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On algebras of binary isolating formulas for weakly
circularly minimal theories of convexity rank 2
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Abstract. This paper is devoted to the study of weakly circularly minimal circularly ordered structures.
The simplest example of a circular order is a linear order with endpoints, in which the largest element
is identified with the smallest. Another example is the order that arises when going around a circle. A
circularly ordered structure is called weakly circularly minimal if any of its definable subsets is a finite
union of convex sets and points. A theory is called weakly circularly minimal if all its models are weakly
circularly minimal. Algebras of binary isolating formulas are described for ℵ0-categorical 1-transitive non-
primitive weakly circularly minimal theories of convexity rank 2 with a trivial definable closure having
a monotonic-to-right function to the definable completion of a structure and non-having a non-trivial
equivalence relation partitioning the universe of a structure into finitely many convex classes.

Keywords. algebra of binary formulas, ℵ0-categorical theory, weak circular minimality, circularly ordered
structure, convexity rank.

1 Preliminaries

Algebras of binary formulas are a tool for describing relationships between elements of the
sets of realizations of a one-type at the binary level with respect to the superposition of
binary definable sets. A binary isolating formula is a formula of the form φ(x, y) such that
for some parameter a the formula φ(a, y) isolates a complete type in S({a}). The concepts
and notations related to these algebras can be found in the papers [1, 2]. In recent years,
algebras of binary formulas have been studied intensively and have been continued in the
works [3]–[11].

2010 Mathematics Subject Classification: 03C64; 03C35.
Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Edu-

cation of the Republic of Kazakhstan (Grant No. BR20281002).
DOI: https://doi.org/10.70474/kmj24-4-01
© 2024 Kazakh Mathematical Journal. All right reserved.



On algebras of binary isolating formulas. . . 7

Let L be a countable first-order language. Throughout we consider L-structures and
assume that L contains a ternary relational symbol K, interpreted as a circular order in these
structures (unless otherwise stated).

Let M = ⟨M,≤⟩ be a linearly ordered set. If we connect two endpoints of M (possibly,
−∞ and +∞), then we obtain a circular order. More formally, the circular order is described
by a ternary relation K satisfying the following conditions:

(co1) ∀x∀y∀z(K(x, y, z) → K(y, z, x));
(co2) ∀x∀y∀z(K(x, y, z) ∧K(y, x, z) ⇔ x = y ∨ y = z ∨ z = x);
(co3) ∀x∀y∀z(K(x, y, z) → ∀t[K(x, y, t) ∨K(t, y, z)]);
(co4) ∀x∀y∀z(K(x, y, z) ∨K(y, x, z)).
The following observation relates linear and circular orders.

Fact 1. [12] (i) If ⟨M,≤⟩ is a linear ordering and K is the ternary relation derived from ≤
by the rule K(x, y, z) :⇔ (x ≤ y ≤ z) ∨ (z ≤ x ≤ y) ∨ (y ≤ z ≤ x), then K is a circular order
relation on M .

(ii) If ⟨N,K⟩ is a circular ordering and a ∈ N , then the relation ≤a defined on M :=
N \ {a} by the rule y ≤a z :⇔ K(a, y, z) is a linear order.

Thus, any linearly ordered structure is circularly ordered, since the relation of circular
order is ∅-definable in an arbitrary linearly ordered structure. However, the opposite is not
true. The following example shows that there are circularly ordered structures not being
linearly ordered (in the sense that a linear ordering relation is not ∅-definable in an arbitrary
circularly ordered structure).

Example 2. [13, 14] Let Q∗
2 := ⟨Q2,K, L⟩ be a circularly ordered structure, where L =

{σ2
0, σ

2
1}, for which the following conditions hold:

(i) its domain Q2 is a countable dense subset of the unit circle, no two points making the
central angle π;

(ii) for distinct a, b ∈ Q2

(a, b) ∈ σ0 ⇔ 0 < arg(a/b) < π,

(a, b) ∈ σ1 ⇔ π < arg(a/b) < 2π,

where arg(a/b) means the value of the central angle between a and b clockwise.
Indeed, one can check that the linear order relation is not ∅-definable in this structure.

The notion of weak circular minimality was studied initially in [15]. Let A ⊆ M , where
M is a circularly ordered structure. The set A is called convex if for any a, b ∈ A the following
property is satisfied: for any c ∈ M with K(a, c, b), c ∈ A holds, or for any c ∈ M with
K(b, c, a), c ∈ A holds. A weakly circularly minimal structure is a circularly ordered structure
M = ⟨M,K, . . .⟩ such that any definable (with parameters) subset of M is a union of finitely

Kazakh Mathematical Journal, 24:4 (2024) 6–21



8 Beibut Sh. Kulpeshov, Sergey V. Sudoplatov

many convex sets in M . The study of weakly circularly minimal structures was continued in
the papers [16]–[21].

Let M be an ℵ0-categorical weakly circularly minimal structure, G := Aut(M). Following
the standard group theory terminology, the group G is called k-transitive if for any pairwise
distinct a1, a2, . . . , ak ∈ M and pairwise distinct b1, b2, . . . , bk ∈ M there exists g ∈ G such
that g(a1) = b1, g(a2) = b2, . . . , g(ak) = bk. A congruence on M is an arbitrary G-invariant
equivalence relation on M . The group G is called primitive if G is 1-transitive and there are
no non-trivial proper congruences on M .

(1) K0(x, y, z) := K(x, y, z) ∧ y ̸= x ∧ y ̸= z ∧ x ̸= z.
(2) K(u1, . . . , un) denotes a formula saying that all subtuples of the tuple ⟨u1, . . . , un⟩

having the length 3 (in ascending order) satisfy K; similar notations are used for K0.
(3) Let A,B,C be disjoint convex subsets of a circularly ordered structure M . We write

K(A,B,C) if for any a, b, c ∈ M with a ∈ A, b ∈ B, c ∈ C we have K(a, b, c). We extend
naturally that notation using, for instance, the notation K0(A, d,B,C) if d ̸∈ A ∪B ∪C and
K0(A, d,B) ∧K0(d,B,C) holds.

Further we need the notion of the definable completion of a circularly ordered structure,
introduced in [15]. Its linear analog was introduced in [22]. A cut C(x) in a circularly ordered
structure M is a maximal consistent set of formulas of the form K(a, x, b), where a, b ∈ M . A
cut is said to be algebraic if there exists c ∈ M that realizes it. Otherwise, such a cut is said to
be non-algebraic. Let C(x) be a non-algebraic cut. If there is some a ∈ M such that either for
all b ∈ M the formula K(a, x, b) ∈ C(x), or for all b ∈ M the formula K(b, x, a) ∈ C(x), then
C(x) is said to be rational. Otherwise, such a cut is said to be irrational. A definable cut in
M is a cut C(x) with the following property: there exist a, b ∈ M such that K(a, x, b) ∈ C(x)
and the set {c ∈ M | K(a, c, b) and K(a, x, c) ∈ C(x)} is definable. The definable completion
M of a structure M consists of M together with all definable cuts in M that are irrational
(essentially M consists of endpoints of definable subsets of the structure M).

[15] Let F (x, y) be an L-formula such that F (M, b) is convex infinite co-infinite for each
b ∈ M . Let F ℓ(y) be the formula saying y is a left endpoint of F (M,y):

∃z1∃z2[K0(z1, y, z2) ∧ ∀t1(K(z1, t1, y) ∧ t1 ̸= y → ¬F (t1, y))∧

∀t2(K(y, t2, z2) ∧ t2 ̸= y → F (t2, y))].

We say that F (x, y) is convex-to-right if

M |= ∀y∀x[F (x, y) → F l(y) ∧ ∀z(K(y, z, x) → F (z, y))].

If F1(x, y), F2(x, y) are arbitrary convex-to-right formulas we say F2 is bigger than F1 if there
is a ∈ M with F1(M,a) ⊂ F2(M,a). If M is 1-transitive and this holds for some a, it holds
for all a. This gives a total ordering on the (finite) set of all convex-to-right formulas F (x, y)
(viewed up to equivalence modulo Th(M)).

Kazakh Mathematical Journal, 24:4 (2024) 6–21



On algebras of binary isolating formulas. . . 9

Consider F (M,a) for arbitrary a ∈ M . In general, F (M,a) has no right endpoint in
M . For example, if dcl({a}) = {a} holds for some a ∈ M then for any convex-to-right
formula F (x, y) and any a ∈ M the formula F (M,a) has no right endpoint in M . We write
f(y) := rend F (M,y), assuming that f(y) is the right endpoint of the set F (M,y) that lies
in general in the definable completion M of M . Then f is a function mapping M in M .

Let F (x, y) be a convex-to-right formula. We say that F (x, y) is equivalence-generating
if for any a, b ∈ M such that M |= F (b, a) the following holds:

M |= ∀x(K(b, x, a) ∧ x ̸= a → [F (x, a) ↔ F (x, b)]).

Lemma 3. [20] Let M be an ℵ0-categorical 1-transitive weakly circularly minimal structure,
F (x, y) be a convex-to-right formula that is equivalence-generating. Then E(x, y) := F (x, y)∨
F (y, x) is an equivalence relation partitioning M into infinite convex classes.

Let E(x, y) be an ∅–definable equivalence relation partitioning M into infinite convex
classes. Suppose that y lies in M (non-obligatory in M). Then

E∗(x, y) := ∃y1∃y2[y1 ̸= y2 ∧ ∀t(K(y1, t, y2) → E(t, x)) ∧K0(y1, y, y2)].

Let M , N be circularly ordered structures. The 2-reduct of M is a circularly ordered
structure with the same universe of M and consisting of predicates for each ∅-definable relation
on M of arity ≤ 2 as well as of the ternary predicate K for the circular order, but does not
have other predicates of arities more than two. We say that the structure M is isomorphic
to N up to binarity or binarily isomorphic to N if the 2-reduct of M is isomorphic to the
2-reduct of N .

Let f be a unary function from M to M . We say that f is monotonic-to-right (left) on
M if it preserves (reverses) the relation K0, i.e. for any a, b, c ∈ M such that K0(a, b, c), we
have K0(f(a), f(b), f(c)) (K0(f(c), f(b), f(a))).

The following definition can be used in a circular ordered structure as well.

Definition 4. [23], [24] Let T be a weakly o-minimal theory, M be a sufficiently saturated
model of T , A ⊆ M . The rank of convexity of the set A (RC(A)) is defined as follows:

1) RC(A) = −1 if A = ∅.
2) RC(A) = 0 if A is finite and non-empty.
3) RC(A) ≥ 1 if A is infinite.
4) RC(A) ≥ α + 1 if there exist a parametrically definable equivalence relation E(x, y)

and an infinite sequence of elements bi ∈ A, i ∈ ω, such that:

• For every i, j ∈ ω whenever i ̸= j we have M |= ¬E(bi, bj);

• For every i ∈ ω, RC(E(x, bi)) ≥ α and E(M, bi) is a convex subset of A.

Kazakh Mathematical Journal, 24:4 (2024) 6–21



10 Beibut Sh. Kulpeshov, Sergey V. Sudoplatov

5) RC(A) ≥ δ if RC(A) ≥ α for all α < δ, where δ is a limit ordinal.
If RC(A) = α for some α, we say that RC(A) is defined. Otherwise (i.e. if RC(A)) ≥ α

for all α), we put RC(A) = ∞.
The rank of convexity of a formula ϕ(x, ā), where ā ∈ M , is defined as the rank of

convexity of the set ϕ(M, ā), i.e. RC(ϕ(x, ā)) := RC(ϕ(M, ā)).
The rank of convexity of a 1-type p is defined as the rank of convexity of the set p(M),

i.e. RC(p) := RC(p(M)).

In particular, a theory has convexity rank 1 if there is no definable (with parameters)
equivalence relations with infinitely many infinite convex classes.

The following theorem characterizes up to binarity ℵ0–categorical 1-transitive non-primi-
tive weakly circularly minimal structures M of convexity rank greater than 1 having both a
trivial definable closure and a convex-to-right formula R(x, y) such that r(y) := R(M,y) is
monotonic-to-right on M :

Theorem 5. [16] Let M be an ℵ0–categorical 1-transitive non-primitive weakly circularly
minimal structure of convexity rank greater than 1, dcl({a}) = {a} for some a ∈ M . Suppose
that there exists a convex-to-right formula R(x, y) such that r(y) := R(M,y) is monotonic-
to-right on M . Then M is isomorphic up to binarity to

M ′
s,m,k := ⟨M,K3, E2

1 , E
2
2 , . . . , E

2
s , E

2
s+1, R

2⟩,

where M is a circularly ordered structure, M is densely ordered, s ≥ 1; Es+1 is an equivalence
relation partitioning M into m infinite convex classes without endpoints; Ei for every 1 ≤ i ≤ s
is an equivalence relation partitioning every Ei+1-class into infinitely many infinite convex
Ei-subclasses without endpoints so that the induced order on Ei-subclasses is dense without
endpoints; R(M,a) has no right endpoint in M and rk(a) = a for all a ∈ M and some k ≥ 2,
where rk(y) := r(rk−1(y)); for every 1 ≤ i ≤ s+ 1 and any a ∈ M

M ′
s,m,k |= ¬E∗

i (a, r(a)) ∧ ∀y(Ei(y, a) → ∃u[E∗
i (u, r(a)) ∧ E∗

i (u, r(y))]),

m = 1 or k divides m.

In [7] algebras of binary isolating formulas are described for ℵ0-categorical weakly cir-
cularly minimal theories with a primitive automorphism group. In [8] algebras of binary
isolating formulas are described for ℵ0-categorical weakly circularly minimal theories of con-
vexity rank 1 with a 1-transitive non-primitive automorphism group and a non-trivial definable
closure. In [9]–[10] algebras of binary isolating formulas are described for ℵ0-categorical weakly
circularly minimal theories of convexity rank greater than 1 with a 1-transitive non-primitive
automorphism group and a non-trivial definable closure. In [11] algebras of binary isolating
formulas are described for ℵ0-categorical weakly circularly minimal theories of convexity rank
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1 with a 1-transitive non-primitive automorphism group and a trivial definable closure. Here
we describe algebras of binary isolating formulas for ℵ0-categorical 1-transitive non-primitive
weakly circularly minimal theories of convexity rank 2 with a trivial definable closure having a
monotonic-to-right function to the definable completion of a structure and non-having a non-
trivial equivalence relation partitioning the universe of a structure into finitely many convex
classes.

2 Results

Definition 6. [2] Let p ∈ S1(∅) be non-algebraic. The algebra Pν(p) is said to be deterministic
if u1 · u2 is a singleton for any labels u1, u2 ∈ ρν(p).

Generalizing the last definition, we say that the algebra Pν(p) is m-deterministic if the
product u1 · u2 consists of at most m elements for any labels u1, u2 ∈ ρν(p). We also say that
an m-deterministic algebra Pν(p) is strictly m-deterministic if it is not (m− 1)-deterministic.
Obviously, strict 1-determinacy of an algebra is equivalent its determinacy.

