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Abstract. The boundary value problem with parameter for Fredholm integro-differential equation with
degenerate kernel is investigated in this paper. The aim of the paper is to establish the solvability
conditions, to construct analytical and numerical solutions of the considered problem. The basis for
achieving the goal is the ideas of Dzhumabayev parameterization method, classical numerical methods of
solving Cauchy problems and numerical integration techniques. A problem with parameters is obtained
by introducing an additional parameter and a new unknown function. A system of equations with
respect to parameters is compiled according to the initial data of the considered equation and boundary
conditions. The unknown function is found as a solution of the Cauchy problem for the ordinary
differential equation. The equivalence of the original problem and the problem with parameters, the
conditions of unique solvability are established and the formula for finding an analytical solution is
obtained. Test examples of finding analytical and approximate solutions of the original problem are

given.

Keywords. integro-differential equation, boundary value problem, parametrization method, parameter,

solvability.

Integro-differential equations are widely employed across various domains, serving as
mathematical models for diverse processes in physics, biology, chemistry, economics, and
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other fields. Their significant role in analyzing processes has been emphasized in the mono-
graphes [1]-[4] and in a review of early studies dedicated to initial and boundary value prob-
lems for integro-differential equations. Different aspects of qualitative theory and approxi-
mate methods applied to integro-differential equations and problems for such equatons, as
well as their applications, are detailed in works [5]-{24].

We consider the linear boundary value problem with parameter for Fredholm integro-
differential equation

T

d

L =0+ ) [wlals)ds + 10, e 0.7) 1)
0

a;z(0) + mip + Bix(T) =d;, p,di € R, i=1,2. (2)

where the functions p(t), ¢(t), ¥(t), f(t) are continuous on [0, T].

A solution to Problem (1)—(2) is a pair (z*(t), u*), where the function z*(¢) continuous on
[0,T] and continuously differentiable on (0,7") and satisfies the integro-differential equation
(1) and boundary conditions (2) at pu = u*.

The problem (1), (2) is investigated by the parameterization method [25]. Introducing the
additional parameter A = z(0), and performing a replacement of the function u(t) = z(t) — A
on t € [0,7), we obtain the boundary value problem with parameters

% p(t)(u+ )+ p(t /1/1 s)+ANds+ f(t), tel0,T), (3)
al)\+mzu+ﬁl<)\+ hmou( )) =d;, i=1,2. (5)

A solution to Problem (3)—(5) is a pair (A*,u*(t)), where A* = (X\*, u*), u*(t) is continuously
differentiable on [0,7"), and satisfying the equation (3) and the conditions (4)-(5) at the
A= \*, pu=p* A solution to the initial problem (3)—(4) can be write in the following form:

ftp(s) / jp (s1)ds1
u(t) = ed / s)A+ (s /1/} T)+ AN)dt + f(s )]e 0 ds, tel0,T). (6)
0
We set € = f Y(T)u(T)dr and rewrite (6) in the next form:
[p)s [ / - [ ot
u(t)=ed /[()ng €+ (s /w A+ f(s)]e 0 ds, te0,T). (7)
0 0
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Multiplying both sides of (7) by (t) and integrating on the interval [0, T'], we obtain the
linear algebraic equations with respect to ¢ € R:

T T s
s)ds — s1)ds1
£:/w(7') eﬂfp() /gp(s)e Ofp( ) dsdr - £+
0

0
T T s
S p(s)ds — [ p(s1)ds1
+ /w(t) eo / S)A+ (s /1/1 YdtA+ f(s)le © dsdt. (8)
0 0 0

Let a(v,t) = eOfp(t)dt fv(s)e_fp(SI)d81 s. We rewrite (8) in the form
0
T T T
(1= [wate.0i)e = [w)]at.or+aet) [wnara+arola o
0 0 0

Then according to (9) the parameter £ can be determined by the equality

:fwwK +a¢,f¢ )-A+dﬁﬂht

(10)
1—gwww%wﬁ

Substituting the right-hand side of (10) instead of £ in (7), we obtain the representation
of the function u(t) via A:

u(t) = g(OA + h(t), te[0,T), (11)

T T
/ s)ds + a(p,t) /
0 0
/T
0
T

9_1—/¢@M%oﬁ

0

where

P(T)dr,

%\H
%\H

g(t) = a(p,t) + a(p,t)

O\H

%\)—‘

h(t) = a(f,t) + alp,t)

herewith
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Then from (11) we have

tﬁli%niou(t) =g(T)\+ h(T). (12)

Substituting the right-hand side of (12) into the boundary conditions (5), we obtain the

following system of linear algebraic equations with respect to parameters A and pu:
[a1 + B1(1 4+ g(T))IA + map = di — B1A(T), (13)
[ag + B2(1 + g(T))]A + map = dg — B2h(T).

