here provides a constructive
approach to identifying algebraic cuts and offers insights into the interaction between infinitesimal

elements and the topological structure of real closed fields.
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1 Introduction

The monograph [5] and the review article [4] present established approaches to the study of
totally ordered fields, which appeared in the works of Artin and Schreier [1] and developed
together with a non-standard analysis, an analysis of non-Archimedean valued fields, and a
model theory. One of the directions for the investigation of ordered fields is connected with
the cut (gap) theory. The theory of cuts dates back to Dedekind’s work and has now received
significant development [11|. The present paper continuous this theme.

Let (F,-,+,<) be a totally ordered field (by ordered, we will always mean “totally or-
dered”). A pair of non-empty subsets A, B C F is called a cut, if A < B and AUB = F. Let,
as in [12], (A, B) be a cut in F', the set A is called a short shore, if there exists ag € A such
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that for all a € A we have a + (a — ag) € A, the element qy is called close to the shore B. If
a shore is not short, then it is called a long shore. If both A and B are long shores, then the
cut (A, B) is called symmetric [12]. If one of the shores is long and the other one is short,
then such a cut (A, B) is called asymmetric [12| (or a ball cut [11]). Let Fy be an ordered
extension of a field F' and « € Fy. We say that = realizes a cut (A, B) [11, 14], if

Va€e AVbe B (a <x<D).

We say that a cut (A, B) is algebraic [12, 14], if in some F; extending F', some x € F1\F
realizes (A, B) and is algebraic over F.

A cut (A, B) is called principal, if A has a largest element or B has a smallest element;
otherwise (A, B) is called non-principal (or a gap [11], or an irrational cut [2]). A cut (A, B)
is called fundamental [12], if for all positive ¢ € F there exist x € A and y € B such
that y — x < e. A fundamental non-principal cut is also called a Scott cut [14]. From the
definitions, it is easy to see that every non-principal fundamental cut is symmetric; every
principal fundamental cut is asymmetric and non-algebraic.

Let L be a totally ordered set. A subset H C L is said to be cofinal to L, if

Vie L3he H (I <h).
A subset H C L is said to be coinitial to L, if
Vie L3he H (I > h).

The least cardinality of a set among all sets that are cofinal (coinitial) to L is called
cofinality (coinitiality) of the set L and is denoted c¢f(L) (coi(L)).
Throughout this paper N is the set of all natural numbers, Q is the field of all rational
numbers, R is the field of all real numbers.
We write F'T for {x € F | x > 0}. For x,y € FT, let x ~ y if there exists n € N such
that
r <ny and y < nzx.

Let Gr be the set of equivalence classes of F' mod ~. We denote the ~-class of an element
x by T, which is an element of Gr. Note that

. 1 1
T={yeFt| @mmneN) —z<y<ma}={yecF"| @3neN) —x<y<nz}
n n

We write z < y if nx <y forany n € N. Clearly, 7 <y rx <y Weputz-y =12 -y.
So, we obtain that (Gp,-,<) is a totally ordered group. If an ordered group is isomorphic
to G, then this group is called a group of Archimedean classes of F' (an Archimedean group
of F'). There exists an ordered embedding of the group (Gp,-, <) in the field F, so we may
assume that Gp C F [5, 10, 9, 4, 12].
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An ordered field F' is real-closed if it does not have a proper algebraic extension to an
ordered field, or equivalently, if every positive element in F' is a square and every polynomial
over F' of an odd degree has a root in F. The Artin-Schreier theorem asserts that every
ordered field F has an algebraic extension to a real-closed field F' whose order is an extension
of the order on F, and that F is unique up to an isomorphism that leaves all elements of F'
fixed [5].