Example 7. Consider the structure M ′
1,1,2 := ⟨M,K3, E2

1 , R
2⟩ from Theorem 5 with the

condition that the function r(y) := R(M,y) is monotonic-to-right on M .
We assert that Th(M ′

1,1,2) has seven binary isolating formulas:

θ0(x, y) := x = y,

θ1(x, y) := K0(x, y, r(x)) ∧ E1(x, y),

θ2(x, y) := K0(x, y, r(x)) ∧ ¬E1(x, y) ∧ ¬E∗
1(y, r(x)),

θ3(x, y) := K0(x, y, r(x)) ∧ ¬E1(x, y) ∧ E∗
1(y, r(x)),

θ4(x, y) := K0(r(x), y, x) ∧ ¬E1(x, y) ∧ E∗
1(y, r(x)),

θ5(x, y) := K0(r(x), y, x) ∧ ¬E1(x, y) ∧ ¬E∗
1(y, r(x)),

θ6(x, y) := K0(r(x), y, x) ∧ E1(x, y),

and the following holds for any a ∈ M :

K0(θ0(a,M), θ1(a,M), θ2(a,M), θ3(a,M), θ4(a,M), θ5(a,M), θ6(a,M)).

Define labels for these formulas as follows:

label k for θk(x, y), where 0 ≤ k ≤ 6.

It is easy to check that for the algebra PM ′
1,1,2

the Cayley table has the following form:
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· 0 1 2 3 4 5 6

0 {0} {1} {2} {3} {4} {5} {6}
1 {1} {1} {2} {3, 4} {4} {5} {0, 1, 6}
2 {2} {2} {2, 3, 4, 5} {5} {5} {0, 1, 2, 5, 6} {2}
3 {3} {3, 4} {5} {6} {0, 1, 6} {2} {3}
4 {4} {4} {5} {0, 1, 6} {1} {2} {3, 4}
5 {5} {5} {0, 1, 2, 5, 6} {2} {2} {2, 3, 4, 5} {5}
6 {6} {0, 1, 6} {2} {3} {3, 4} {5} {6}

By the Cayley table the algebra PM ′
1,1,2

is commutative and strictly 5-deterministic.

Theorem 8. The algebra PM ′
1,1,k

of binary isolating formulas with monotonic-to-right func-
tion r has 3k + 1 labels, is commutative and strictly 5-deterministic for every k ≥ 2.

Proof of Theorem 8. We assert that the algebra PM ′
1,1,k

has 3k + 1 binary isolating
formulas:

θ0(x, y) := x = y,

θ1(x, y) := K0(x, y, r(x)) ∧ E1(x, y),

θ2(x, y) := K0(x, y, r(x)) ∧ ¬E1(x, y) ∧ ¬E∗
1(y, r(x)),

θ3(x, y) := K0(x, y, r(x)) ∧ E∗
1(y, r(x)),

θ3l−2(x, y) := K0(r
l−1(x), y, rl(x)) ∧ E∗

1(y, r
l−1(x)), where 2 ≤ l ≤ k − 1,

θ3l−1(x, y) := K0(r
l−1(x), y, rl(x)) ∧ ¬E∗

1(y, r
l−1(x)) ∧ ¬E∗

1(y, r
l(x)), where 2 ≤ l ≤ k − 1,

θ3l(x, y) := K0(r
l−1(x), y, rl(x)) ∧ E∗

1(y, r
l(x)), where 2 ≤ l ≤ k − 1,

θ3k−2(x, y) := K0(r
k−1(x), y, x) ∧ E∗

1(y, r
k−1(x)),

θ3k−1(x, y) := K0(r
k−1(x), y, x) ∧ ¬E∗

1(y, r
k−1(x)) ∧ ¬E1(y, x),

θ3k(x, y) := K0(r
k−1(x), y, x) ∧ E1(y, x).

Thus, we have 1+3+3(k− 2)+3 = 3k+1 binary isolating formulas. Moreover, we have
defined the formulas so that for any a ∈ M the following holds:

K0(θ0(a,M), θ1(a,M), θ2(a,M), . . . , θ3k−1(a,M), θ3k(a,M)).

Prove now that the algebra PM ′
1,1,k

is commutative and strictly 5-deterministic for every
k ≥ 2.

Firstly, obviously that 0 · l = l · 0 = {l} for any 0 ≤ l ≤ 3k. Suppose further that l1 ̸= 0
and l2 ̸= 0.
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Consider the following formula

∃t[θl1(x, t) ∧ θl2(t, y)].

Case 1: l1 = 3m1 − 2 for some 1 ≤ m1 ≤ k − 1.
We have: K0(r

m1−1(x), t, rm1(x)) and E∗
1(t, r

m1−1(x)).
Let l2 = 3m2−2 for some 1 ≤ m2 ≤ k−1, i.e. K0(r

m2−1(t), y, rm2(t)) and E∗
1(y, r

m2−1(t)).
Then we obtain the following:

K0(r
m1+m2−2(x), y, rm1+m2−1(x)) and E∗

1(y, r
m1+m2−2(x)).

Suppose firstly that (3m1−2)+(3m2−2) < 3k+1. We assert that in this case m1+m2−1 ≤
k. Then we have l1 · l2 = {3(m1 +m2 − 1)− 2}.

Obviously, (3m1 − 2) + (3m2 − 2) ̸= 3k + 1.
Suppose now that (3m1−2)+(3m2−2) > 3k+1. Let s = (m1+m2−1)[mod k]. Obviously,

0 ≤ s ≤ k − 1. If s = 0, we have K0(r
k−1(x), y, x) and E∗

1(y, r
k−1(x)), i.e. l1 · l2 = {3k − 2}.

If 1 ≤ s ≤ k − 1 then we have K0(r
s−1(x), y, rs(x)) and E∗

1(y, r
s−1(x)), i.e. l1 · l2 = {3s− 2}.

Let now l2 = 3m2−1 for some 1 ≤ m2 ≤ k−1. Then we have the following: K0(r
m2−1(t),

y, rm2(t)), ¬E∗
1(y, r

m2−1(t)) and ¬E∗
1(y, r

m2(t)). Whence we obtain:

K0(r
m1+m2−2(x), y, rm1+m2−1(x)),¬E∗

1(y, r
m1+m2−2(x)) and ¬E∗

1(y, r
m1+m2−1(x)).

Suppose firstly (3m1 − 2)+ (3m2 − 1) < 3k+1. We assert that m1 +m2 − 1 ≤ k. In this
case we have l1 · l2 = {3(m1 +m2 − 1)− 1}.

Obviously, also (3m1 − 2) + (3m2 − 1) ̸= 3k + 1.
Suppose now (3m1 − 2)+ (3m2 − 1) > 3k+1. Let s = (m1 +m2 − 1)[mod k]. Obviously,

0 ≤ s ≤ k − 1. If s = 0, we have K0(r
k−1(x), y, x), ¬E∗

1(y, r
k−1(x)) and ¬E1(y, x), i.e.

l1 · l2 = {3k − 1}. If 1 ≤ s ≤ k − 1 then we have K0(r
s−1(x), y, rs(x)), ¬E∗

1(y, r
s−1(x)) and

¬E∗
1(y, r

s(x)), i.e. l1 · l2 = {3s− 1}.
Consider the product l2 · l1. We have: K0(r

m2−1(x), t, rm2(x)), ¬E∗
1(t, r

m2−1(x)), ¬E∗
1(t,

rm2(x)), K0(r
m1−1(t), y, rm1(t)) and E∗

1(y, r
m1−1(t)). Whence we obtain:

K0(r
m1+m2−2(x), y, rm1+m2−1(x)),¬E∗

1(y, r
m1+m2−2(x)) and ¬E∗

1(y, r
m1+m2−1(x)).

If (3m1−2)+(3m2−1) < 3k+1 then l2·l1 = {3(m1+m2−1)−1}. If (3m1−2)+(3m2−1) >
3k + 1 then in case s = 0 we obtain l2 · l1 = {3k − 1}, and in case 1 ≤ s ≤ k − 1 we obtain
l2 · l1 = {3s− 1}.

Let now l2 = 3m2 for some 1 ≤ m2 ≤ k − 1. Then we have: K0(r
m2−1(t), y, rm2(t)) and

E∗
1(y, r

m2(t)). Whence we obtain:

E∗
1(y, r

m1+m2−1(x)), and either K0(r
m1+m2−2(x), y, rm1+m2−1(x)) or
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K0(r
m1+m2−1(x), y, rm1+m2(x)).

Suppose firstly that (3m1 − 2) + 3m2 < 3k + 1. Then we assert that m1 +m2 − 1 < k.
Whence we obtain: l1 · l2 = {3(m1 +m2 − 1), 3(m1 +m2 − 1) + 1}.

Suppose now that (3m1−2)+3m2 = 3k+1. This case is possible since (3m1−2)+3m2 =
3(m1 +m2 − 1) + 1. We also have: (3m1 − 2) + 3m2 = 3k+ 1 iff m1 +m2 − 1 = k. Thus, we
obtain: E1(y, x) and either K0(r

k−1(x), y, x) or K0(x, y, r(x)), i.e. l1 · l2 = {3k, 0, 1}.
Let now (3m1 − 2) + 3m2 > 3k + 1. Consider s = (m1 +m2 − 1)[mod k]. We prove that

0 < s < k− 1. Indeed, (3m1 − 2) + 3m2 = 3(m1 +m2 − 1) + 1 > 3k+ 1 iff m1 +m2 − 1 > k.
Since m1 ≤ k − 1 and m2 ≤ k − 1, m1 + m2 − 1 ≤ (k − 1) + (k − 1) = 1 = 2k − 3. Thus,
k < m1 +m2 − 1 ≤ 2k − 3, whence 0 < s < k − 1. We have:

E∗
1(y, r

s(x)) and either K0(r
s−1(x), y, rs(x)) or K0(r

s(x), y, rs+1(x)).

Whence we obtain: l1 · l2 = {3s, 3s+ 1}.
Consider the product l2·l1. We have: K0(r

m2−1(x), t, rm2(x)), E∗
1(t, rm2(x)), K0(r

m1−1(t),
y, rm1(t)), and E∗

1(y, r
m1−1(t)). Whence we obtain the following:

E∗
1(y, r

m1+m2−1(x)), and either K0(r
m1+m2−2(x), y, rm1+m2−1(x)) or

K0(r
m1+m2−1(x), y, rm1+m2(x)).

If 3m2 + (3m1 − 1) < 3k + 1 then l2 · l1 = {3(m1 + m2 − 1), 3(m1 + m2 − 1) + 1}. If
3m2 + (3m1 − 1) = 3k + 1 then l2 · l1 = {3k, 0, 1}. If 3m2 + (3m1 − 1) > 3k + 1 then
l2 · l1 = {3s, 3s+ 1}.

Let now l2 = 3k − 2, i.e. K0(r
k−1(t), y, t) and E∗

1(y, r
k−1(t)). Whence we obtain:

K0(r
m1+k−2(x), y, rm1−1(x)) and E∗

1(y, r
m1+k−2(x)),

i.e. K0(r
m1−2(x), y, rm1−1(x)) and E∗

1(y, r
m1−2(x)). Consequently, l1 · l2 = {3(m1 − 1)− 2}.

Consider the product l2 · l1. We have: K0(r
k−1(x), t, x), E∗

1(t, r
k−1(x)), K0(r

m1−1(t), y,
rm1(t)), and E∗

1(y, r
m1−1(t)). Whence we obtain:

K0(r
m1−2(x), y, rm1−1(x)) and E∗

1(y, r
m1−2(x)),

i.e. l2 · l1 = {3(m1 − 1)− 2}.
Let now l2 = 3k − 1, i.e. K0(r

k−1(t), y, t), ¬E∗
1(y, r

k−1(t)) and ¬E∗
1(y, t). Whence we

obtain:
K0(r

m1−2(x), y, rm1−1(x)),¬E∗
1(y, r

m1−2(x)) and ¬E∗
1(y, r

m1−1(x)).

Thus, l1 · l2 = {3(m1 − 1)− 1}.
Consider the product l2 · l1. Then we have: K0(r

k−1(x), t, x), ¬E∗
1(t, r

k−1(x)), ¬E∗
1(x, t),

K0(r
m1−1(t), y, rm1(t)), and E∗

1(y, r
m1−1(t)). Whence we obtain:

K0(r
m1−2(x), y, rm1−1(x)),¬E∗

1(y, r
m1−2(x)) and ¬E∗

1(y, r
m1−1(x)),
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i.e. l2 · l1 = {3(m1 − 1)− 1}.
Let now l2 = 3k, i.e. K0(r

k−1(t), y, t), and E∗
1(y, t). Whence we obtain:

E∗
1(y, r

m1−1(x)) and either K0(r
m1−2(x), y, rm1−1(x)) or K0(r

m1−1(x), y, rm1(x)),

i.e. l1 · l2 = {3(m1 − 1), 3m1 − 2}.
Consider the product l2 · l1. Then we have: K0(r

k−1(x), t, x), E∗
1(x, t), K0(r

m1−1(t), y,
rm1(t)), and E∗

1(y, r
m1−1(t)). Whence we obtain:

E∗
1(y, r

m1−1(x)) and either K0(r
m1−2(x), y, rm1−1(x)) or K0(r

m1−1(x), y, rm1(x)),

i.e. l2 · l1 = {3(m1 − 1), 3m1 − 2}.

Case 2. l1 = 3m1 − 1 for some 1 ≤ m1 ≤ k − 1.
We have the following: K0(r

m1−1(x), t, rm1(x)), ¬E∗
1(t, r

m1−1(x)) and ¬E∗
1(t, r

m1(x)).
Let l2 = 3m2 − 1 for some 1 ≤ m2 ≤ k− 1, i.e. K0(r

m2−1(t), y, rm2(t)), ¬E∗
1(y, r

m2−1(t))
and ¬E∗

1(y, r
m2(t)). Whence we obtain:

either K0(r
m1+m2−2(x), y, rm1+m2−1(x)) or K0(r

m1+m2−1(x), y, rm1+m2(x)).

Suppose firstly that (3m1 − 1) + (3m2 − 1) < 3k+1. It can be checked that (3m1 − 1) +
(3m2 − 1) < 3k + 1 iff m1 +m2 − 1 < k. Then

l1 · l2 = {3(m1 +m2 − 1)− 1, 3(m1 +m2 − 1), 3(m1 +m2 − 1) + 1, 3(m1 +m2 − 1) + 2}.

Let now (3m1−1)+(3m2−1) = 3k+1. This case is possible, and (3m1−1)+(3m2−1) =
3k + 1 iff m1 + m2 − 1 = k. Then we have: either K0(r

k−1(x), y, x) or K0(x, y, r(x)).
Consequently, l1 · l2 = {3k − 1, 3k, 0, 1, 2}.

Let now (3m1 − 1) + (3m2 − 1) > 3k + 1. Clearly, (3m1 − 1) + (3m2 − 1) > 3k + 1 iff
m1+m2−1 > k. Let s = (m1+m2−1)[mod k]. Since k < m1+m2−1 ≤ k−1+k−1−1 = 2k−3,
we have 0 < s ≤ k−3. Thus, we obtain: either K0(r

s−1(x), y, rs(x)) or K0(r
s(x), y, rs+1(x))),

whence l1 · l2 = {3s− 1, 3s, 3s+ 1, 3s+ 2}.
Let l2 = 3m2 for some 1 ≤ m2 ≤ k − 1, i.e. K0(r

m2−1(t), y, rm2(t)) and E∗
1(y, r

m2(t)).
Whence we obtain:

K0(r
m1+m2−1(x), y, rm1+m2(x)),¬E∗

1(y, r
m1+m2−1(x)) and ¬E∗

1(y, r
m1+m2(x)).

Suppose firstly that (3m1−1)+3m2 < 3k+1. It can be checked that (3m1−1)+3m2 <
3k + 1 iff m1 +m2 − 1 < k. In this case l1 · l2 = {3(m1 +m2)− 1}.