By denoting the matrix corresponding to the left-hand side of the system (13) by @ and this
system can be written as

Q-A=F A=(\p), (14)

where
_( ar+Bi(1+g(T) m _( di—Bh(T)
Q_<a2+52(1+9(T)) m2>’ F_<d2—52h(T)>.

Lemma. The following assertions hold:
(a) the vector A* = (\*, u*), composed by the values of a solution z*(¢) to the problem (1)—(2)
at the point A\* = 2*(0), satisfies the system (14);
(b) if A = (X, 1) is a solution to the system (14) and the function @(t) is a solution to the
Cauchy problem for integro-differential equation (3)—(4) with A = X, z = i, then the function
Z(t), defined by the equalities: Z(t) = A+a(t), t € [0,T), #(T) = 5\+t_l>i:rprloﬂ(t), is a solution
to the problem (1)—(2).

Let us introduce the notations

o - N
p=max [p(0)l, 7= max [e(h), ¥ = max W), Q=1

Theorem. Let 6 # 0 and the matrix @ be invertible. Then the problem (1)—(2) has a
unique solution (z*(t), u*) for any f(t), d; and dg, and the following estimate holds:

2" < N max(|du], [dal, [ f]]),

where
N= epT{so[@zb(e”T — 1+ eTFB) + | +1}(1 + max(Br, B2)) %
X max {1, TePT [1 + epTcpé‘l/J} } +ePIT [cpwai/}epT + 1} .

The proof of the theorem is given similarly to the proof of Th.2.1 of [24].
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Let A*, u* be a solution to (14). We construct the next function:

T
Py =e0(¢ + [ o x) + 1), (15)
0

and define the solution to the boundary value problem (1)—(2) by the equalities:

t

[p(s)ds  [p(s)as /tf* e

z*(t) = \'ed +ed (s)e © s, t€[0,T), (16)
0
Foat  Jpar [ Jp(s)
t)dt t)dt — s)ds
(T = Ner et / Fr e o at. (17)

Further we consider two test examples on finding solutions of boundary value problems
for Fredholm integro-differential equations with a parameter.

Examples.

Consider the following linear boundary value problem:

1
CC% () 4+ 2t/(1253 +30)2(s)ds + (1), e (0,1), (18)
0
22(0) + 31 — 6(T) = 53, (19)
42(0) — 111 + 92(T) = —154. (20)

Problem A.

Let p(t) =1, f(t) = —t> — 305t — 12.
1
We introduce the additional parameter A = z(0) and & = [(12s® + 30)u(s)ds, where
0
u(s) =xz(s) — A\, on s € [0,1).

Then for the function u(t) we have the equality

t 1
ult) = et/ [)\ + 256+ 23/(1273 +30)dr A — 5% — 3055 — 12} e~sds, te[0,1), (21)
0 0
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Multiplying both sides of (21) by (12t3 + 30) and integrating on the interval [0, 1], we have
the linear algebraic equations with respect to &:

1
= / (12t3 4+ 30) e [ 2se 5dsdt - £+
0

Ho\
-

t 1
+ / (123 + 30) ¢! / [1 +2s / (1273 +30)dr]e*8dsth—
0 0 0

1 t
- /(12t3 +30) et/ [52 + 3055 + 12] e*dsdt. (22)
0 0

From (22), we determine &:

5 2727 12414
=2 |[402e — 220 A+ 220 1914e]. 2
¢ 89—606[(0 5 )AJF 5 ) e] (23)

We substitute (23) into the right side of (21) and obtain the representation of the function
u(t) through A:

u(t) = et/t
0

— 60e

t
1 12414
+ 6t/ [89 _0206 ( S 19146) — 5% — 3055 — 12] e °ds, te|0,1), (24)

0

1
1 272
1+ 2s /(1273 +30)dr + % (402e - 757>] e SdsA+
0

Then the boundary conditions using (24) at t — 1 lead to the following system of linear
algebraic equations with respect to parameters A and pu:

2(1227e—2609) 3 A 20598e—41599
60e—89 60e—89 ( )
= . 25
7204—3261e ~11 L 69029—35367¢
60e—89 60e—89

From (25) we find the values of parameters \* = 7 and p* = 19 and from (23) we find the
value of £&* = —75. Then using found \* = 7 and & = —75, from (14) we construct the
function

1
FH(t)y=2t( —75 + 7/ (125% + 30) ds — 12— 305t — 12 = —2 + Tt + 12. (26)
0
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From (15) we define the solution
t
z*(t) = Tel + € /(—82 +7s+12)e " %ds, te€]0,1).
0

Therefore, the unique solution to Problem A is a pair (z*(t), u*), where

o*(t) =t>—5t+7, t€]0,1),
z*(1) = 3, (27)
w* =109.

