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Abstract. The boundary value problem with parameter for Fredholm integro-differential equation with

degenerate kernel is investigated in this paper. The aim of the paper is to establish the solvability

conditions, to construct analytical and numerical solutions of the considered problem. The basis for

achieving the goal is the ideas of Dzhumabayev parameterization method, classical numerical methods of

solving Cauchy problems and numerical integration techniques. A problem with parameters is obtained

by introducing an additional parameter and a new unknown function. A system of equations with

respect to parameters is compiled according to the initial data of the considered equation and boundary

conditions. The unknown function is found as a solution of the Cauchy problem for the ordinary

differential equation. The equivalence of the original problem and the problem with parameters, the

conditions of unique solvability are established and the formula for finding an analytical solution is

obtained. Test examples of finding analytical and approximate solutions of the original problem are

given.

Keywords. integro-differential equation, boundary value problem, parametrization method, parameter,

solvability.

Integro-differential equations are widely employed across various domains, serving as
mathematical models for diverse processes in physics, biology, chemistry, economics, and
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other fields. Their significant role in analyzing processes has been emphasized in the mono-
graphes [1]–[4] and in a review of early studies dedicated to initial and boundary value prob-
lems for integro-differential equations. Different aspects of qualitative theory and approxi-
mate methods applied to integro-differential equations and problems for such equatons, as
well as their applications, are detailed in works [5]–[24].

We consider the linear boundary value problem with parameter for Fredholm integro-
differential equation

dx

dt
= p(t)x+ φ(t)

T∫
0

ψ(s)x(s)ds+ f(t), t ∈ (0, T ), (1)

αix(0) +miµ+ βix(T ) = di, µ, di ∈ R, i = 1, 2. (2)

where the functions p(t), φ(t), ψ(t), f(t) are continuous on [0, T].
A solution to Problem (1)–(2) is a pair (x∗(t), µ∗), where the function x∗(t) continuous on

[0, T ] and continuously differentiable on (0, T ) and satisfies the integro-differential equation
(1) and boundary conditions (2) at µ = µ∗.

The problem (1), (2) is investigated by the parameterization method [25]. Introducing the
additional parameter λ = x(0), and performing a replacement of the function u(t) = x(t)−λ
on t ∈ [0, T ), we obtain the boundary value problem with parameters

du

dt
= p(t)(u+ λ) + φ(t)

T∫
0

ψ(s)(u(s) + λ)ds+ f(t), t ∈ [0, T ), (3)

u(0) = 0, (4)

αiλ+miµ+ βi

(
λ+ lim

t→T−0
u(t)

)
= di, i = 1, 2. (5)

A solution to Problem (3)–(5) is a pair (Λ∗, u∗(t)), where Λ∗ = (λ∗, µ∗), u∗(t) is continuously
differentiable on [0, T ), and satisfying the equation (3) and the conditions (4)–(5) at the
λ = λ∗, µ = µ∗. A solution to the initial problem (3)–(4) can be write in the following form:

u(t) = e

t∫
0

p(s)ds
t∫

0

[
p(s)λ+ φ(s)

T∫
0

ψ(τ)(u(τ) + λ)dτ + f(s)
]
e
−

s∫
0

p(s1)ds1
ds, t ∈ [0, T ). (6)

We set ξ =
T∫
0

ψ(τ)u(τ)dτ and rewrite (6) in the next form:

u(t) = e

t∫
0

p(s)ds
t∫

0

[
p(s)λ+ φ(s)ξ + φ(s)

T∫
0

ψ(τ)λdτ + f(s)
]
e
−

s∫
0

p(s1)ds1
ds, t ∈ [0, T ). (7)
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Multiplying both sides of (7) by ψ(t) and integrating on the interval [0, T ], we obtain the
linear algebraic equations with respect to ξ ∈ R:

ξ =

T∫
0

ψ(τ) e

τ∫
0

p(s)ds
τ∫

0

φ(s) e
−

s∫
0

p(s1)ds1
dsdτ · ξ+

+

T∫
0

ψ(t) e

t∫
0

p(s)ds
t∫

0

[
p(s)λ+ φ(s)