The case (3m1−1)+3m2 = 3k+1 is impossible. Suppose that (3m1−1)+3m2 > 3k+1. It
can be checked that (3m1−1)+3m2 > 3k+1 iff m1+m2−1 ≥ k. Let s = (m1+m2−1)[mod k].
Since k ≤ m1+m2− 1 ≤ k− 1+ k− 1− 1 = 2k− 3, we have 0 ≤ s ≤ k− 3. Thus, we obtain:

K0(r
s(x), y, rs+1(x)),¬E∗

1(y, r
s(x)) and ¬E∗

1(y, r
s+1(x)),
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whence l1 · l2 = {3(s+ 1)− 1}.
Consider the product l2·l1. We have: K0(r

m2−1(x), t, rm2(x)), E∗
1(t, r

m2(x)), K0(r
m1−1(t),

y, rm1(t)), ¬E∗
1(y, r

m1−1(t)) and ¬E∗
1(y, r

m1(t)). Whence we obtain:

K0(r
m1+m2−1(x), y, rm1+m2(x)),¬E∗

1(y, r
m1+m2−1(x)) and ¬E∗

1(y, r
m1+m2(x)).

If (3m1− 1)+3m2 < 3k+1 then l2 · l1 = {3(m1+m2)− 1}. If (3m1− 1)+3m2 > 3k+1
then l2 · l1 = {3(s+ 1)− 1}, where s = (m1 +m2 − 1)[mod k].

Let now l2 = 3k − 2, i.e. K0(r
k−1(t), y, t) and E∗

1(y, r
k−1(t)). Whence we obtain:

K0(r
m1−2(x), y, rm1−1(x)),¬E∗

1(y, r
m1−2(x)) and ¬E∗

1(y, r
m1−1(x)).

Consequently, l1 · l2 = {3(m1 − 1)− 1}.
Consider the product l2 · l1. We have: K0(r

m1−2(x), y, rm1−1(x)), ¬E∗
1(y, r

m1−2(x)) and
¬E∗

1(y, r
m1−1(x)), whence l2 · l1 = {3(m1 − 1)− 1}.

Let now l2 = 3k − 1, i.e. K0(r
k−1(t), y, t), ¬E∗

1(y, r
k−1(t)) and ¬E∗

1(y, t). Whence we
obtain:

either K0(r
m1−2(x), y, rm1−1(x)) or K0(r

m1−1(x), y, rm1(x)).

Clearly, (3m1 − 1) + 3(k − 1) > 3k + 1. Let s = 3(m1 − 2), whence 4 ≤ s ≤ k − 5. Then
l1 · l2 = {3(m1 − 1)− 1, 3(m1 − 1), 3m2 − 2, 3m2 − 1}.

Consider the product l2 · l1. Then we have: K0(r
k−1(x), t, x), ¬E∗

1(t, r
k−1(x)), ¬E∗

1(x, t),
K0(r

m1−1(t), y, rm1(t)), ¬E∗
1(y, r

m1−1(t)), and ¬E∗
1(y, r

m1(t)). Whence we obtain:

either K0(r
m1−2(x), y, rm1−1(x)) or K0(r

m1−1(x), y, rm1(x)),

i.e. l2 · l1 = {3(m1 − 1)− 1, 3(m1 − 1), 3m2 − 2, 3m2 − 1}.
Let now l2 = 3k, i.e. K0(r

k−1(t), y, t), and E∗
1(y, t). Whence we obtain:

K0(r
m1−2(x), y, rm1−1(x)),¬E∗

1(y, r
m1−1(x)) and ¬E∗

1(y, r
m1(x)),

i.e. l1 · l2 = {3m1 − 1}.
Consider the product l2 · l1. Then we have: K0(r

k−1(x), t, x), E∗
1(x, t), K0(r

m1−1(t), y,
rm1(t)), ¬E∗

1(y, r
m1−1(x)) and ¬E∗

1(y, r
m1(x)). Whence we obtain:

K0(r
m1−1(x), y, rm1(x)),¬E∗

1(y, r
m1−1(x)) and ¬E∗

1(y, r
m1(x)),

i.e. l2 · l1 = {3m1 − 1}.

Case 3. l1 = 3m1 for some 1 ≤ m1 ≤ k − 1.
We have: K0(r

m1−1(x), t, rm1(x)) and E∗
1(t, r

m1(x)).
Let l2 = 3m2 for some 1 ≤ m2 ≤ k − 1, i.e. K0(r

m2−1(t), y, rm2(t)) and E∗
1(y, r

m2(t)).
Whence we obtain the following:

K0(r
m1+m2−1(x), y, rm1+m2(x)) and E∗

1(y, r
m1+m2(x)).
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Suppose firstly that 3m1 + 3m2 < 3k+ 1. It can be checked that 3m1 + 3m2 < 3k+ 1 iff
m1+m2 ≤ k. If m1+m2 = k then l1 · l2 = {3k}. If m1+m2 < k then l1 · l2 = {3(m1+m2)}.

The case 3m1 + 3m2 = 3k + 1 is impossible. Suppose that 3m1 + 3m2 > 3k + 1. It
can be checked that 3m1 + 3m2 > 3k + 1 iff m1 + m2 > k iff m1 + m2 − 1 ≥ k. Let
s = (m1 +m2 − 1)[mod k]. Since k ≤ m1 +m2 − 1 ≤ k − 1 + k − 1 − 1 = 2k − 3, we have
0 ≤ s ≤ k − 3. Thus, we obtain:

K0(r
s(x), y, rs+1(x)) and E∗

1(y, r
s+1(x)),

whence l1 · l2 = {3s}.
Let now l2 = 3k − 2, i.e. K0(r

k−1(t), y, t) and E∗
1(y, r

k−1(t)). Whence we obtain:

E∗
1(y, r

m1−1(x)) and either K0(r
m1−2(x), y, rm1−1(x)) or K0(r

m1−1(x), y, rm1(x)).

Consequently, l1 · l2 = {3(m1 − 1), 3m1 − 2}.
Consider the product l2 · l1. We have: K0(r

k−1(x), t, x), E∗
1(t, r

k−1(x)), K0(r
m1−1(t), y,

rm1(t)), and E∗
1(y, r

m1(t)). Whence we obtain:

E∗
1(y, r

m1−1(x)) and either K0(r
m1−2(x), y, rm1−1(x)) or K0(r

m1−1(x), y, rm1(x)),

i.e. l2 · l1 = {3(m1 − 1), 3m1 − 2}.
Let now l2 = 3k − 1, i.e. K0(r

k−1(t), y, t), ¬E∗
1(y, r

k−1(t)) and ¬E1(y, t). Whence we
obtain:

K0(r
m1−1(x), y, rm1(x)),¬E∗

1(y, r
m1−1(t)), and ¬E∗

1(y, r
m1(t)),

i.e. l1 · l2 = {3m1 − 1}.
Consider the product l2 · l1. We have the following: K0(r

k−1(x), t, x), ¬E∗
1(t, r

k−1(x)),
¬E∗

1(x, t), K0(r
m1−1(t), y, rm1(t)) and E∗

1(y, r
m1(t)). Whence we obtain:

K0(r
m1−1(x), y, rm1(x)),¬E∗

1(y, r
m1−1(t)), and ¬E∗

1(y, r
m1(t)),

i.e. l2 · l1 = {3m1 − 1}.
Let now l2 = 3k, i.e. K0(r

k−1(t), y, t), and E1(y, t). Whence we obtain:

K0(r
m1−1(x), y, rm1(x)) and E1(y, r

m1(x)),

i.e. l1 · l2 = {3m1}.
Consider the product l2 · l1. Then we have: K0(r

k−1(x), t, x), E1(x, t), K0(r
m1−1(t), y,

rm1(t)) and E∗
1(y, r

m1(x)). Whence we obtain: K0(r
m1−1(x), y, rm1(x)) and E∗

1(y, r
m1(x)),

i.e. l2 · l1 = {3m1}.

Case 4. l1 = 3k − 2.
We have: K0(r

k−1(x), t, x) and E∗
1(t, r

k−1(x)).
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Let l2 = 3k−2, i.e. K0(r
k−1(t), y, t) and E∗

1(y, r
k−1(t)). Whence we obtain the following:

K0(r
k−2(x), y, rk−1(x)) and E∗

1(y, r
k−1(x)), i.e. l1 · l2 = {3(k − 1)− 2}.

Let now l2 = 3k − 1, i.e. K0(r
k−1(t), y, t), ¬E∗

1(y, r
k−1(t)) and ¬E1(y, t). Whence we

obtain:
K0(r

k−2(x), y, rk−1(x)),¬E∗
1(y, r

k−2(x)), and ¬E1(y, r
k−1(x)),

i.e. l1 · l2 = {3(k − 1)− 1}.
Consider the product l2 · l1. We have the following: K0(r

k−1(x), t, x), ¬E∗
1(t, r

k−1(x)),
¬E∗

1(x, t), K0(r
m1−1(t), y, rm1(t)) and E∗

1(y, r
m1(t)). Whence we obtain:

¬E∗
1(y, r

k−2(x)),K0(r
k−2(x), y, rk−1(x)) and ¬E1(y, r

k−1(x)),

i.e. l2 · l1 = {3(k − 1)− 1}.
Let now l2 = 3k, i.e. K0(r

k−1(t), y, t), and E1(y, t). Whence we obtain:

E∗
1(y, r

k−1(x)) and either K0(r
k−2(x), y, rk−1(x)) or K0(r

k−1(x), y, x),

i.e. l1 · l2 = {3k − 2, 3(k − 1)}.
Consider the product l2 · l1. Then we have: K0(r

k−1(x), t, x), E1(x, t), K0(r
k−1(t), y, t)

and E∗
1(y, r

k−1(t)). Whence we obtain:

E∗
1(y, r

k−1(x)) and either K0(r
k−2(x), y, rk−1(x)) or K0(r

k−1(x), y, x),

i.e. l2 · l1 = {3k − 2, 3(k − 1)}.

Case 5. l1 = 3k − 1.
We have: K0(r

k−1(x), t, x), ¬E∗
1(t, r

k−1(x)) and ¬E1(t, x).
Let now l2 = 3k − 1, i.e. K0(r

k−1(t), y, t), ¬E∗
1(y, r

k−1(t)) and ¬E1(y, t). Whence we
obtain:

K0(r
k−2(x), y, x),¬E∗

1(y, r
k−2(x)), and ¬E1(y, x),

i.e. l1 · l2 = {3k − 4, 3k − 3, 3k − 2, 3k − 1}.
Let now l2 = 3k, i.e. K0(r

k−1(t), y, t), and E1(y, t). Whence we obtain:

K0(r
k−1(x), t, x),¬E∗

1(t, r
k−1(x)) and ¬E1(t, x),

i.e. l1 · l2 = {3k − 1}.
Consider the product l2 · l1. Then we have: K0(r

k−1(x), t, x), E1(x, t), K0(r
k−1(t), y, t),

¬E∗
1(y, r

k−1(t)) and ¬E1(y, t). Whence we obtain:

K0(r
k−1(x), t, x),¬E∗

1(t, r
k−1(x)) and ¬E1(t, x),

i.e. l2 · l1 = {3k − 1}.
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Case 6. l1 = 3k.
We have: K0(r

k−1(x), t, x) and E1(t, x).
Let l2 = 3k, i.e. K0(r

k−1(t), y, t) and E1(y, t). Whence we obtain: K0(r
k−1(x), t, x) and

E1(y, x), i.e. l1 · l2 = {3k}.
Thus, we established that the algebra PM ′

1,1,k
is commutative and strictly 5-deterministic

for every k ≥ 2.
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Кулпешов Б.Ш., Судоплатов С.В. ДӨҢЕСТIК РАНГIСI 2 ӘЛСIЗ ЦИКЛДIК МИ-
НИМАЛДЫ ТЕОРИЯЛАР YШIН БИНАРЛЫҚ ОҚШАУЛАУ ФОРМУЛАЛАРЫ АЛ-
ГЕБРАЛАРЫНДА

Бұл жұмыс циклдiк реттелген әлсiз циклдi минималды құрылымдарды зерттеуге
арналған. Циклдiк тәртiптiң ең қарапайым мысалы — соңғы нүктелерi бар сызықтық
тәртiп, онда ең үлкен элемент ең кiшiмен сәйкестендiрiледi. Тағы бiр мысал, шеңбер
бойымен жүру кезiнде пайда болатын тәртiп. Циклдiк реттелген құрылым, егер оның
формулалық iшкi жиындарының кез келгенi дөңес жиындар мен нүктелердiң ақырлы
бiрлестiгi болса, оны әлсiз циклдiк минималды деп атайды. Теория әлсiз циклдiк мини-
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малды деп аталады, егер оның барлық модельдерi әлсiз циклдiк минималды болса. Бiз
құрылымның анықталатын аяқталуына оң-монотонды функцияға ие және құрылымның
негiзгi жиынын дөңес класстарына шектеулi санына бөлетiн тривиалды емес эквивалент-
тiк қатынас бар тривиалды анықталатын түйықталуына ие дөңестiк рангiсi 2 санаулы
категориялық 1-отпелi примитивтiк емес әлсiз циклдiк минималды теориялары yшiн би-
нарлық оқшаулау формулаларынын алгебрасын сипаттаймыз.

Түйiн сөздер: бинарлық формулалар алгебрасы, ℵ0-категориялық теория, әлсiз
циклдiк минималдылық, циклдiк реттелген құрылым, дөңестiк рангici.

Кулпешов Б.Ш., Судоплатов С.В. ОБ АЛГЕБРАХ БИНАРНЫХ ИЗОЛИРУЮЩИХ
ФОРМУЛ ДЛЯ СЛАБО ЦИКЛИЧЕСКИ МИНИМАЛЬНЫХ ТЕОРИЙ РАНГА ВЫ-
ПУКЛОСТИ 2

Данная работа посвящена исследованию слабо циклически минимальных цикличе-
ски упорядоченных структур. Простейший пример циклического порядка — это линей-
ный порядок с концевыми точками, в котором наибольший элемент отождествили с наи-
меньшим. Другой пример — это порядок, возникающий при обходе окружности. Цикли-
чески упорядоченная структура называется слабо циклически минимальной, если любое
ее формульное подмножество является конечным объединением выпуклых множеств и
точек. Теория называется слабо циклически минимальной, если все ее модели являются
слабо циклически минимальными. Описываются алгебры бинарных изолирующих фор-
мул для счетно категоричных 1-транзитивных непримитивных слабо циклически мини-
мальных теорий ранга выпуклости 2 с тривиальным определимым замыканием, имею-
щих монотонную вправо функцию в определимое пополнение структуры и не имеющих
нетривиального отношения эквивалентности, разбивающего основное множество струк-
туры на конечное число выпуклых классов.

Ключевые слова. алгебра бинарных формул, ℵ0-категоричная теория, слабая цикли-
ческая минимальность, циклически упорядоченная структура, ранг выпуклости.
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Abstract. In this work, we study a Dirichlet problem for the viscous Burgers equation in a domain with

moving boundaries that degenerates at the initial moment. The primary method of investigation is the

Galerkin method, for which we construct an orthonormal basis suitable for domains with moving bound-

aries. Uniform a priori estimates are obtained, and based on these, theorems on the unique solvability

of the problem are proven using methods of functional analysis. The viscous Burgers equation serves as

a simpli�ed model for studying fundamental aspects of nonlinear systems. It bridges the gap between

purely theoretical nonlinear equations (like the inviscid Burgers equation) and more complex systems

like the Navier-Stokes equations, making it a valuable tool in mathematical and physical research.

Keywords. Burgers equation, a priori estimates, Galerkin method.