2 Cuts of a totally ordered field of rational functions over an Archimedean field

Let K be a totally ordered subfield of R, Q C K C R; we have G = {1}, thus the field K is
Archimedean. Let K («) be a field of rational functions over K, where « is a transcendental
element over K. A transcendental extension of K of transcendence degree 1 is obtained by
forming the polynomial ring K[a] with indeterminate « and taking its quotient field. We
define the order relation on the set K («) so that « is an infinitesimal: for a polynomial with
coefficients from K, we put

n—=k n—k+1 n
Lo +rp_1a + ...+ rga” >0,

if the coefficient r, at the lowest degree « is greater than zero; the fraction is assumed
to be greater than zero if the numerator and the denominator of the fraction are of the
same sign [5, 3]. For example, (3a® — 2a” — 0,4a?) < 0, because —0,4 < 0. Note that
the field K (a) is non-Archimedean and its group of Archimedean classes is identified with
Gr(a) = {a* | k € Z}. By this order, for all n € N the following hold

1

3 2 l_lo -
I<- - <a'<a" " <n-a< —=—a <«
n o n

<...

We have the following chains of extensions [4]:
KCK(a)SK(@)SK(Q)={>_rna"|v€Q, r,e K, I CQ T is well-ordered},
~yel

the last field is called a Hahn field. Aslo we have the following;:

Q(a) C K(a) € K(o) CR(a) S R((a)) = { > raa" |m € Z, ry R},

n=m

where the last field is a field of formal Laurent series over R.
It is known that

o -y 2 NEED G oRED  a) K(@)
keNu{0} ’
OZQ
= 1hatd e K((0)\ K(a)
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We consider the field K (a) from the point of view of classifying cuts by type:
fundamental /non-fundamental, symmetric/asymmetric, algebraic/non-algebraic.

To define the cut (A, B), it suffices for us to know A, then B = K(«) \ A.
For Q C K C K C R; there are the following examples of cuts:

fund.| sym. | alg. | example
1|1 1 1 A={zre K(a)|z<V1+a}
2 |1 1 0 A={z e K(a) |z <e*}
3|1 0 1 this case is not possible for any field
4 |1 0 0 A={ze K(a) |z < a}
510 1 1 A={r e K(a)|r<wmo,z0 € K\K}, if K\ K # 0
6 |0 1 0 A={r e K(a) |z <mg,z0 € R\ K}, if R\ K # 0}
710 0 1 A={r e K(a)|In e Nz < na}
8 |0 0 0 this case is not possible; we prove it in Theorem 1

Details of the analysis of the given examples of cuts (1)—(7) for K(a) with K = Q can be
found in [13], for the examples that are in the table above, the reasoning is similar.
For a more general case, we prove the following.

Theorem 1. Let K be a totally ordered field, Q C K C R. There is no non-principal cut in
the field K («), which is non-fundamental, asymmetric, and non-algebraic.

Proof. We consider a non-principal, non-fundamental, asymmetric cut (A4, B) of the field
K («), where the set A is short, and the set B is long. The case where A is long and B is
short is treated similarly. We prove that the cut (A, B) is algebraic. To do this, it suffices
to show that there is a polynomial with coefficients from the field K(«), the root of which is
between the sets A and B.

1) From the non-fundamentality condition, we first prove that there exists kg € Z such
that kg = min{k € Z | (Vz € A)(Vy € B) y —z > of}. Indeed, the set {a | k € Z}
is coinitional and it is also confinal to the set (0,+00)g (). By the condition there exists
e € K(a)t such that (Vx € A)(Vy € B) y — 2 > . Then there is k € Z such that
o <e<ab !t sotheset M = {k€Z| (Vo € A)(Vy € B) y —x > oF} is not empty; in
addition, if k£ belongs to M, then all integers larger than k belongs to M. Similarly, there
exist m € Z, x € A, and Jy € B such that y —x < o™. Then m ¢ M and m is a lower bound
of the set M. Therefore, the set M has the smallest element, which we denote by k.

2) Since (A, B) is non-principal, we obtain that for all z € A and m € N it holds that
(x +mako € A). Indeed, let € A, m € N. Assume z1 = z 4+ o’ € B. Then z; — 2 = o,
but it should be z; —z > a*°, for a contradiction. So z; = x + a*° € A, further by induction
we obtain that zo = 21 + a0 € A, ..., 2y = Tpp_1 + a0 = 29+ mako € A.
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3) Note that there are no other Archimedean classes in Gk (,) between the Archimedean

classes af0 = {z € K(a) | 3m,n € N 1aM <z < mako} and ako—1.