T∫
0

ψ(τ)dτλ+ f(s)
]
e
−

s∫
0

p(s1)ds1
dsdt. (8)

Let a(v, t) = e

t∫
0

p(t)dt t∫
0

v(s)e
−

s∫
0

p(s1)ds1
ds. We rewrite (8) in the form

(
1−

T∫
0

ψ(t)a(φ, t)dt
)
ξ =

T∫
0

ψ(t)
[
a(p, t)λ+ a(φ, t)

T∫
0

ψ(τ)dτλ+ a(f, t)
]
dt. (9)

Then according to (9) the parameter ξ can be determined by the equality

ξ =

T∫
0

ψ(t)
[(
a(p, t) + a(φ, t)

T∫
0

ψ(τ)dτ
)
· λ+ a(f, t)

]
dt

1−
T∫
0

ψ(t)a(φ, t)dt

. (10)

Substituting the right-hand side of (10) instead of ξ in (7), we obtain the representation
of the function u(t) via λ:

u(t) = g(t)λ+ h(t), t ∈ [0, T ), (11)

where

g(t) = a(p, t) + a(φ, t)
1

θ

T∫
0

ψ(s)a(p, s)ds+ a(φ, t)
[
1 +

1

θ

T∫
0

ψ(s)a(φ, s)ds
] T∫
0

ψ(τ)dτ,

h(t) = a(f, t) + a(φ, t)
1

θ

T∫
0

ψ(s)a(f, s)ds,

herewith

θ = 1−
T∫
0

ψ(t)a(φ, t)dt.

Kazakh Mathematical Journal, 22:2 (2022) 6–15



Numerical implementation of solving a boundary value problem with parameter... 9

Then from (11) we have

lim
t→T−0

u(t) = g(T )λ+ h(T ). (12)

Substituting the right-hand side of (12) into the boundary conditions (5), we obtain the
following system of linear algebraic equations with respect to parameters λ and µ:{

[α1 + β1(1 + g(T ))]λ+m1µ = d1 − β1h(T ),

[α2 + β2(1 + g(T ))]λ+m1µ = d2 − β2h(T ).
(13)

By denoting the matrix corresponding to the left-hand side of the system (13) by Q and this
system can be written as

Q · Λ = F, Λ = (λ, µ), (14)

where

Q =

(
α1 + β1(1 + g(T )) m1

α2 + β2(1 + g(T )) m2

)
, F =

(
d1 − β1h(T )
d2 − β2h(T )

)
.

Lemma. The following assertions hold:
(a) the vector Λ∗ = (λ∗, µ∗), composed by the values of a solution x∗(t) to the problem (1)–(2)
at the point λ∗ = x∗(0), satisfies the system (14);
(b) if Λ̃ = (λ̃, µ̃) is a solution to the system (14) and the function ũ(t) is a solution to the
Cauchy problem for integro-differential equation (3)–(4) with λ = λ̃, µ = µ̃, then the function
x̃(t), defined by the equalities: x̃(t) = λ̃+ ũ(t), t ∈ [0, T ), x̃(T ) = λ̃+ lim

t→T−0
ũ(t), is a solution

to the problem (1)–(2).

Let us introduce the notations

p = max
t∈[0,T ]

|p(t)|, φ = max
t∈[0,T ]

|φ(t)|, ψ = max
t∈[0,T ]

|ψ(t)|, ∥Q−1∥ = γ.

Theorem. Let θ ̸= 0 and the matrix Q be invertible. Then the problem (1)–(2) has a
unique solution (x∗(t), µ∗) for any f(t), d1 and d2, and the following estimate holds:

∥x∗∥ ≤ N max(|d1|, |d2|, ∥f∥),

where

N = epT
{
φ
[ 1

|θ|
ψ
(
epT − 1 + epTφψ

)
+ ψ

]
+ 1
}
γ(1 + max(β1, β2))×

×max
{
1, T epT

[
1 + epTφ

1

|θ|
ψ
]}

+ epTT
[
φ

1

|θ|
ψepT + 1

]
.