1 Introduction

Let Ω = {x, t | φ1(t) < x < φ2(t), 0 < t < T < ∞} be a domain that degenerates into
a point. The functions φ1(t) and φ2(t) are de�ned on [0, T ] and are strictly monotonically
decreasing and increasing functions, respectively, which belong to C1(0, T ) with φ1(0) = φ2(0)
and Ωt = (φ1(t), φ2(t)) for t ∈ (0, T ).

The study of solvability issues for initial-boundary value problems in domains with moving
boundaries, namely, in domains whose boundaries change over time, has been the focus of
numerous works; we note only a few of them [1, 2, 3, 4, 5]. In these works, we observed
that the lack of a suitable basis applicable to such domains necessitates transforming these
domains into ones with stationary boundaries. This transformation leads to the need to
study several auxiliary problems, signi�cantly complicating the research process. Previously,
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Figure 1: The degenerating domain Ω.

in work [6], we constructed an orthonormal basis and demonstrated its application to solving
initial-boundary value problems in degenerate domains.

In this paper, in the domain Ω we are studying the solvability issues of the following
boundary value problem for viscous Burgers equation:

∂ tu(x, t) + u(x, t)∂xu(x, t)− ν∂2xu(x, t) + ∂xu(x, t) = f(x, t), (x, t) ∈ Ω, (1)

with homogeneous boundary conditions

u(φ1(t), t) = u(φ2(t), t) = 0, t ∈ (0, T ). (2)

We look for some conditions for functions φ1(t) and φ2(t) such that the problem (1)�(2)
admits a unique solution. So, to establish the unique solvability of the problem (1)�(2) we
suppose that

|φ′(t)| ≤ γ for all t ∈ [0, T ], φ(t) = φ2(t)− φ1(t), γ = const > 0. (3)

Here is our main result on the problem(1)�(2):

Theorem 1. Let f(x, t) ∈ L2(Ω) and conditions (3) be satis�ed. Then boundary value problem

(1)�(2) has a unique solution

u ∈ H2,1
0 (Q) ≡

{
L2(0, T ;H2

0 (Ωt)) ∩H1(0, T ;L2(Ωt))
}
.
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In work [7], the homogeneous version of problem (1)�(2) was previously studied in a non-
degenerate domain, where theoretical and numerical results were obtained by the authors. In
works [8, 9], the authors investigated the existence of solutions to boundary value problems
for the Burgers equation in both degenerate and non-degenerate domains.

The paper is divided as follows: Section 2 investigates one auxiliary initial boundary value
problem for the Burgers equation in the non-degenerate domain, where φ1(1/n) ̸= φ2(1/n).
In Section 3, we obtain the necessary a priori estimates. In Section 4, we solve one spectral
problem and construct the necessary orthonormal basis, then, based on the obtained basis,
we introduce an approximate solution. In this section, we also prove the solvability of the
Cauchy problem for the coe�cients of the approximate solution. The unique solvability of the
auxiliary problem is given in Section 5. Section 6 is devoted to the proof of the main result.
A brief conclusion completes the work.

2 Statement of auxiliary problem

We introduce the family of domains Ωn = {x, t | φ1(t) < x < φ2(t), 1/n < t < T}, n ∈ N∗,
n ∈ N∗ ≡ {n ∈ N |n ≥ n1, 1/n1 < T}. These domains Ωn are �curvilinear� trapezoids for
which φ1(1/n) ̸= φ2(1/n) holds and now the domains do not degenerate at the point t = 1/n.
We aslo note that between the initial domain Ω and domains Ωn there are strict embeddings
Ωn ⊂ Ωn+1 ⊂ ... ⊂ Ω and, obviously, that lim

n→∞
Ωn = Ω.

In the domains Ωn, we will consider the following initial boundary value problems for the
Burgers equation with respect to the functions un(x, t):

∂ tun(x, t) + un(x, t)∂xun(x, t)− ν∂2xun(x, t) + ∂xun(x, t) = fn(x, t), (4)

with homogeneous boundary

un(φ1(t), t) = un(φ2(t), t) = 0, t ∈ (1/n, T ), (5)

and initial conditions

un(x, 1/n) = 0, x ∈ Ω1/n = (φ1(1/n), φ2(1/n)) . (6)

Obviously, if f(x, t) ∈ L2(Ω), then fn(x, t) ∈ L2(Ωn), where fn(x, t) is the restriction of
function f(x, t) ∈ L2(Ω) to domains Ωn.

For the problem (4)�(6) we have the following

Theorem 2. For every �xed n ∈ N∗ the initial-boundary value problem (4)�(6) is uniquely

solvable in the space un(x, t) ∈ H2,1
0 (Ωn).
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3 A priori estimates

Lemma 3. There is a positive, independent of n, constants K1, K2 and K3, such that for all

t ∈ [1/n, T ] we have estimates

∥un(x, t)∥2L2(Ωt)
+

t∫
1/n

∥∂xun(x, τ)∥2L2(Ωτ )
dτ ≤ K1∥fn(x, t)∥2L2(Ωn), (7)

∥∂xun(x, t)∥2L2(Ωt)
+

t∫
1/n

∥∂2xun(x, τ)∥2L2(Ωτ )
dτ ≤ K2∥fn(x, t)∥2L2(Ωn), (8)

∥∂tun(x, t)∥2L2(Ωn) ≤ K3∥fn(x, t)∥2L2(Ωn). (9)

Proof. We start with the proof of the �rst a priori estimate. Multiplying the equation (4) by
the function un(x, t) scalarly in L2(Ωt) and using the ε-Cauchy inequlity we get

d

d t
∥un(x, t)∥2L2(Ωt)

+ 2ν∥∂xun(x, t)∥2L2(Ωt)
≤ ∥fn(x, t)∥2L2(Ωt)

+ ∥un(x, t)∥2L2(Ωt)
. (10)

By applying the Gronwall inequality to (10), we obtain the estimate (7).
Let us proceed to the proof of the second a priori estimate. Multiplying the equation (4)

by −∂2xun(x, t) scalarly in L2(Ωt) we get

d

d t
∥∂xun(x, t)∥2L2(Ωt)

+ 2ν∥∂2xun(x, t)∥2L2(Ωt)
≤ 2

∣∣∣∣
φ2(t)∫

φ1(t)

un(x, t)∂xun(x, t)∂
2
xun(x, t)dx

∣∣∣∣

+2

∣∣∣∣
φ2(t)∫

φ1(t)

fn(x, t)∂
2
xun(x, t)dx

∣∣∣∣+ 2

∣∣∣∣
φ2(t)∫

φ1(t)

∂xu(x, t)∂
2
xu(x, t)dx

∣∣∣∣
+γ

(
|∂xun(φ2(t), t)|2 + |∂xun(φ1(t), t)|2

)
. (11)

To estimate the nonlinear term in the right-hand side of (11) we use the following in-
equality ([10], Theorems 5.8�5.9, p.140�141)

∥∂xun(x, t)∥L4(Ωt) ≤ K∥∂xun(x, t)∥1/2H1(Ωt)
∥∂xun(x, t)∥1/2L2(Ωt)

, ∀ ∂xun(x, t) ∈ H1(Ωt),

Young's inequality (r−1 + s−1 = 1) :

|UV | =
∣∣∣∣(Θ1/rU

)(
Θ1/sV

Θ

)∣∣∣∣ ≤ Θ

r
|U |r + Θ

sΘs
|V |s ,
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with Θ = ν/6, r = 4/3, s = 4,

U = ∥∂xun(x, t)∥3/2H1(Ωt)
, V = K ∥un(x, t)∥L4(Ωt)

∥∂xun(x, t)∥1/2L2(Ωt)
.

After which we will get

∣∣∣∣
φ2(t)∫

φ1(t)

un(x, t)∂xun(x, t)∂
2
xun(x, t)dx

∣∣∣∣ ≤ ν

8
∥∂2xun(x, t)∥2L2(Ωt)

+

[
ν

8
+

54

ν3
K4∥un(x, t)∥4L4(Ωt)

]
∥∂xun(x, t)∥2L2(Ωt)

. (12)

For the remaining terms in (11) we have

∣∣∣∣
φ2(t)∫

φ1(t)

fn(x, t)∂
2
xun(x, t)dx

∣∣∣∣ ≤ ν

8
∥∂2xun(x, t)∥2L2(Ωt)

+
2

ν
∥fn(x, t)∥2L2(Ωt)

, (13)

∣∣∣∣
φ2(t)∫

φ1(t)

∂xu(x, t)∂
2
xu(x, t)dx

∣∣∣∣ ≤ 2

ν
∥∂xun(x, t)∥2L2(Ωt)

+
ν

8
∥∂2xun(x, t)∥2L2(Ωt)

, (14)

γ|∂xun(φi(t), t)|2 ≤ γ∥∂xun(x, t)∥2L∞(Ωt)
≤ K2γ∥∂xun(x, t)∥H1(Ωt)∥∂xun(x, t)∥L2(Ωt)

= K2γ∥∂xun(x, t)∥L2(Ωt)

[
∥∂xun(x, t)∥L2(Ωt) + ∥∂2xun(x, t)∥L2(Ωt)

]
≤ ν

8
∥∂2xun(x, t)∥2L2(Ωt)

+

[
K2γ +

K4γ2

2ν

]
∥∂xun(x, t)∥2L2(Ωt)

, i = 1, 2. (15)

Based on inequalities (11)�(15) we obtain:

d

d t
∥∂xun(x, t)∥2L2(Ωt)

+ν∥∂2xun(x, t)∥2L2(Ωt)
≤ C1∥fn(x, t)∥2L2(Ωt)

+C2∥∂xun(x, t)∥2L2(Ωt)
, (16)

where C1 =
4
ν , C2 =

ν
4 + 4

ν + 108K4

ν3
C4
5 + γK2ν+2γ2K4

ν , since

∥un(x, t)∥L4(Ωt) ≤ max
1/n≤t≤T

4
√
φ(t)∥un(x, t)∥L∞(Ωt) ≤ C4∥un(x, t)∥H1(Ωt) ≤ C5,

where
C4 = max

1/n≤t≤T

4
√
φ(t)C3.
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From inequality (16) similarly as in the proof of the �rst a priori estimate we obtain the
required estimate (8).

Now, let us proceed to the proof of the �nal a priori estimate. From equation (4) we have

∥∂ tun(x, t)∥L2(Ωn) ≤ ν∥∂2xun(x, t)∥L2(Ωn) + ∥fn(x, t)∥L2(Ωn)

+∥∂xun(x, t)∥L2(Ωn) + ∥un(x, t)∂xun(x, t)∥L2(Ωn). (17)

According to (8) we need to estimate the last term in (17) only. Using the embedding
H1(Ωt) ↪→ L∞(Ωt) and estimates (7) and (8) we have

∥un(x, t)∂xun(x, t)∥2L2(Ωn) ≤ C6

T∫
1/n

∥un(x, t)∥2H1(Ωt)
∥∂xun(x, t)∥2L2(Ωt)

dt

≤ C6∥un(x, t)∥2L∞(1/n,T ;H1(Ωt))
∥∂xun(x, t)∥2L2(Qn) ≤ C7∥fn(x, t)∥2L2(Ωn), (18)

where C7 = K1K2C6T , and K1, K2 are the constants from (7) and (8).
Based on inequalities (17)�(18) we establish the estimate (9). This completes the proof

of Lemma3.

4 Spectral problem and approximate solution

4.1 Spectral problem

To apply the Faedo-Galerkin approach, it is necessary to resolve the corresponding spectral
problem

−∂2xYk(x, t) = λ2k(t)Yk(x, t), (x, t) ∈ Ωn, k ∈ N0, (19)

Yk(φ1(t), t) = Yk(φ2(t), t) = 0. (20)

The solution to this problem is sought in the form

Yk(x, t) = Ak(t) cos (λk(t)x) +Bk(t) sin (λk(t)x) . (21)

Using the conditions (20) from (21) we get:{
Ak(t) cos (λk(t)φ1(t)) +Bk(t) sin (λk(t)φ1(t)) = 0,
Ak(t) cos (λk(t)φ2(t)) +Bk(t) sin (λk(t)φ2(t)) = 0.

(22)

For the system (22) to admit a nontrivial solution, the following condition must hold:∣∣∣∣cos (λk(t)φ1(t)) sin (λk(t)φ1(t))
sin (λk(t)φ2(t)) cos (λk(t)φ2(t))

∣∣∣∣ = 0,
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From where we obtain
sin (λk(t)φ(t)) = 0, k ∈ N0,

hence

λk(t) =
πk

φ(t)
, k ∈ N0. (23)

From (22) we also obtain

Ak(t) = −Bk(t)
sinλk(t)φ1(t)

cosλk(t)φ1(t)
. (24)

Substituting (24) into (21) and choosing

Bk(t) =

√
2 cosλk(t)φ1(t)√

φ(t)
,

we have

Yk(x, t) =

√
2√
φ(t)

sin (λk(t)(x− φ1(t))) , λ
2
k(t) =

(
πk

φ(t)

)2

, k ∈ N0. (25)

4.2 Approximate solution

The following approximate solution

uNn (x, t) =
N∑
j=1

cj(t)Yj(x, t), u
N
n (x, 1/n) =

N∑
j=1

cj(1/n)Yj(x, 1/n) = 0, (26)

is introduced and utilized to solve the problem (4)�(6):

φ2(t)∫
φ1(t)

[
∂tu

N
n (x, t)dx+ uNn (x, t)∂xu

N
n (x, t)− ν∂2xu

N
n (x, t) + ∂xu

N
n (x, t)

]
Yk(x, t)dx

=

φ2(t)∫
φ1(t)

fn(x, t)Yk(x, t)dx, (27)

uNn (x, 1/n) = 0, x ∈ Ω1/n, (28)

for all k = 1, . . . , N and t ∈ [1/n, T ].

Lemma 4. The problem (27)�(28) has a unique solution C(t) = {cj(t)}Nj=1 .
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Proof. Given that the system of functions {Yk(x, t)}k∈N0 forms an orthonormal basis in L
2(Ωt)

for N0 = {0, 1, 2, . . . }, it follows that for any �nite N :

φ2(t)∫
φ1(t)

∂tu
N
n (x, t)Yk(x, t)dx =

N∑
j=1

c′j(t)

φ2(t)∫
φ1(t)

Yj(x, t)Yk(x, t)dx

+

N∑
j=1

cj(t)

φ2(t)∫
φ1(t)

Y ′
j (x, t)Yk(x, t)dx = c′j(t) + S1(t)cj(t),

where for all k = 1, . . . , N

S1(t)cj(t) = (I1(t) + I2(t) + I3(t)) cj(t),

I1(t)cj(t) = − φ′(t)

φ2(t)

N∑
j=1

cj(t)

φ2(t)∫
φ1(t)

sin (λj(t)(x− φ1(t))) sin (λk(t)(x− φ1(t))) dx,

I2(t)cj(t) =

(
2π

φ2(t)

(
φ′(t)φ1(t)

φ(t)
− φ′

1(t)

)) N∑
j=1

jcj(t)

·
φ2(t)∫

φ1(t)

cos (λj(t)(x− φ1(t))) sin (λk(t)(x− φ1(t))) dx,

I3(t)cj(t) = −2πφ′(t)

φ3(t)

N∑
j=1

jcj(t)

φ2(t)∫
φ1(t)

x cos (λj(t)(x− φ1(t))) sin (λk(t)(x− φ1(t))) dx.