If the right-hand sides of (16), (17) contain “non-breaking” integrals, then the solution
to the problem (1)—(2) is found numerically.

Problem B.

Let p(t) = e, f(t) = (5t — 7 — t2)e~*" — 310t — 5.

Here we use the numerical algorithm of Dzhumabaev parametrization method [24] for
solving Problem B. Accuracy of solution depends on the accuracy of solving the Cauchy
problems. We provide the results of the numerical implementation of algorithm by partition-
ing the interval [0, 1] with step h = 0.05.

Exact solution of Problem B is the (27).

The differences between the exact and approximate solutions to Problem B are provided
in the following Tables:

| e ] z(t) | =) [ -3 ] k | t ] z(t) | 2°(1) [ [o"(t) — ()]
0 7.0000006666 7 0.0000006666 | 10 | 0.5 4.750000808 4.75 0.000000808
0.05 | 6.7525006924 | 6.7525 | 0.0000006924 | 11 | 0.55 | 4.5525008042 | 4.5525 | 0.0000008042
0.1 | 6.5100007161 6.51 0.0000007161 | 12 | 0.6 | 4.3600007965 4.36 0.0000007965
0.15 | 6.2725007376 | 6.2725 | 0.0000007376 | 13 | 0.65 | 4.1725007847 | 4.1725 | 0.0000007847
. 6.0400007566 6.04 0.0000007566 | 14 | 0.7 | 3.9900007686 3.99 0.0000007686
0.25 | 5.812500773 | 5.8125 | 0.000000773 | 15 | 0.75 | 3.8125007482 | 3.8125 | 0.0000007482
0.3 | 5.5900007865 5.59 0.0000007865 | 16 | 0.8 | 3.6400007235 3.64 0.0000007235
0.35 | 5.372500797 | 5.3725 | 0.000000797 | 17 | 0.85 | 3.4725006944 | 3.4725 | 0.0000006944
0.4 | 5.1600008042 5.16 0.0000008042 | 18 | 0.9 | 3.3100006609 3.31 0.0000006609
0.45 | 4.9525008079 | 4.9525 | 0.0000008079 | 19 | 0.95 | 3.1525006232 | 3.1525 | 0.0000006232
4.750000808 4.75 0.000000808 | 20 1 3.0000005811 3 0.0000005811

© 0O Tk W+~ O
o
[\

—_
o
o
o

| Ai(t) L@ [ @ —a@)] ]
[ 19.0000007178 [ 19 [ 0.0000007178 |
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Remark.

1) at m; = mg = 0 the problem (1)—(2) becomes overdetermined;
a m b
2) at =20 = L= 2L the problem (1)—(2) becomes indeterminate.
a9 meo bg d2
Conclusion. In this paper, based on the ideas of Dzhumabayev parameterization
method, a linear boundary value problem with a parameter for an integro-differential equation
with a degenerate kernel is investigated. The conditions of unique solvability of the inves-
tigated problem are established. Two test examples for finding analytical and approximate

solutions are given.
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Bakuposa 9.A., Uckakosa H.B., Kagupbaesa K. M. ®PE/II'OJIbM UHTEI'PAJIIABIK-
JNOOEPEHIMAJIIBIK TEHAEYI YIITH ITAPAMETPI BAP ITETTIK ECEITTI HIE-
HIYIIH CAHJBIK 2KY3EI'E ACBIPBIJIYbBI