The proof of the theorem is given similarly to the proof of Th.2.1 of [24].
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Let λ∗, µ∗ be a solution to (14). We construct the next function:

F∗(t) = φ(t)
(
ξ∗ +

T∫
0

ψ(τ)dτ · λ∗
)
+ f(t), (15)

and define the solution to the boundary value problem (1)–(2) by the equalities:

x∗(t) = λ∗e

t∫
0

p(s)ds
+ e

t∫
0

p(s)ds
t∫

0

F∗(s)e
−

s∫
0

p(s1)ds1
ds, t ∈ [0, T ), (16)

x∗(T ) = λ∗e

T∫
0

p(t)dt
+ e

T∫
0

p(t)dt
T∫
0

F∗(t)e
−

t∫
0

p(s)ds
dt. (17)

Further we consider two test examples on finding solutions of boundary value problems
for Fredholm integro-differential equations with a parameter.

Examples.

Consider the following linear boundary value problem:

dx

dt
= p(t) + 2t

1∫
0

(12s3 + 30)x(s)ds+ f(t), t ∈ (0, 1), (18)

2x(0) + 3µ− 6x(T ) = 53, (19)

4x(0)− 11µ+ 9x(T ) = −154. (20)

Problem A.

Let p(t) = 1, f(t) = −t2 − 305t− 12.

We introduce the additional parameter λ = x(0) and ξ =
1∫
0

(12s3 + 30)u(s)ds, where

u(s) = x(s)− λ, on s ∈ [0, 1).

Then for the function u(t) we have the equality

u(t) = et
t∫

0

[
λ+ 2sξ + 2s

1∫
0

(12τ3 + 30)dτλ− s2 − 305s− 12
]
e−sds, t ∈ [0, 1), (21)
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Multiplying both sides of (21) by (12t3 + 30) and integrating on the interval [0, 1], we have
the linear algebraic equations with respect to ξ:

ξ =

1∫
0

(12t3 + 30) et
t∫

0

2s e−sdsdt · ξ+

+

1∫
0

(12t3 + 30) et
t∫

0

[
1 + 2s

1∫
0

(12τ3 + 30)dτ
]
e−sdsdtλ−

−
1∫

0

(12t3 + 30) et
t∫

0

[
s2 + 305s+ 12

]
e−sdsdt. (22)

From (22), we determine ξ:

ξ =
5

89− 60e

[(
402e− 2727

5

)
λ+

12414

5
− 1914e

]
. (23)

We substitute (23) into the right side of (21) and obtain the representation of the function
u(t) through λ:

u(t) = et
t∫

0

[
1 + 2s

1∫
0

(12τ3 + 30)dτ +
10s

89− 60e

(
402e− 2727

5

)]
e−sdsλ+

+ et
t∫

0

[
10s

89− 60e

(
12414

5
− 1914e

)
− s2 − 305s− 12

]
e−sds, t ∈ [0, 1), (24)

Then the boundary conditions using (24) at t → 1 lead to the following system of linear
algebraic equations with respect to parameters λ and µ:2(1227e−2609)

60e−89 3

7204−3261e
60e−89 −11

λ
µ

 =

20598e−41599
60e−89

69029−35367e
60e−89

 . (25)

From (25) we find the values of parameters λ∗ = 7 and µ∗ = 19 and from (23) we find the
value of ξ∗ = −75. Then using found λ∗ = 7 and ξ∗ = −75, from (14) we construct the
function

F∗(t) = 2t
(
− 75 + 7

1∫
0

(12s3 + 30)ds
)
− t2 − 305t− 12 = −t2 + 7t+ 12. (26)
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From (15) we define the solution

x∗(t) = 7et + et
t∫

0

(−s2 + 7s+ 12)e−sds, t ∈ [0, 1).

Therefore, the unique solution to Problem A is a pair (x∗(t), µ∗), where
x∗(t) = t2 − 5t+ 7, t ∈ [0, 1),

x∗(1) = 3,

µ∗ = 19.

(27)

If the right-hand sides of (16), (17) contain “non-breaking” integrals, then the solution
to the problem (1)–(2) is found numerically.

Problem B.

Let p(t) = e−t2 , f(t) = (5t− 7− t2)e−t2 − 310t− 5.