From (19) we have ∂2xu
N
n (x, t) = −

N∑
j=1

λ2j (t)cj(t)Yj(x, t). Then, for all t ∈ [1/n, T ],

−
φ2(t)∫

φ1(t)

∂2xu
N
n (x, t)Yk(x, t)dx =

N∑
j=1

λ2j (t)cj(t)

φ2(t)∫
φ1(t)

Yj(x, t)Yk(x, t)dx = λ2j (t)cj(t).

For the nonlinear term we have

φ2(t)∫
φ1(t)

uNn (x, t)∂xu
N
n (x, t)Yk(x, t)dx
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=

φ2(t)∫
φ1(t)

N∑
l=1

cl(t)Yl(x, t)
N∑

m=1

cm(t)∂xYm(x, t)Yk(x, t)dx = S2(t)clm(t).

For the last term we have

φ2(t)∫
φ1(t)

∂xu
N
n (x, t)Yk(x, t)dx =

N∑
j=1

cj(t)

φ2(t)∫
φ1(t)

∂xYj(x, t)Yk(x, t)dx = S3(t)cj(t)

For j ∈ N, the problem (27)�(28) can be reformulated as the following Cauchy problem for a
�nite system of nonlinear ordinary di�erential equations:

c ′j(t) =
(
−S1(t)− νλ2j (t)− S3(t)

)
cj(t)− S2(t)clm(t) + gj(t), cj(1/n) = 0, (29)

where

gj(t) =

φ2(t)∫
φ1(t)

fn(x, t)Yj(x, t)dx, j ∈ N.

Since f(x, t) ∈ L2(Q), it follows that gk(t) is a square-integrable function, and function
S1(t) is well de�ned. Consequently, the Cauchy problem (29) has a unique solution on some
interval [1/n, T ′], where T ′ ≤ T. Moreover, due to the a priori estimates provided in Lemma
3 in Section 3, the solution C(t) can be extended up to the �nite time T.

Thus, for any �xed �nite N , the functions C(t) = {cj(t)}Nj=1 are determined as the
solution to the Cauchy problem (29). Along with these, the unique approximate solution
uNn (x, t) to problem (27)�(28) is obtained. This concludes the proof of Lemma 4.

5 Solvatility of auxiliary problem

5.1 Proof of Theorem 2. Existence

By virtue of Lemma 3 we can extract weakly convergent subsequences from bounded sequences
{uNn (x, t), ∂tu

N
n (x, t)N = 1, 2, ...}:

uNn (x, t) → un(x, t) weakly in L2(1/n, T ;H2
0 (Ωt)) ∩H1(1/n, T ;L2(Ωt)), (30)

uNn (x, t) → un(x, t) strongly in L2(1/n, T ;L2(Ωt)) and a.e. in Ωn. (31)

We introduce the new function wj(x, t) = ψ(t)Yj(x, t), where Yj(x, t) ∈ H2
0 (Ωt) and

ψ(t) ∈ C1([1/n, T ]). Next, we multiply the identity (27) by ψ(t) ∈ C1([1/n, T ]) and after
that we integrate the resulting expression with respect to t over the interval [1/n, T ] for
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j = 1, . . . , N and use the fact that the set of all linear combinations of {wj(x, t)} is dense in
L2(1/n, T ;H2

0 (Ωt)). Thus, we obtain:

T∫
1/n

φ2(t)∫
φ1(t)

[
∂tu

N
n (x, t) + uNn (x, t)∂xu

N
n (x, t)− ν∂2xu

N
n (x, t) + ∂xu

N
n (x, t)− f(x, t)

]
w(x, t)dxdt = 0,

∀w(x, t) ∈ L2(1/n, T ;H2
0 (Ωt)). (32)

In the identity (32) we take the limit as N → ∞. For the linear terms in equation (4), the
passage to the limit is performed using the relations (30) and (31). Regarding the nonlinear
term, as N → ∞ we arrive at the following result:

T∫
1/n

φ2(t)∫
φ1(t)

[uNn (x, t)− un(x, t)]∂xu
N
n (x, t)w(x, t) dx dt

+

T∫
1/n

φ2(t)∫
φ1(t)

un(x, t)∂xu
N
n (x, t)w(x, t) dx dt→

T∫
1/n

φ2(t)∫
φ1(t)

un(x, t)∂xun(x, t)w(x, t) dx dt, (33)

since according to (30)�(31) there exists a limiting relationship

T∫
1/n

φ2(t)∫
φ1(t)

[uNn (x, t)− un(x, t)]∂xu
N
n (x, t)w(x, t) dx dt→ 0.

Thus, by passing to the limit as N → ∞ in the identity (32), and taking into account the
limiting relation (33) along with the initial condition (28), we obtain:

T∫
1/n

φ2(t)∫
φ1(t)

[
∂tun(x, t) + un(x, t)∂xun(x, t)− ν∂2xun(x, t) + ∂xun(x, t)− f(x, t)

]
w(x, t)dxdt = 0,

∀w(x, t) ∈ L2(1/n, T ;H2
0 (Ωt)), (34)

φ2(1/n)∫
φ1(1/n)

un(x, 1/n)θ(x) dx = 0, ∀ θ(x) ∈ L2(Ω1/n). (35)

Thus, from (34)�(35), it follows that the limiting function un(x, t) satis�es equation (4)
along with the boundary and initial conditions (5)�(6).
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5.2 Proof of Theorem 2. Uniqueness

We suppose that the initial boundary value problem (4)�(6) has two distinct solutions, denoted

by u(1)n (x, t) and u(2)n (x, t). Then, their di�erence, given by un(x, t) = u
(1)
n (x, t) − u

(2)
n (x, t),

ful�lls the following problem:

∂ tun(x, t) + un(x, t)∂xu
(1)
n (x, t) + u(2)n (x, t)∂xun(x, t)− ν∂2xun(x, t) + ∂xun(x, t) = 0, (36)

un(φ1(t), t) = un(φ2(t), t) = 0, t ∈ (1/n, T ), (37)

un(x, 1/n) = 0, x ∈ Ω1/n. (38)

By Lemma3, it follows that

u(k)n (x, t) ∈ L∞(1/n, T ;H1(Ωt)) ∩ L2(1/n, T ;H2
0 (Ωt)), k = 1, 2. (39)

Consider equality
1

2

d

d t
∥un(x, t)∥2L2(Ωt)

+ ν ∥∂xun(x, t)∥2L2(Ωt)
=

−
φ2(t)∫

φ1(t)

[
un(x, t)∂xu

(1)
n (x, t)un(x, t) + u(2)n (x, t)∂xun(x, t)un(x, t)

]
dx, (40)

derived by taking the scalar product of equation (36) with the function un(x, t) in the space
L2(Ωt).

From (39), we derive an estimate for the right-hand side of (40):

φ2(t)∫
φ1(t)

[
|un(x, t)|2∂xu(1)n (x, t) + u(2)n (x, t)∂xun(x, t)un(x, t)

]
dx

=

φ2(t)∫
φ1(t)

[
−2u1n(x, t)un(x, t)∂xun(x, t) + u(2)n (x, t)∂xun(x, t)un(x, t)

]
dx

≤ 1

2ν

[
2∥u(1)n (x, t)∥L∞(1/n,T ;(Ωt)) + ∥u(2)n (x, t)∥L∞(1/n,T ;(Ωt))

]2
∥un(x, t)∥2L2(Ωt)

+
ν

2
∥∂xun(x, t)∥2L2(Ωt)

= C8∥un(x, t)∥2L2(Ωt)
+
ν

2
∥∂xun(x, t)∥2L2(Ωt)

, (41)

where

C8 =
1

2ν

[
2∥u(1)n (x, t)∥L∞(1/n,T ;(Ωt)) + ∥u(2)n (x, t)∥L∞(1/n,T ;(Ωt))

]2
.
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Using relation (40), we deduce:

d

d t
∥un(x, t)∥2L2(Ωt)

+ ν ∥∂xun(x, t)∥2L2(Ωt)
≤ C9∥u(x, t)∥2L2(Ωt)

, ∀ t ∈ (1/n, T ], (42)

where C9 = 2C8. From (42), by applying Gronwall's inequality, we obtain:

∥un(x, t)∥2L2(Ωt)
≡ 0, ∀ t ∈ (1/n, T ].

This implies that u(1)n (x, t) ≡ u
(2)
n (x, t) in L2(Ωn), meaning the solution to the initial boundary

value problem (4)�(6) is unique. Hence, the uniqueness has been established, and Theorem 2
is proven.

6 Proof of the main result

6.1 Proof of Theorem1. Existence

In the boundary value problems (4)�(6), we extend each element of the sequence {un(x, t) :
(x, t) ∈ Ωn, n ∈ N∗} by zero to the entire domain Ω. As a result, we obtain a bounded

sequence of functions
{
ũn(x, t), n ∈ N∗

}
, from which a convergent subsequence can be ex-

tracted (retaining n as the index for this subsequence), i.e.

ũn(x, t) → u(x, t) weakly in H2,1
0 (Ω), (43)

ũn(x, t) → u(x, t) strongly in L2(Ω). (44)

Then, based on (43)�(44), we can pass to the limit as n → ∞ in the following integral
identity for all ψ(x, t) ∈ L2(Ω)∫

Q

[
∂ tũn(x, t) + ũn(x, t)∂xũn(x, t)− ν∂2xũn(x, t) + ∂xũn(x, t)− fn(x, t)

]
ψ(x, t) dx dt→

→
∫
Q

[
∂ tu(x, t) + u(x, t)∂xu(x, t)− ν∂2xu(x, t) + ∂xu(x, t)− f(x, t)

]
ψ(x, t) dx dt = 0, (45)

and ˜un(x, 1/n) → 0, as n → ∞. Thus, it has been shown that the boundary value problem
(1)�(2) possesses a solution u(x, t) ∈ H2,1

0 (Ω), as de�ned by the integral identity (45). This
proves the existence of a solution, thereby con�rming Theorem1.
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6.2 Proof of Theorem1. Uniqueness

Suppose that the boundary value problem (1)�(2) has two distinct solutions, denoted u(1)(x, t)
and u(2)(x, t). Then, their di�erence u(x, t) = u(1)(x, t) − u(2)(x, t) will ful�ll the following
problem:

∂ tu(x, t) + u(x, t)∂xu
(1)(x, t) + u(2)(x, t)∂xu(x, t)− ν∂2xu(x, t) + ∂xu(x, t) = 0, (46)

u(φ1(t), t) = u(φ2(t), t) = 0, t ∈ (0, T ). (47)

By similar reasoning as in Lemma 3, the following inequality can be established:

∥u(k)(x, t)∥L∞(0,T ;H1(Ωt)) ≤M = K2∥f(x, t)∥L2(Ω), k = 1, 2. (48)

Consider the equality

1

2

d

d t
∥u(x, t)∥2L2(Ωt)

+ ν ∥∂xu(x, t)∥2L2(Ωt)
=

−
φ2(t)∫

φ1(t)

[
|u(x, t)|2∂xu(1)(x, t) + u(2)(x, t)∂xu(x, t)u(x, t)

]
dx, (49)

which is obtained by multiplying the equation (46) by function u(x, t) scalarly in L2(Ωt).
From (48), we obtain an estimate for the right side of (49)

φ2(t)∫
φ1(t)

[
|u(x, t)|2∂xu(1)(x, t) + u(2)(x, t)∂xu(x, t)u(x, t)

]
dx

≤ C10∥u(x, t)∥2L2(Ωt)
+
ν

2
∥∂xu(x, t)∥2L2(Ωt)

, (50)

where
1

2ν

[
2∥u(1)(x, t)∥L∞(0,T ; (Ωt)) + ∥u(2)(x, t)∥L∞(0,T ;(Ωt))

]2
≤ 9M2

2ν
= C10,

and M is the constant from (48).
Based on relations (49)�(50) we obtain

d

d t
∥u(x, t)∥2L2(Ωt)

+ ν ∥∂xu(x, t)∥2L2(Ωt)
≤ C11∥u(x, t)∥2L2(Ωt)

, ∀ t ∈ (0, T ], (51)

where C11 = 2C10. From (51), applying the Gronwall inequality, we obtain that

∥u(x, t)∥2L2(Ωt)
≡ 0, ∀ t ∈ (0, T ].

This implies that u(1)(x, t) ≡ u(2)(x, t) in L2(Ω), i.e. solution to the boundary value prob-
lem (1)�(2) is unique. Thus, we have proved the main result of the work, namely, Theorem1.
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7 Conclusion

In this work, we studied a Dirichlet problem for the Burgers equation in a domain with moving
boundaries that degenerates at the initial moment. An orthonormal basis suitable for domains
with moving boundaries was constructed. Uniform a priori estimates were obtained, based
on which theorems on the unique solvability of the considered problem were proven using
methods of functional analysis.
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Ñàðûáàé Ò.À., Åð¡àëèåâ Ì.�., Æà©ñûáàé Û.Ê. Ò�Ò�ÛÐ ÁÞÐÃÅÐÑ ÒÅ�ÄÅÓI
�ØIÍ �ÎÉÛË�ÀÍ ÄÈÐÈÕËÅ ÅÑÅÁIÍI� ØÅØIÌÄIËIÃI ÒÓÐÀËÛ

Æ´ìûñòà áiç óà©ûòòû­ áàñòàï©û ìåçåòiíäå æîéûëìàëû æºíå øåêàðàëàðû ©îç¡àë-
ìàëû îáëûñòà Áþðãåðñ òå­äåói ³øií ©îéûë¡àí Äèðèõëå åñåáií çåðòòåéìiç. Çåðòòåóäi­
íåãiçãi ºäiñi � Ãàðåêèí ºäiñi áîë¡àíäû©òàí, áiç øåêàðàëàðû ©îç¡àëìàëû îáëûñòàð ³øií
©îëäàíó¡à áîëàòûí îðòîíîðìàëàí¡àí áàçèñ ©´ðûëàäû. Áið©àëûïòû àïðèîðëû áà¡àëà-
óëàð àëûíûï, îëàðäû­ íåãiçiíäå ©àðàñòûðûëûï îòûð¡àí åñåïòi­ áiðìºíäi øåøiìäiëiãi
òóðàëû òåîðåìàëàð ôóíêöèîíàëäû© òàëäàó ºäiñòåði ê°ìåãiìåí äºëåëäåíäi. Ò´ò©ûð Áóð-
ãåðñ òå­äåói ñûçû©òû åìåñ æ³éåëåðäi­ iðãåëi àñïåêòiëåðií çåðòòåó ³øií æå­iëäåòiëãåí
³ëãi ðåòiíäå ©ûçìåò åòåäi. Îë òàçà òåîðèÿëû© ñûçû©òû åìåñ òå­äåóëåð (ìûñàëû, á´ðûñ
Áóðãåðñ òå­äåói) ìåí Íàâüå-Ñòîêñ òå­äåóëåði ñèÿ©òû ê³ðäåëi æ³éåëåð àðàñûíäà¡û àë-
øà©òû©òû æîÿäû, á´ë îíû ìàòåìàòèêàëû© æºíå ôèçèêàëû© çåðòòåóëåðäå ©´íäû ©´ðàë
åòåäi.

Ò³éií ñ°çäåð: Áþðãåðñ òå­äåói, àïðèîðëû áà¡àëàóëàð, Ãàëåðêèí ºäiñi.