2Kympicra ezeri afinpiran @peAronbM HUHTETPAIIBIK- TH(MDMEPEHITHAIILIK, TeHAeyl YIMiH
mapamMeTpi Oap meTTiK ecen 3eprredineai. 2K yMBICTBIH MaKCaThl 3ePTTENTIHETIH ecenTiH Oip-
MOHI IMeIIIIMIITIH, aHAJIATHKAJIBIK KoHEe CAHIBIK MICNNMIAEPiH Kypy OOJBII TabbLIAIbI.
Maxkcatka xery Herizi 6osbin JlxkymabaeBTbiH napamerpaey oaici, Ko ecenrepin memnryTin
KJIACCUKAJIBIK, CAH/IBIK, 9JICTEP] 2KoHE CAHABIK MHTETPAJIIayIbIH TOCLIAepi KaTa apl. KockMmImma
mapaMerpi ykoHe kaHa Oesriciz QyHKIWAHB €Hri3y apKbLIbl mapaMerpliepl 0ap ecem ajbl-
Hapl. KapacThIpbLIbI OThIPFaH TEHIEY/IiH, METTIK MapTTap/IbH bacTankel 6epiaimiaepi 60ii-
BIHIIA, APAMETPJIEPre KATHICTHI TEHACYAEP Kylieci Kypbuiabl. Benariciz dyukius kot gud-
depermuaaask, TeHaey yimia Kot ecebimiy mrernmivi periage Tabblaaapl. Bactanks! ecen mex
mapaMerpJsepi Dap ecenTiH 3KBUBAJEHTTLIIT, BIpMOHIL MIETTLIIM/IIINIHIE TIapTTaphl Taraii-
BIHAAIAIB] 2KOHE aHAJUTUKAJIBIK, TerriM Il Tabynbis, hopMyIachkl aabiHa 6. Bepisren ecenTin
AHAJATHKAIBIK, YKOHE KYBIK, [IeNIMIepiH TabyIblH TECTTIK MBICAJIIAPHI KEITIpiae/.

Kinrrix cezaep. murerpananik-auddepeHnnaiiblK TeHAeY, MeTTIK eCcel, mapaMerpriey
9/IiCi, TapaMeTp, MIeNTIIMIIIK.

Bakuposa 9.A., Nckakosa H.B., Kagupbaesa 2K.M.
YNCJIEHHAS PEAJIN3ALINS PEIIEHN A KPAEBOI 3AJTAYN C IIAPAMETPOM
JJI THTETPO- ANOOEPEHIIMAJIBHOTO YPABHEHU A ®PEATOJIBMA

B pabore uccienyercs kpaesas 3a7ada ¢ TapaMeTpoM I HHTETPo-TuddepeHITnaabHOTo
ypaBuenng Ppearosbma ¢ BBIPOKIACHHBIM aapoM. 1lembio paboThl SIBISETCH yCTAHOBJICHUE
VCIIOBUI pa3pelmMOoCTH, TTOCTPOEHNE aHAJIUTUIECKOTO U YUCTEHHOTO PEIIEeHus UCCIeTyeMoi
zagaun. B ocHOBY jocTurkeHus meau JIEIJIM Uiew MeToga napamerpusaruu xymabaera,
KJIaCCHIeCKHe YHCJeHHBIE MEeTOJIbl PeleHnd 3aJa9 Ko u npueMbl YUCIeHHOTO WHTETPH-
poBamus. BBemenneM TOTOAHUTENILHOTO apaMeTpa W HOBOW HEM3BECTHON (DYHKIINI IOy Ya-
ercst 3a7ada ¢ mapamerpamu. 1[0 MCXOMHBIM MAHHBIM PACCMATPUBAEMOTO yPABHEHUS, KPa-
€BBIX YCJOBUI COCTABJISETCS CHCTEMa YpPaBHEHWIl OTHOCHTEJBHO MapaMeTpoB. HewspecTHad
hyHKIMST HAXOAUTCA KAK perrenus 3aga4un Komm g 00bIKHOBEHHOTO Tud(epeHIna bHOTO
VpaBHEHUSI. YCTaHABINBAETCS SKBUBAJEHTHOCTh UCXOJHON 3aJa9u U 33JIa4UN ¢ ITapaMeTPaMH,
YCJAOBUSA OFHO3HAYHON PA3PEITMMOCTH W BBIBOAUTCHA (POPMYysIa HAXOXKICHUS AHATATHICCKOTO
pemtennd. IIpuBoasiTca TeCcTOBBIE MPUMEPDHI HAXO0XKAEHNST AHAJUTHICCKOTO U NPUOIMKEHHOT0
pemenna NCXOaH0N 3a1a4m.

KrogeBnre cioBa. narerpo-anddepenimaibioe ypapHeHe, KPAeBas 33/1a9a, METO Ta-
paMeTpu3anuu, mapamMmeTrp, pa3permmnMoCcTh.
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