Here we use the numerical algorithm of Dzhumabaev parametrization method [24] for
solving Problem B. Accuracy of solution depends on the accuracy of solving the Cauchy
problems. We provide the results of the numerical implementation of algorithm by partition-
ing the interval [0, 1] with step h = 0.05.

Exact solution of Problem B is the (27).

The differences between the exact and approximate solutions to Problem B are provided
in the following Tables:

k tk x̃(t) x∗(t) |x∗(t)− x̃(t)| k tk x̃(t) x∗(t) |x∗(t)− x̃(t)|
0 0 7.0000006666 7 0.0000006666 10 0.5 4.750000808 4.75 0.000000808
1 0.05 6.7525006924 6.7525 0.0000006924 11 0.55 4.5525008042 4.5525 0.0000008042
2 0.1 6.5100007161 6.51 0.0000007161 12 0.6 4.3600007965 4.36 0.0000007965
3 0.15 6.2725007376 6.2725 0.0000007376 13 0.65 4.1725007847 4.1725 0.0000007847
4 0.2 6.0400007566 6.04 0.0000007566 14 0.7 3.9900007686 3.99 0.0000007686
5 0.25 5.812500773 5.8125 0.000000773 15 0.75 3.8125007482 3.8125 0.0000007482
6 0.3 5.5900007865 5.59 0.0000007865 16 0.8 3.6400007235 3.64 0.0000007235
7 0.35 5.372500797 5.3725 0.000000797 17 0.85 3.4725006944 3.4725 0.0000006944
8 0.4 5.1600008042 5.16 0.0000008042 18 0.9 3.3100006609 3.31 0.0000006609
9 0.45 4.9525008079 4.9525 0.0000008079 19 0.95 3.1525006232 3.1525 0.0000006232
10 0.5 4.750000808 4.75 0.000000808 20 1 3.0000005811 3 0.0000005811

µ̃(t) µ∗(t) |µ∗(t)− µ̃(t)|
19.0000007178 19 0.0000007178
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Remark.

1) at m1 = m2 = 0 the problem (1)–(2) becomes overdetermined;

2) at
a1
a2

=
m1

m2
=
b1
b2

=
d1
d2

the problem (1)–(2) becomes indeterminate.

Conclusion. In this paper, based on the ideas of Dzhumabayev parameterization
method, a linear boundary value problem with a parameter for an integro-differential equation
with a degenerate kernel is investigated. The conditions of unique solvability of the inves-
tigated problem are established. Two test examples for finding analytical and approximate
solutions are given.
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Áàêèðîâà Ý.À., Èñêàêîâà Í.Á., Êàäèðáàåâà Æ.Ì. ÔÐÅÄÃÎËÜÌ ÈÍÒÅÃÐÀËÄÛ�-
ÄÈÔÔÅÐÅÍÖÈÀËÄÛ� ÒÅ�ÄÅÓI �ØIÍ ÏÀÐÀÌÅÒÐI ÁÀÐ ØÅÒÒIÊ ÅÑÅÏÒI ØÅ-
ØÓÄI� ÑÀÍÄÛ� Æ�ÇÅÃÅ ÀÑÛÐÛËÓÛ