Ñàðûáàé Ò.À., Åðãàëèåâ Ì.Ã., Æàêñûáàé Û.Ê. Î ÐÀÇÐÅØÈÌÎÑÒÈ ÇÀÄÀ×È ÄÈ-
ÐÈÕËÅ ÄËß ÂßÇÊÎÃÎ ÓÐÀÂÍÅÍÈß ÁÞÐÃÅÐÑÀ

Â ðàáîòå íàìè èññëåäóåòñÿ îäíà çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Áþðãåðñà â îáëàñòè
ñ ïîäâèæíûìè ãðàíèöàìè, êîòîðàÿ âûðîæäàåòñÿ â íà÷àëüíûé ìîìåíò âðåìåíè. Îñíîâ-
íûì ìåòîäîì èññëåäîâàíèÿ ÿâëÿåòñÿ ìåòîä Ãàëåðêèíà, äëÿ ïðèìåíåíèÿ êîòîðîãî íàìè
â ðàáîòå ñòðîèòñÿ îðòîíîðìèðîâàííûé áàçèñ, ïðèìåíèìûé äëÿ îáëàñòåé ñ ïîäâèæíû-
ìè ãðàíèöàìè. Ïîëó÷åíû ðàâíîìåðíûå àïðèîðíûå îöåíêè íà îñíîâå êîòîðûõ ìåòîäàìè
ôóíêöèîíàëüíîãî àíàëèçà äîêàçàíû òåîðåìû îäíîçíà÷íîé ðàçðåøèìîñòè ðàññìàòðèâà-
åìîé çàäà÷è. Âÿçêîå óðàâíåíèå Áþðãåðñà ñëóæèò óïðîùåííîé ìîäåëüþ äëÿ èçó÷åíèÿ
ôóíäàìåíòàëüíûõ àñïåêòîâ íåëèíåéíûõ ñèñòåì. Îíî çàïîëíÿåò ïðîáåë ìåæäó ÷èñòî òåî-
ðåòè÷åñêèìè íåëèíåéíûìè óðàâíåíèÿìè (òàêèìè êàê íåâÿçêîå óðàâíåíèå Áþðãåðñà) è
áîëåå ñëîæíûìè ñèñòåìàìè, òàêèìè êàê óðàâíåíèÿ Íàâüå-Ñòîêñà, ÷òî äåëàåò åãî öåííûì
èíñòðóìåíòîì â ìàòåìàòè÷åñêèõ è ôèçè÷åñêèõ èññëåäîâàíèÿõ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Áþðãåðñà, àïðèîðíûå îöåíêè, ìåòîä Ãàëåðêèíà.
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Abstract. Alternative algebras are vital for studying and modeling systems that deviate from strict
associativity but maintain enough structure to be useful. Indeed, alternative algebras generalize asso-
ciative algebras by relaxing the strict associativity condition. Alternative algebras naturally include the
octonions, which are a key example of a non-associative division algebra. The octonions are part of
the Cayley-Dickson construction and play a critical role in geometry, topology, and theoretical physics,
especially in string theory and exceptional Lie groups. The origin of alternative algebras lies in the
historical exploration of division algebras and their applications extend to various mathematical and
physical disciplines, especially in understanding non-associative algebraic structures. In this paper, we
consider free alternative algebra with the additional identity x3 = 0. For motivation, we refer to the
dual operad of the alternative operad. Also, we obtain pre-Lie algebra with the identity x3 = 0 from
binary perm algebra. Finally, we consider assosymmetric algebra with identity x3 = 0.

Keywords. alternative algebra, pre-Lie algebra, assosymmetric algebra, polynomial identities.

1 Introduction

An algebra is called alternative if it satisfies the following identities:

(ab)c− a(bc) = −(ac)b+ a(cb), (1)

(ab)c− a(bc) = −(ba)c+ b(ac). (2)

A natural source of alternative algebras is Artin’s theorem, which states that its every two-
generated subalgebra of alternative algebra is associative [11]. Let us demonstrate some
works related to the subvarieties of the variety of alternative algebras. In [9], the authors
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constructed a basis of the free alternative algebra with identity [a, b][c, d] = 0 and proved that
every metabelian Malcev algebra can be embedded into appropriate alternative algebra under
commutator. In [5], the authors considered a variety of alternative algebras with the identity

(ab)c+ (cb)a = (ac)b+ (ca)b, (3)

which coincides with a variety of binary perm algebras. There is given a basis of the free
alternative algebra with identity (3) and described a complete list of identities of algebras
that appear under commutator and anti-commutator.

The variety of alternative algebras is a natural generalization of the variety of associative
algebras. On the other side, the dual operad of the alternative operad is an associative operad
with additional identity x3 = 0. So, we obtain

Alt! = As+ {x3 = 0}.

Also, we obtain the following trivial result which immediately follows from the definitions
given above:

Theorem 1. Let Alt3 be a variety of alternative algebras defined by identity x3 = 0. Then
every two-generated algebra from Alt3 lies in Alt!, i.e., Alt+ {x3 = 0} = Alt!2.

All described motivations can be illustrated as inclusions of the varieties as follows:

⊂
⊂

⊂

⊂

Alt

As

Alt+ {x3 = 0} = Alt!2

As+ {x3 = 0} = Alt!⊂

Also, we consider Koszul dual operad P !
2 , where P2 is a variety of binary perm algebra,

i.e., it is an alternative operad with additional identity (3). It turns out that P !
2 is a variety of

pre-Lie algebras with two additional independent identities, where one of them is x3 = 0. In
addition, it is observed the fact that an algebra from P !

2 is a Lie algebra with an additional
independent identity of degree 5. The situation looks like for the Novikov algebras under
commutator [3]. For Novikov algebras, there occurs a standard identity of degree 5∑

σ∈S4

(−1)σ[xσ(1), [xσ(2), [xσ(3), [xσ(4), x5]]]] = 0.

Finally, we consider assosymmetric algebra with identities generated by 1-dimensional
invariant basis vectors which are described in [7]. These identities are∑

σ∈S3

(−1)σxσ(1)(xσ(2)xσ(3)) and
∑
σ∈S3

xσ(1)(xσ(2)xσ(3)).
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Indeed, considered alternative and pre-Lie algebras with identity x3 = 0 is equivalent to
the alternative and pre-Lie algebras with identity generated by 1-dimensional invariant basis
vectors of identities space of degree 3, see [7]. For more details on assosymmetric and pre-Lie
algebras, see [1, 6, 8, 10].

We consider all algebras over a field K of characteristic 0.

2 Some properties of algebras with identity x3 = 0

Definition 2. An alternative algebra with additional identity x3 = 0 is called a 3-nil alter-
native algebra. We denote by Alt3 and Alt3⟨X⟩ the variety of 3-nil alternative algebras and
free algebra if the variety Alt3, respectively.

In characteristic 0, the identity x3 = 0 comes to

(xy)z + (yx)z + (xz)y + (zx)y + (yz)x+ (zy)x = 0. (4)

By using (1) and (2), the identity (4) can be rewritten as

x(yz) + x(zy) + y(xz) + y(zx) + z(xy) + z(yx) = 0.

Both identities that are obtained from x3 = 0 give

{{a, b}, c}+ {{b, c}, a}+ {{c, a}, b} = 0. (5)

Proposition 3. The polarization of 3-nil alternative algebra gives

[x, {y, z}] = {[x, y], z}+ {[x, z], y}

and
{{x, y}, z} = 1/3([x, [y, z]]− [[x, z], y]).

Proof. It can be stated by straightforward calculations.

Indeed, the identity (4) and its consequence in alternative algebra can be rewritten as∑
σ∈S3

(xσ(1)xσ(2))xσ(3) = 0

and ∑
σ∈S3

xσ(1)(xσ(2)xσ(3)) = 0.

These identities correspond to the 1-dimensional invariant basis vectors.

Theorem 4. An operad Alt3 is self-dual.
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Proof. Firstly, let us fix a multilinear basis of algebra Alt3 of degree 3. That is

c(ba) = −(ac)b+ (cb)a+ a(cb),

c(ab) = (ca)b+ (ac)b− a(cb),

b(ca) = (ac)b+ (bc)a− a(cb),

(ab)c = −(ac)b+ a(cb) + a(bc),

b(ac) = −(ca)b− (ac)b− (cb)a− (bc)a− a(bc)

and
(ba)c = −(ca)b− (cb)a− (bc)a− a(cb)− a(bc).

The Lie-admissibility condition for S⊗U gives the defining identities of the operad Alt!3,
where S is a 3-nil alternative algebra. Then

[[a⊗ u, b⊗ v], c⊗ w] = (ab)c⊗ (uv)w − (ba)c⊗ (vu)w − c(ab)⊗ w(uv) + c(ba)⊗ w(vu) =

(−(ac)b+ a(cb) + a(bc))⊗ (uv)w − (−(ca)b− (cb)a− (bc)a− a(cb)− a(bc))⊗ (vu)w

− ((ca)b+ (ac)b− a(cb))⊗ w(uv) + (−(ac)b+ (cb)a+ a(cb))⊗ w(vu).

Also, we obtain

[[b⊗ v, c⊗ w], a⊗ u] = (bc)a⊗ (vw)u− (cb)a⊗ (wv)u− a(bc)⊗ u(vw) + a(cb)⊗ u(wv).

and

[[c⊗ w, a⊗ u], b⊗ v] = (ca)b⊗ (wu)v − (ac)b⊗ (uw)v − b(ca)⊗ v(wu) + b(ac)⊗ v(uw) =

(ca)b⊗ (wu)v − (ac)b⊗ (uw)v − ((ac)b+ (bc)a− a(cb))⊗ v(wu)

+ (−(ca)b− (ac)b− (cb)a− (bc)a− a(bc))⊗ v(uw).

Calculating the sum and collecting the same basis monomials, we obtain

[[a⊗ u, b⊗ v], c⊗ w] + [[b⊗ v, c⊗ w], a⊗ u] + [[c⊗ w, a⊗ u], b⊗ v] =

(ac)b⊗ (−(uv)w − w(uv)− w(vu)− (uw)v − v(wu)− v(uw))

+ a(cb)⊗ ((uv)w + (vu)w + w(uv) + w(vu) + u(wv) + v(wu))

+ a(bc)⊗ ((uv)w + (vu)w − u(vw)− v(uw)) + (ca)b⊗ ((vu)w − w(uv) + (wu)v − v(uw))

+(cb)a⊗ ((vu)w+w(vu)− (wv)u−v(uw))+(bc)a⊗ ((vu)w+(vw)u−v(wu)−v(uw)) = 0.

From the right sides of the tensors, we obtain the identities (1), (2) and (4) which means
that the operad Alt3 is self-dual.
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We denote by P2 and P2⟨X⟩ the variety of binary perm algebras and free binary perm
algebra. Let us calculate the dual operad of binary perm algebra P !

2 . As above, we first fix
the multilinear basis of binary perm algebra of degree 3. That is

(bc)a = (ba)c− (ac)b+ (ab)c,

(cb)a = (ca)b+ (ac)b− (ab)c,

a(bc) = c(ab)− (ca)b+ (ab)c,

a(cb) = −c(ab) + (ca)b+ (ac)b,

b(ac) = −c(ab) + (ca)b+ (ba)c,

c(ba) = −c(ab) + 2(ca)b+ (ac)b− (ab)c

and
b(ca) = c(ab)− (ca)b+ (ba)c− (ac)b+ (ab)c.

Performing similar calculations as above, we obtain

[[a⊗ u, b⊗ v], c⊗ w] + [[b⊗ v, c⊗ w], a⊗ u] + [[c⊗ w, a⊗ u], b⊗ v] =

(ab)c⊗ (uv)w − (ba)c⊗ (vu)w − c(ab)⊗ w(uv) + c(ba)⊗ w(vu)

+ (bc)a⊗ (vw)u− (cb)a⊗ (wv)u− a(bc)⊗ u(vw) + a(cb)⊗ u(wv)

+ (ca)b⊗ (wu)v − (ac)b⊗ (uw)v − b(ca)⊗ v(wu) + b(ac)⊗ v(uw) =

(ab)c⊗ (uv)w− (ba)c⊗ (vu)w− c(ab)⊗w(uv) + (−c(ab) + 2(ca)b+ (ac)b− (ab)c)⊗w(vu)

+ ((ba)c− (ac)b+ (ab)c)⊗ (vw)u− ((ca)b+ (ac)b− (ab)c)⊗ (wv)u

−(c(ab)−(ca)b+(ab)c)⊗u(vw)+(−c(ab)+(ca)b+(ac)b)⊗u(wv)+(ca)b⊗(wu)v−(ac)b⊗(uw)v

− (c(ab)− (ca)b+ (ba)c− (ac)b+ (ab)c)⊗ v(wu) + (−c(ab) + (ca)b+ (ba)c)⊗ v(uw) =

(ab)c⊗ ((uv)w − w(vu) + (vw)u+ (wv)u− u(vw)− v(wu))

+ (ba)c⊗ (−(vu)w + (vw)u− v(wu) + v(uw))

+ c(ab)⊗ (−w(uv)− w(vu)− u(vw)− u(wv)− v(wu)− v(uw))

+ (ca)b⊗ (2w(vu)− (wv)u+ u(vw) + u(wv) + (wu)v + v(wu) + v(uw))

(ac)b⊗ (w(vu)− (vw)u− (wv)u+ u(wv)− (uw)v + v(wu) + v(uw)) = 0.

From all calculations, we obtain the following result:

Theorem 5. The following identities define an operad which corresponds to P !
2 :

(v, w, u) = (v, u, w),

Kazakh Mathematical Journal, 24:4 (2024) 37–51



42 Yerlan K. Duisenbay, Bauyrzhan K. Sartayev, Alpamys A. Tekebay

(u,w, v) + (w, v, u) + (v, w, u) = 0

and
w(uv) + w(vu) + u(vw) + u(wv) + v(wu) + v(uw) = 0,

where (v, w, u) stands for associator.

Theorem 6. The operad P !
2 is not Koszul.

Proof. Calculating the dimension of the operad P !
2 by means of the package [2], we get the

following result:

n 1 2 3 4 5
dim(P !

2 (n)) 1 2 7 26 67

According to the obtained table and [5], the first few terms of the Hilbert series of the operads
P !
2 and P2 are

H(t) = −t+ t2 − 5t3/6 + 6t4/24− 5t5/120 +O(t6)

and
H !(t) = −t+ t2 − 7t3/6 + 26t4/24− 67t5/120 +O(t6)

Thus,
H(H !(t)) = t+ 31t5/60 +O(t6) ̸= t.

By [4], the operad P !
2 is not Koszul.

Proposition 7. The polarization of P !
2 algebra gives

[[a, b], c] + [[b, c], a] + [[c, a], b] = 0,

{{a, b}, c}+ {{b, c}, a}+ {{c, a}, b} = 0,

[{a, b}, c] + [{b, c}, a] + [{c, a}, b] = 0

and
{[b, c], a} = {{a, b}, c}+ {[c, a], b}+ [{a, b}, c] + 1/3[[b, c], a]− 1/3[[c, a], b].

Proof. It can be stated by straightforward calculations.

The next natural operad that we have to consider is an assosymmetric operad with identity
x3 = 0.

Definition 8. An algebra is called a 3-nil assosymmetric if it satisfies the following identities:

(x, y, z) = (x, z, y),

(x, y, z) = (y, x, z)

and
x(yz) + x(zy) + y(xz) + y(zx) + z(xy) + z(yx) = 0.
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In other words, this is an assosymmetric algebra with identity generated by a 1-dimensional
invariant basis vector ∑

σ∈S3

xσ(1)(xσ(2)xσ(3)).

Remark 9. A 3-nil assosymmetric algebra does not satisfy the identity (4) under anti-commu-
tator.

Let us calculate S ⊗ U , where S is a 3-nil assosymmetric algebra.