4) Let xg be close to B, x1 € A, and g < 1. Then for any x € A with x; < x, we have
that 1 + (1 —2) < 2+ (z — x9) € A and z1 + (21 — ) € A, which by definition means that
1 is also close to B.

5) We prove there exists xg € A such that x¢ is close to B and xg +a*~1 € B. According
to 1), from the minimality of ko there exist z; € A and y; € B such that y; — 1 < ako—1,
If x1 is close to B, then zg = x1. If this is not the case, then due to the asymmetry of the
cut, there exists xg € A that is close to B and larger than x1. So, y1 —xg < y1 — 21 < ako*l,
y1 < xo + ako=1 and zg + o1 € B.

Next, in the proof of the theorem, we assume that z( as in 5).

6) We show that zg + 1ok~ € B for all n € N. Assume the contrary: there exists
ng = maz{n € N | zg + ta*~1 € B}. Then zo + n—loozko_l € B, xo+ ko=l ¢ A. But
since xg is close to B, so

1
no+1 «Q

1
o + ol 4 mn afo—le g
ng+ 1 ng+ 1

for all m € N. For m = ng we obtain that zo + of0~! € B, that contradicts the choice of zg,
see b).

7) We prove that there are no elements from K(a) between the sets {xg + ma’},en
and {zo + La*~1 },cn. Assume the contrary; let there exist z € K (a) such that

1
To + maf <z < To + Z o1
n

for all m,n € N. We have x € AUB. If z € A then Ym € N maf < 2 —z¢ < of0~1, then
according to 3), z — xp € ako—1 and there exists n € N such that %ako_l < z — zg, which

implies that x € B. If t € BthenVn € N x — 2y < %ako*l, and z — xg € ko, there exists
m € N such that  — z¢g < ma* and z € A.

8) From 7) it follows that {zo + ma*®},,en is confinal to A, and {zo + 2afo~1 },cn is
coinitional to B.

9) It remains to insert the root of the polynomial with coefficients from K(a) between
the sets A and B. To do this, take, for example, the element a*~1/2 it does not belong

to K(a) and it is in the extension between the elements of the Archimedean classes o0 and

—

ako=1 50 A < o + af~1/2 < B. We select a polynomial with coefficients from K (o) with
the root zo + a~1/2, say, t = xg + a*0~1/2. Then an example of the desired sign-changing
polynomial in the cut (4, B) is the following: f(t) = (t — z0)? — a?ko~L. O

The proof of the theorem defines an algorithm for searching for a sign-changing polynomial
on its asymmetric, non-fundamental cut in K («) for Q C K C R.
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Examples (1)—(8) give a complete classification of cuts in K(«), for Q C K C K C R by
the type of fundamentality, symmetry, and algebraicity.

Note that there exist fields of formal power series with non-principal, non-fundamental,
asymmetric, non-algebraic cuts [8§].
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lamanopa H.FO. APXUMETIK ©PIC YCTIHAEI'T PAHMOHAJI ®YHKIUAJIAP
OPICIHIH ChI3bIKThI PETTEJIVIHIEI'T KECIHAIJIEP