Æ´ìûñòà °çåãi àéíû¡àí Ôðåäãîëüì èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåói ³øií
ïàðàìåòði áàð øåòòiê åñåï çåðòòåëiíåäi. Æ´ìûñòû ìà©ñàòû çåðòòåëiíåòií åñåïòi áið-
ìºíäi øåøiëiìäiëiãií, àíàëèòèêàëû© æºíå ñàíäû© øåøiìäåðií ©´ðó áîëûï òàáûëàäû.
Ìà©ñàò©à æåòó íåãiçi áîëûï Äæóìàáàåâòû ïàðàìåòðëåó ºäiñi, Êîøè åñåïòåðií øåøóäi
êëàññèêàëû© ñàíäû© ºäiñòåði æºíå ñàíäû© èíòåãðàëäàóäû òºñiëäåði æàòàäû. �îñûìøà
ïàðàìåòðäi æºíå æàà áåëãiñiç ôóíêöèÿíû åíãiçó àð©ûëû ïàðàìåòðëåði áàð åñåï àëû-
íàäû. �àðàñòûðûëûï îòûð¡àí òåäåóäi, øåòòiê øàðòòàðäû áàñòàï©û áåðiëiìäåði áîé-
ûíøà ïàðàìåòðëåðãå ©àòûñòû òåäåóëåð æ³éåñi ©´ðûëàäû. Áåëãiñiç ôóíêöèÿ æºé äèô-
ôåðåíöèàëäû© òåäåó ³øií Êîøè åñåáiíi øåøiìi ðåòiíäå òàáûëàäû. Áàñòàï©û åñåï ïåí
ïàðàìåòðëåði áàð åñåïòi ýêâèâàëåíòòiëiãi, áiðìºíäi øåøiëiìäiëiãiíi øàðòòàðû òà¡àé-
ûíäàëàäû æºíå àíàëèòèêàëû© øåøiìäi òàáóäû ôîðìóëàñû àëûíàäû. Áåðiëãåí åñåïòi
àíàëèòèêàëû© æºíå æóû© øåøiìäåðií òàáóäû òåñòòiê ìûñàëäàðû êåëòiðiëåäi.

Êiëòòiê ñ°çäåð. èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåó, øåòòiê åñåï, ïàðàìåòðëåó
ºäiñi, ïàðàìåòð, øåøiëiìäiëiê.

Áàêèðîâà Ý.À., Èñêàêîâà Í.Á., Êàäèðáàåâà Æ.Ì.
×ÈÑËÅÍÍÀß ÐÅÀËÈÇÀÖÈß ÐÅØÅÍÈß ÊÐÀÅÂÎÉ ÇÀÄÀ×È Ñ ÏÀÐÀÌÅÒÐÎÌ

ÄËß ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß ÔÐÅÄÃÎËÜÌÀ

Â ðàáîòå èññëåäóåòñÿ êðàåâàÿ çàäà÷à ñ ïàðàìåòðîì äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ Ôðåäãîëüìà ñ âûðîæäåííûì ÿäðîì. Öåëüþ ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå
óñëîâèé ðàçðåøèìîñòè, ïîñòðîåíèå àíàëèòè÷åñêîãî è ÷èñëåííîãî ðåøåíèÿ èññëåäóåìîé
çàäà÷è. Â îñíîâó äîñòèæåíèÿ öåëè ëåãëè èäåè ìåòîäà ïàðàìåòðèçàöèè Äæóìàáàåâà,
êëàññè÷åñêèå ÷èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ Êîøè è ïðèåìû ÷èñëåííîãî èíòåãðè-
ðîâàíèÿ. Ââåäåíèåì äîïîëíèòåëüíîãî ïàðàìåòðà è íîâîé íåèçâåñòíîé ôóíêöèé ïîëó÷à-
åòñÿ çàäà÷à ñ ïàðàìåòðàìè. Ïî èñõîäíûì äàííûì ðàññìàòðèâàåìîãî óðàâíåíèÿ, êðà-
åâûõ óñëîâèé ñîñòàâëÿåòñÿ ñèñòåìà óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ. Íåèçâåñòíàÿ
ôóíêöèÿ íàõîäèòñÿ êàê ðåøåíèÿ çàäà÷è Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ. Óñòàíàâëèâàåòñÿ ýêâèâàëåíòíîñòü èñõîäíîé çàäà÷è è çàäà÷è ñ ïàðàìåòðàìè,
óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè è âûâîäèòñÿ ôîðìóëà íàõîæäåíèÿ àíàëèòè÷åñêîãî
ðåøåíèÿ. Ïðèâîäÿòñÿ òåñòîâûå ïðèìåðû íàõîæäåíèÿ àíàëèòè÷åñêîãî è ïðèáëèæåííîãî
ðåøåíèÿ èñõîäíîé çàäà÷è.

Êëþ÷åâûå ñëîâà. èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, êðàåâàÿ çàäà÷à, ìåòîä ïà-
ðàìåòðèçàöèè, ïàðàìåòð, ðàçðåøèìîñòü.
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