[[a⊗ u, b⊗ v], c⊗ w] + [[b⊗ v, c⊗ w], a⊗ u] + [[c⊗ w, a⊗ u], b⊗ v] =

(ab)c⊗ (uv)w − (ba)c⊗ (vu)w − c(ab)⊗ w(uv) + c(ba)⊗ w(vu)

+ (−c(ba)− 5c(ab) + 4(ca)b− (ba)c− (ac)b− (ab)c)⊗ (vw)u

−(c(ba)−c(ab)+(ca)b)⊗(wv)u−(c(ab)−(ca)b+(ab)c)⊗u(vw)+(c(ab)−(ca)b+(ac)b)⊗u(wv)

+ (ca)b⊗ (wu)v− (ac)b⊗ (uw)v− (−c(ba)− 4c(ab) + 3(ca)b− (ba)c− (ac)b− (ab)c)⊗ v(wu)

+ (c(ab)− (ca)b+ (ba)c)⊗ v(uw) =

(ab)c⊗ ((uv)w − (vw)u− u(vw) + v(wu)) + (ba)c⊗ (−(vu)w − (vw)u+ v(wu) + v(uw))

+ c(ab)⊗ (−w(uv)− 5(vw)u+ (wv)u− u(vw) + u(wv)− 4v(wu) + v(uw))

+ c(ba)⊗ (w(vu)− (vw)u− (wv)u+ v(wu))

+ (ca)b⊗ (4(vw)u− (wv)u+ u(vw)− u(wv) + (wu)v − 3v(wu)− v(uw))

+ (ac)b⊗ (−(vw)u+ u(wv)− (uw)v + v(wu)).

The above calculations give the following result:

Theorem 10. The dual operad of 3-nil assosymmetric operad is an alternative operad with
the additional identity:

(uv)w − (vu)w − (uw)v + (wu)v + (vw)u− (wv)u = 0.

So, this is an alternative algebra with the additional identity generated by a 1-dimensional
invariant basis vector ∑

σ∈S3

(−1)σ(xσ(1)xσ(2))xσ(3).

Theorem 11. The operad governed by the variety of 3-nil assosymmetric algebras is not
Koszul.

Proof. Calculating the dimension of these operads by means of the package [2], the first few
terms of the Hilbert series of these operads are

H(t) = −t+ t2 − t3 + 13t4/24− 15t5/120 +O(t6)
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and
H !(t) = −t+ t2 − t3 + 13t4/24− 9t5/120 +O(t6).

Thus,
H(H !(t)) = t+ 19t5/20 +O(t6) ̸= t.

By [4], such operad is not Koszul.

Let us define an assosymmetric algebra with the additional identity which is generated
by the 1-dimensional invariant basis vector∑

σ∈S3

(−1)σ(xσ(1)xσ(2))xσ(3).

Such algebra also satisfies another identity∑
σ∈S3

(−1)σxσ(1)(xσ(2)xσ(3)).

Theorem 12. An assosymmetric operad with identity
∑

σ∈S3
(−1)σ(xσ(1)xσ(2))xσ(3) is self-

dual.

Proof. As before

[[a⊗ u, b⊗ v], c⊗ w] + [[b⊗ v, c⊗ w], a⊗ u] + [[c⊗ w, a⊗ u], b⊗ v] =

(ab)c⊗ (uv)w − (ba)c⊗ (vu)w − c(ab)⊗ w(uv) + c(ba)⊗ w(vu)

+ (c(ba)− c(ab) + (ba)c+ (ac)b− (ab)c)⊗ (vw)u

−(c(ba)−c(ab)+(ca)b)⊗(wv)u−(c(ab)−(ca)b+(ab)c)⊗u(vw)+(c(ab)−(ca)b+(ac)b)⊗u(wv)

+ (ca)b⊗ (wu)v − (ac)b⊗ (uw)v

− (c(ba)− (ca)b+ (ba)c+ (ac)b− (ab)c)⊗ v(wu) + (c(ab)− (ca)b+ (ba)c)⊗ v(uw) =

(ab)c⊗ ((uv)w − (vw)u− u(vw) + v(wu)) + (ba)c⊗ (−(vu)w + (vw)u− v(wu) + v(uw))

+ c(ab)⊗ (−w(uv)− (vw)u+ (wv)u− u(vw) + u(wv) + v(uw))

+ c(ba)⊗ (w(vu) + (vw)u− (wv)u− v(wu)) + (ac)b⊗ ((vw)u+ u(wv)− (uw)v − v(wu))

+ (ca)b)⊗ (−(wv)u+ u(vw)− u(wv) + (wu)v + v(wu)− v(uw)).

The right parts of the tensors are equal to 0 if and only if the given operad is self-dual.

Theorem 13. The operad governed by the variety of assosymmetric algebras with identity∑
σ∈S3

(−1)σ(xσ(1)xσ(2))xσ(3)

is not Koszul.
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Proof. Calculating the dimension of this operad by means of the package [2], the first few
terms of the Hilbert series of this operad is

H(t) = H !(t) = −t+ t2 − t3 + 14t4/24− 12t5/120 +O(t6)

Thus,
H(H !(t)) = t+ 7t5/10 +O(t6) ̸= t.

As before, such operad is not Koszul.

The last remaining algebra is assosymmetric algebra which admits the identity

{{x, y}, z}+ {{y, z}, x}+ {{z, x}, y} = 0

under anti-commutator. For such an operad, let us calculate its Koszul dual operad:

[[a⊗ u, b⊗ v], c⊗ w] + [[b⊗ v, c⊗ w], a⊗ u] + [[c⊗ w, a⊗ u], b⊗ v] =

(ab)c⊗ (uv)w − (ba)c⊗ (vu)w − c(ab)⊗ w(uv) + c(ba)⊗ w(vu)

+ (−c(ba)− 2c(ab) + (ca)b− (ba)c− (ac)b− (ab)c)⊗ (vw)u− (c(ba)− c(ab) + (ca)b)⊗ (wv)u

− (c(ab)− (ca)b+ (ab)c)⊗ u(vw) + (c(ab)− (ca)b+ (ac)b)⊗ u(wv)

+ (ca)b⊗ (wu)v − (ac)b⊗ (uw)v

− (−c(ba)− c(ab)− (ba)c− (ac)b− (ab)c)⊗ v(wu) + (c(ab)− (ca)b+ (ba)c)⊗ v(uw) =

(ab)c⊗ ((uv)w − (vw)u− u(vw) + v(wu)) + (ba)c⊗ (−(vu)w − (vw)u+ v(wu) + v(uw))

c(ab)⊗ (−w(uv)− 2(vw)u+ (wv)u− u(vw) + u(wv) + v(wu) + v(uw))

+ c(ba)⊗ (w(vu)− (vw)u− (wv)u+ v(wu)) + (ac)b⊗ (−(vw)u+ u(wv)− (uw)v + v(wu))

+ (ca)b⊗ ((vw)u− (wv)u+ u(vw)− u(wv) + (wu)v − v(uw)).

We obtain an alternative operad with the identity

(vw)u− (wv)u+ (wu)v − u(wv)− v(uw) + u(vw) = 0.

Let us check Koszulness condition for the last considered operad:

Theorem 14. An assosymmetric operad with identity {{x, y}, z}+{{y, z}, x}+{{z, x}, y} = 0
is not Koszul.

Proof. Calculating the dimension of these operads by means of the package [2], the first few
terms of the Hilbert series of these operads are

H(t) = −t+ t2 − t3 + 12t4/24− 15t5/120 +O(t6)

and
H !(t) = −t+ t2 − t3 + 12t4/24− 9t5/120 +O(t6)

Thus,
H(H !(t)) = t+ 6t5/5 +O(t6) ̸= t.

So, such operad is not Koszul.
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3 Some identities under commutator

For A⟨X⟩, we define commutator algebra A(−)⟨X⟩ which is obtained from A⟨X⟩ under the
operation

[x, y] = xy − yx.

Analogically, we define anti-commutator algebra A(+)⟨X⟩ under the operation {x, y} = xy +
yx.

Theorem 15. An algebra P ! (−)
2 ⟨X⟩ satisfies the following identities:

[[a, b], c] + [[b, c], a] + [[c, a], b] = 0,

1

3
([[[[a, b], d], c], e] + [[[[a, b], d], e], c] + [[[[a, d], b], c], e] + [[[[a, d], b], e], c])

+ [[[[a, c], b], e], d] + [[[[a, c], d], e], b] + [[[[a, e], b], c], d] + [[[[a, e], d], c], b] = 0,

and

1

2
([[[[a, b], c], d], e] + [[[[a, b], d], c], e] + [[[[a, c], b], d], e]

+ [[[[a, c], d], b], e] + [[[[a, d], b], c], e] + [[[[a, d], c], b], e]) =

[[[[a, b], c], e], d] + [[[[a, b], d], e], c] + [[[[a, c], b], e], d]+

[[[[a, c], d], e], b] + [[[[a, d], b], e], c] + [[[[a, d], c], e], b].

Proof. The Jacobi identity follows from the fact that every pre-Lie algebra under commutator
is a Lie. The identities of degree 5 can be obtained using means of the package [2]. Since both
identities are written as a sum of basis monomials of the free Lie algebra, they are independent
of anti-commutative and Jacobi identities.

Theorem 16. An algebra Alt
(−)
3 ⟨X⟩ satisfies the following identities:

[[a, c], [b, d]] = [[[a, b], c], d] + [[[b, c], d], a] + [[[c, d], a], b] + [[[d, a], b], c]

and

[[[[a, b], d], e], c] + [[[[a, b], e], d], c] + [[[[a, c], d], e], b] + [[[[a, c], e], d], b]

− [[[[a, d], b], c], e]− [[[[a, d], c], b], e]− [[[[a, e], b], c], d]− [[[[a, e], c], b], d] = 0.

Proof. The first identity corresponds to the Malcev identity. The identity of degree 5 can be
obtained using means of the package [2].
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4 Some identities under anti-commutator

Theorem 17. An algebra Alt
(+)
3 ⟨X⟩ satisfies the following identities:

{a, {b, c}}+ {{a, c}, b}+ {{a, b}, c} = 0, (6)

{{a, d}, {b, c}} = −{{a, c}, {b, d}}+ {{a, {c, d}}, b}+ {a, {b, {c, d}}}, (7)

{{{a, d}, c}, b}+ {{{a, c}, d}, b}+ {{{a, d}, b}, c}+ {{{a, c}, b}, d}
+ {{{a, b}, d}, c}+ {{{a, b}, c}, d} = 0, (8)

− {{{{a, e}, c}, d}, b}+ {{{{a, c}, d}, e}, b}+ {{{{a, d}, e}, b}, c}+ {{{{a, c}, e}, b}, d}
+ {{{{a, e}, b}, c}, d} − {{{{a, d}, b}, c}, e}+ 2{{{{a, c}, b}, e}, d} − {{{{a, b}, d}, e}, c}

− 2{{{{a, b}, d}, c}, e} − {{{{a, b}, c}, d}, e} = 0, (9)

− {{{{a, d}, c}, e}, b} − {{{{a, c}, d}, e}, b} − {{{{a, d}, e}, b}, c} − {{{{a, c}, e}, b}, d}
− {{{{a, e}, b}, d}, c} − {{{{a, d}, b}, e}, c} − {{{{a, e}, b}, c}, d}+ {{{{a, d}, b}, c}, e}
− {{{{a, c}, b}, e}, d}+ {{{{a, c}, b}, d}, e}+ {{{{a, b}, d}, e}, c}+ 2{{{{a, b}, d}, c}, e}

+ {{{{a, b}, c}, e}, d}+ 2{{{{a, b}, c}, d}, e} = 0. (10)

Proof. The identity (6) is taken from (5). Other identities can be obtained using means of
the package [2].

Proposition 18. The identities (7), (8), (9) and (10) are consequence of commutative iden-
tity and (6).

We use the identity (6) in two different ways on monomial {{{{a, b}, c}, d} as follows:

{{{{a, b}, c}, d} =(6) −{{{a, c}, b}, d}−{{a, {b, c}}, d} =(6) {{{a, c}, d}, b}+{{a, c}, {b, d}}
+ {a, {{b, c}, d}+ {{a, d}, {b, c}} =(6) −{{{a, d}, c}, b} − {{a, {c, d}}, b}+ {{a, c}, {b, d}}

+ {{a, d}, {b, c}} − {a, {{b, d}, c}} − {a, {b, {c, d}}},
{{{{a, b}, c}, d} =(6) −{{{a, b}, d}, c} − {{a, b}, {c, d}} =(6) {{{a, b}, d}, c}+ {{a, {c, d}}, b}
+ {a, {b, {c, d}}} =(6) −{{{a, d}, c}, b} − {{a, d}, {b, c}} − {{a, c}, {b, d}} − {a, {{b, d}, c}}

+ {{a, {c, d}}, b}+ {a, {b, {c, d}}}.

By equating and collecting similar monomials, we get

{{a, d}, {b, c}}+ {{a, c}, {b, d}} − {{a, {c, d}}, b} − {a, {b, {c, d}}} = 0,
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which correspond to (7).
To find the next identity, we use the previously obtained identities:

{a, {b, {c, d}}} =(6) −{a, {{b, d}, c}} − {a, {{b, c}, d}} =(6) {{a, c}, {b, d}}+ {{a, {b, d}}, c}
+ {{a, d}, {b, c}}+ {{a, {b, c}}, d} =(6) −{{{a, c}, d}, b} − {{{a, c}, b}, d} − {{{a, d}, b}, c}

− {{{a, b}, d}, c} − {{{a, d}, c}, b} − {{{a, d}, b}, c} − {{{a, c}, b}, d} − {{{a, b}, c}, d},

{a, {b, {c, d}}} =(7) {{a, {c, d}}, b} − {{a, b}, {c, d}} = {{{a, d}, c}, b}
+ {{{a, c}, d}, b}+ {{{a, b}, d}, c}+ {{{a, b}, c}, d}.

By equalizing them, we obtain the identity (8). In the same way, we obtain the remained
identities. More explicitly, there identity (9) can be prove as follows:

{{{a, d}, c}, {b, e}} =(6) −{{{{a, d}, c}, e}, b}−{{{{a, d}, c}, b}, e} =(8) −{{{{a, d}, c}, e}, b}
+ {{{{a, c}, d}, b}, e}+ {{{{a, d}, b}, c}, e}+ {{{{a, c}, b}, d}, e}+ {{{{a, b}, d}, c}, e}

+ {{{{a, b}, c}, d}, e},
{{{a, d}, c}, {b, e}} =(8) −{{{a, c}, d}, {b, e}} − {{{a, d}, {b, e}}, c} − {{{a, c}, {b, e}}, d}
− {{{a, {b, e}}, d}, c} − {{{a, {b, e}}, c}, d} =(6) {{{{a, c}, d}, e}, b}+ {{{{a, c}, d}, b}, e}
+ {{{{a, d}, e}, b}, c}+ {{{{a, d}, e}, b}, c}+ {{{{a, e}, b}, c}, d}+ {{{{a, b}, e}, c}, d}
+ {{{{a, e}, b}, d}, c}+ {{{{a, b}, e}, d}, c}+ {{{{a, c}, e}, b}, d}+ {{{{a, c}, b}, e}, d}

=(8) {{{{a, c}, d}, e}, b}+ {{{{a, c}, d}, b}, e}+ {{{{a, d}, e}, b}, c}+ {{{{a, d}, e}, b}, c}
+ {{{{a, e}, b}, c}, d}+ {{{{a, b}, e}, c}, d}+ {{{{a, e}, b}, d}, c} − {{{{a, b}, d}, e}, c}
− {{{{a, b}, e}, c}, d} − {{{{a, b}, d}, c}, e} − {{{{a, b}, c}, e}, d} − {{{{a, b}, c}, d}, e}

+ {{{{a, c}, e}, b}, d}+ {{{{a, c}, b}, e}, d}.