Byn makanaga K C R xxoHe av — OH ImeKci3 Kimi ssiemenT 6osran xKaraaiina, K («) epicin-
neri Hemekwan Kecinaiiepidis, pyHIaAMEHTAIIBIK, CHMMETPHUSIIBIK, YKoHe aJre0paJIblK, Typjepi
GoiibiHia KikTesyl Kapacrbipbliaipl. K («) epicingeri opbip npunnunri emec, opi dyHma-
MEHTAJIIbI eMeC YKoHe CHMMETPUIbI eMeC KeCiHII MIHIeTTI Typiae aJreOpaJjblk, 0OJIaThIHBI
monenmeneni. Mynmait keciuijiep VIIiH OCbhl KeCiHJIiHI Ky3ere achIpaThiH, TAHOACHIH ©3rep-
TeTiH KOIMYyIe Kypy omici ycbiHbLIanbl. COHBIMEH KaTap, Oy/I KelMyIleJepaiH KacueTrrepi
MEH OJIapIblH 6a3aJiblK epic K-TiH KypbULIBIMBIHA TOYEJILIr 3eprreseai. AJIbIHFAH HOTH-
JKejlep HaKThl CaHJap OpiciHiH ApxXuMenKke >KaTHAWTHIH KEHEHTYJIepiHiH aJrebpasblK, KoHe
TOPTINTIK KACKETTEPIH TEPEHIPEK TYCIHyre MyMKIHIK Oepe/i, acipece MOIE/IbiK TeOpUsi MeH
HaKThI aJIreOpaJjIblK IeOMeTPHs TYPFBIChIHAH. ¥ CHIHBLIFAH XKIKTEY aJreOpaJIblk KeciHaiiepi
KOHCTPYKTHUBTI TYpJe CUIIATTayFa »Kardail >Kacaill, IIeKCi3 Killli 3JieMeHTTePIiH HAKThl *KabbIK,
epicTep/IiH, TOMOJIOTUSIIBIK, KYPBIIBIMBIMEH OalIaHBICHIH afiKbIHIANIBI.

Tyitin ce3mep: kecingi (60c OPBIH), CBI3BIKTHI pETTEJNTreH opic, bemiHal epic, hopma bl
JPPEeXKeJK KaTap.

lamanosa H.JO. CEYEHIS B JIMHENHO YIIOPSAJOYEHHOM ITOJIE PAIIMOHAJIb-
HBIX OVHKIINN HAJI APXVMEJOBBIM ITOJIEM

B pmannoit pabore uccienyercs kinaccudukanus (lesekunmaoBbix) cevennii B nose K (o),
rie K C R, a o — nojioxkuresibHas OeCKOHEYHO MaJias BeqmanHa. CedeHusi paccMaTpUBa-
IOTC C TOYKHU 3peHusi PyHIAMEHTAILHOCTH, CUMMETPUYIHOCTH U ajredpananoctu. /lokaza-
HO, 9TO KaxKji0e cobcrBeHHoe cevenne B K (o), KoTopoe 0JHOBpeMEeHHO HedyHIAMEHTATBHO 1
HECUMMETPHUYHO, SBJIeTCs ajredpandeckuM. Jljis Takux cedeHuil MOCTPOEH MEHSIONNI 3HAK
MHOI'OYJIEH, KOPEHb KOTOPOIr0 HMOPOXKJIAET COOTBETCTBYIOIIee cedenue. [loydennbie pe3yiib-
TaThl CIIOCOOCTBYIOT OoJiee IiIyOOKOMY HMOHHMAHUIO ajreOpamdecKuX U IOPsIKOBBIX CBOMCTB
HEApXUMEJIOBBIX PACIIUPEHNN BENIECTBEHHBIX I0JIEN, 0COOEHHO B KOHTEKCTE TEOPHUH MOJIeJeil
1 BelecTBEHHOH ajrebpanyeckoil reomerpun. Kitaccudukarus cedeHuit obecriednBaeT KOH-
CTPYKTHUBHBIN T0/IX0J K PACIIO3HABAHUIO AJIreDPAnIECKNX CEYEHUI U BBISBIISET B3aMMOCBA3D
MeXK/ 1y OECKOHEUHO MAaJIbIMU 3JIEMEHTAMHU U TOMOJOTHYECKON CTPYKTYPOH BEIECTBEHHO 3a-
MKHYTBIX IIOJIEe.

KitioueBsbie ciioBa: ceueHne, JUHEHHO YIOPSIOUEHHOE 0JIe, IT0JIe YACTHBIX, (POPMAJIBHO
CTEIICHHON ps.
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