As before, we equalize them. Reducing the same monomials, we obtain (9).
For the last identity, we use previous identities to the monomial {{{a, e}, c}, {b, d}} in

two different ways as follows:

{{{a, e}, c}, {b, d}} =(6) −{{{{a, e}, c}, d}, b}−{{{{a, e}, c}, b}, d} =(8) −{{{{a, e}, c}, d}, b}
+ {{{{a, c}, e}, b}, d}+ {{{{a, e}, b}, d}, c}+ {{{{a, c}, b}, e}, d}+ {{{{a, b}, e}, c}, d}

+ {{{{a, b}, c}, e}, d},
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{{{a, e}, c}, {b, d}} =(8) −{{{a, c}, e}, {b, d}} − {{{a, e}, {b, c}}, d} − {{{a, c}, {b, d}}, e}
− {{{a, {b, d}}, e}, c} − {{{a, {b, d}}, c}, e} =(8) {{{{a, c}, e}, b}, d}+ {{{{a, c}, e}, d}, b}
+ {{{{a, e}, d}, b}, c}+ {{{{a, e}, b}, d}, c}+ {{{{a, c}, d}, b}, e}+ {{{{a, c}, b}, d}, e}
+ {{{{a, d}, b}, e}, c}+ {{{{a, b}, d}, e}, c}+ {{{{a, d}, b}, c}, e}+ {{{{a, b}, d}, c}, e}

=(6),(8) −{{{{a, c}, d}, e}, b}−{{{{a, c}, e}, b}, d}−{{{{a, c}, d}, b}, e}−{{{{a, c}, b}, e}, d}
− {{{{a, c}, b}, d}, e}+ {{{{a, c}, e}, b}, d} − {{{{a, d}, e}, b}, c} − {{{{a, e}, b}, d}, c}
− {{{{a, d}, b}, e}, c} − {{{{a, b}, d}, e}, c}+ {{{{a, e}, b}, d}, c}+ {{{{a, c}, d}, b}, e}
+ {{{{a, c}, b}, d}, e}+ {{{{a, d}, b}, e}, c}+ {{{{a, b}, d}, e}, c}+ {{{{a, b}, e}, c}, d}

+ {{{{a, b}, d}, c}, e}+ {{{{a, b}, c}, e}, d}+ {{{{a, b}, c}, d}, e}.

Finally, we obtain the needed result.

Remark 19. An algebra P ! (+)
2 ⟨X⟩ satisfies the following identity:

{a, {b, c}}+ {{a, c}, b}+ {{a, b}, c} = 0,
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Дүйсенбай Е. Қ., Сартаев Б. К., Текебай А. А. 3-НӨЛДIК АЛЬТЕРНАТИВТI, ПРЕ-
ЛИ ЖӘНЕ АССИММЕТРИЯЛЫҚ ОПЕРАДАЛАР

Альтернативтi алгебралар қатаң ассоциативтiктен ауытқыған, бiрақ пайдалы болу
үшiн жеткiлiктi құрылымды сақтайтын жүйелердi зерттеу және модельдеу үшiн өте
маңызды. Шынында да, альтернативтi алгебралар ассоциативтi алгебраларды қатаң ас-
социативтiк шартты босаңсыту арқылы жалпылайды. Альтернативтi алгебралар, әрине,
ассоциативтi емес бөлiну алгебрасының негiзгi мысалы болып табылатын октониондар-
ды қамтиды. Октониондар Кейли-Диксон құрылымының бөлiгi болып табылады және
геометрияда, топологияда және теориялық физикада, әсiресе желi теориясында және
ерекше Ли топтарында маңызды рөл атқарады. Альтернативтi алгебраның шығу тегi
бөлiну алгебрасын тарихи зерттеуде жатыр және олардың қолданылуы әртүрлi мате-
матикалық және физикалық пәндерге, әсiресе ассоциативтi емес алгебралық құрылым-
дарды түсiнуге таралады. Бұл жұмыста бiз x3 = 0 қосымша сәйкестiгiмен еркiн аль-
тернативтi алгебраны қарастырамыз. Мотивация үшiн альтернативтi операданың қос
операсына жүгiнемiз. Сондай-ақ, бiз екiлiк перм алгебрасынан x3 = 0 сәйкестiгi бар пре-
Ли алгебрасын аламыз. Соңында, x3 = 0 сәйкестiгi бар ассосимметриялық алгебраны
қарастырамыз.

Түйiн сөздер: альтернативтi алгебра, пре-Ли алгебра, ассосимметриялық алгебра,
көпмүшелiк сәйкестiктер.

Дуйсенбай Е. К., Сартаев Б. К., Текебай А. А. 3-НУЛЕВАЯ АЛЬТЕРНАТИВНАЯ,
ПРЕ-ЛИ И АССОСИММЕТРИЧЕСКАЯ ОПЕРАДЫ

Альтернативные алгебры имеют решающее значение для изучения и моделирования
систем, которые отклоняются от строгой ассоциативности, но сохраняют достаточную
структуру, чтобы быть полезными в алгебре. Действительно, альтернативные алгебры
обобщают ассоциативные алгебры, ослабляя условие строгой ассоциативности. Альтер-
нативные алгебры естественным образом включают октонионы, которые являются клю-
чевым примером неассоциативной алгебры с делением. Октонионы являются частью
конструкции Кэли-Диксона и играют важную роль в геометрии, топологии и теоретиче-
ской физике, особенно в теории струн и исключительных группах Ли. Происхождение
альтернативных алгебр лежит в историческом исследовании алгебр с делением, и их
приложения распространяются на различные математические и физические дисципли-
ны, особенно в понимании неассоциативных алгебраических структур. В этой статье
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мы рассматриваем свободную альтернативную алгебру с дополнительным тождеством
x3 = 0. Для мотивации мы ссылаемся на двойственную операду альтернативной опера-
ды. Также мы получаем пре-Ли алгебру с тождеством x3 = 0 из бинарной перм алгебры.
Наконец, мы рассматриваем асосимметрическую алгебру с тождеством x3 = 0.

Ключевые слова: альтернативная алгебра, пре-Ли алгебра, ассосимметрическая
алгебра, полиномиальные тождества.
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1 Introduction

We consider an implicit unsolved system with respect to the derivative

H((t, x(t))ẋ(t) = F (t, x), H ∈ Rs×n, x ∈ Rn, F ∈ Rs, t ∈ I = (−α, β) . (1)

Here α, β are finite or infinite numbers. Linear systems of this kind unsolved with respect to
high derivative or algebraic differential systems have wide application in everyday practice.
These systems have substantial applications in the dynamic of a space vehicle, economic
control, robotics, theory of electric chains ets. Here is a brief review of some important
properties of these systems. The existence and uniqueness of solutions of degenerate linear
systems, and reducibility of systems with variable matrices to the systems with constant
matrices were studied by A.M. Samoilenko and V.P. Yacovets [1], V.P. Yacovets [2]. In these
works degenerate systems were reduced to different canonical forms, and solution algorithms
were constructed for linear systems. In work [3], S.A. Mazanic examined the equivalence
problem considering systems to systems with constant and piecewise constant coefficients.
Central canonical form and stability of degenerate control systems were considered in [4].

The problem of constructing systems based on a given program manifold is also a sub-
class for systems of type (1). We investigate the establishment problem of equivalence and
reducibility degenerate indirect automatic control systems.

Consider the problem of constructing, for a given smooth program manifold Ω(t), the
following system of differential equations

ẋ = f (t, x) , (2)

where f, x are n-dimensional vectors, f ∈ Rn is continuous in all variables and the existence
conditions of the solution x(t) = 0 are satisfied; and the program manifold Ω(t) is defined by
the following equations

Ω (t) ≡ ω(t, x) = 0, (3)

where an s-dimensional vector ω (s ≤ n) is continuous in the single-connected closed domain
including the manifold Ω(t), together with its partial derivatives.

Definition 1. The set Ω(t) is called an integral manifold of the equation (2), if the condition
ω(t0, x0) ∈ Ω(t0) implies that ω(t, x) ∈ Ω(t) for all t > t0.

Note that the term “program manifold”, used in this paper, is equivalent to the notion of
“integral manifold”.

Composing a necessary and sufficient condition that the program manifold Ω(t) is integral
for the system (2) we obtain

ω̇ =
∂ω

∂ t
+Hẋ = F (t, x, ω), (4)
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where F (t, x, 0) ≡ 0 is some Erugin vector function [5, 6], H =
∂ω

∂x
is the Jacobian matrix

and its rank is equal to rankH = s at all points of Ω(t).
Solving equations with respect to ẋ we find

H((t, x(t))ẋ(t) = F (t, x, ω)− ∂ω

∂ t
, t ∈ I = (−α, β) . (5)

H ∈ Rs×n, x ∈ Rn, ω ∈ Rs, F ∈ Rs.

At s < n many authors have been studying the construction of equations systems on a
given program manifold possessing by the stability properties, optimality, and establishing
quality estimates of transition process index in the vicinity of the manifold. A detailed review
of these investigations is adduced in [7–9]. We consider the problem of finding transformation
matrices for the system (5) allowing us to reduce them to an equivalent system.

2 Transformation of degenerate indirect control systems in the vicinity of pro-
gram manifold.

Together with Equation (2), we consider the indirect control system with feedback of the
following structure [10]:

ẋ = f (t, x)−B1φ(σ), t ∈ I = (−α, β) ,
ξ̇ = φ (σ) , σ = P Tω −Qξ,

(6)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function, satisfying to
conditions of existence of a solution x(t) = 0, and B1 ∈ Rn×r, P ∈ Rs×r are constant
matrices, Q ∈ Rr×r is a constant matrix of rigid feedback, φ(σ) is a function differentiable
with respect to σ, satisfies the following conditions

φ(0) = 0 ∧ 0 < σTφ(σ) < σTKσ ∀σ ̸= 0. (7)

Here K = KT > 0, K ∈ Rr×r.
For the manifold Ω(t) to be integral also for the system (6)–(7) on the manifold ω = 0 it

is necessary to have the condition ξ = 0. This condition is satisfied if and only if Q ̸= 0.
Taking into account that Ω(t) is an integral for the system (6)–(7) differentiating program

manifold Ω(t) (3) in time t by virtue of the system (6), we obtain

H((t, x(t))ẋ(t) = F (t, x, ω)− q1(t)−Bξ,

ξ̇ = φ (σ) , σ = P Tω −Qξ, t ∈ I = (α, β) ,
(8)

where H =
∂ω

∂x
, q1 =

∂ω

∂t
, B = HB1, H ∈ Rs×n, x ∈ Rn, ω ∈ Rs, F ∈ Rs, nonlinearity φ(σ)

satisfies also to generalized conditions (7).
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We consider the case where s = n and the matrix H has k null roots. Choosing the
manifold in the following form

ω = A1(t)x+ g(t) = 0, (9)

where A1(t) ∈ Rs×s is a given continuous matrix, g(t) is a continuous vector function, we
present the Erugin function in the form of

F (t, x, ω) = −A2(t)x. (10)

Here −A2 is a Hurwitz matrix, A2 ∈ Rs×s.
Thus we obtain the following system:

H(t)ẋ(t) = −A(t)x− q(t)−Bξ,

ξ̇ = φ (σ) , σ = ΠTx− P T g(t)−Qξ, t ∈ I = (α, β) ,
(11)

where H(t) = A1(t), A(t) = −A2(t)A1(t)−
∂A1(t)

∂t
, q(t) =

∂g(t)

∂t
+A1(t)g(t), ΠT = P TA1(t).

In (11) we select the linear part relatively to x:

H(t)ẋ(t) = −A(t)x. (12)

Definition 2. An absolutely continuous function x(t) is called a solution of System (12) if it
makes the identity of this system almost everywhere in the interval t ∈ I.

Definition 3. An absolutely continuous matrix X ∈ Rs×r is called a fundamental matrix of
System (12) if for all constant vectors c ∈ Rr a function x(t) = X(t)c is a solution of system
(12) and for any solution x(t) of System (12) there exists a unique constant vector c such that
x(t) = X(t)c.

We consider a system of a similar type together with the system (12):

D(t)ẏ +G(t)y = 0, t ∈ I, (13)

where D and G are absolutely continuous (s×s)-dimensional matrices bounded on the interval
I, for all t ∈ I the determinant of the matrix D is equal to zero and the automatic control
system has the following form

D(t)ẏ = G(t)y − q(t)−Bξ,

ξ̇ = φ (σ) , σ = G(t)y −Gg(t)−Qξ, t ∈ I = (α, β) .
(14)

Here B ∈ Rn×ν , G ∈ Rs×ν , Q ∈ Rν×ν are constant matrices, nonlinearity φ(σ) satisfies
conditions of the type (7).
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Definition 4. Systems (12) and (13) are called asymptotical equivalent if there exists a Lya-
punov matrix L such that for any solution y of System (13) and a function x = Ly is a
solution of System (12), and for any solution x of System (12) the function y = L−1x is a
solution of System (13).

Theorem 5. Systems (12) and (13) are equivalent if and only if there exists a Lyapunov
matrix L such that for the fundamental matrix Y of a solution to System (13) one can find
a fundamental matrix X of a solution to System (12) for which the presentation X = LY is
valid.

Theorem 6. Let H(t) and A(t) are absolute continuous matrices bounded together with their
first derivatives in the interval I, rankH(t) = k for all t ∈ I and for all k, 1 < k < s and
there is a sub-matrix H0(t) ∈ Rk×k of the matrix H(t) satisfying the following conditions

inf[det(H0(t)] > 0 ∀t ∈ I, inf[∂r/∂λr det(H(t)λ+A(t)] > 0 ∀t ∈ I. (15)

Then for all t ∈ I there exist non-singular matrices T and S such that multiplied by T the
left-hand side and replaced by x = Sz System (12) is reduced to the equivalent system (13)
and the matrices D(t) and G(t) are of the form:

D(t) =

∥∥∥∥ O1 O2

O3 E0

∥∥∥∥ , G(t) =

∥∥∥∥ E1 O2

O3 G0(t)

∥∥∥∥ , (16)

where O1, O2, and O3 are (k × k), (k × r), and (r × k)-dimensional null matrices, corre-
spondingly, E1 and E0 are (k × k) and (r × r)-dimensional unique matrices, G0(t) is a local
summable and bounded (r × r)-dimensional matrix.

Proof. Let the submatrix H0(t) be in the lower right angle of the matrix H(t). We
represent the matrix H(t) in the block form.

H(t) =

∥∥∥∥ H1(t) H2(t)
H3(t) H0(t)

∥∥∥∥ , (17)

where H1(t)((k×k), H2(t)((k× r), and H3(t)((r×k) are matrices. Then there exist absolute
continuous in the interval I matrices C1(t)((k × r) and C3(t)((r × k) which are bounded
together with their first derivatives

C1(t) = H2(t)H
−1
0 (t), C3(t) = H−1

0 (t)H3(t).

Therefore, the matrix H(t) can be represented in the following form:

H(t) =

∥∥∥∥ C1(t)H0(t)C3(t) C1(t)H0(t)
H0(t)C3(t) H0(t)

∥∥∥∥ . (18)
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Choosing matrices T (t) and S(t) in the form of

T (t) =

∥∥∥∥ E1 −C1(t)

O1 H−1
0 (t)

∥∥∥∥ , S(t) =

∥∥∥∥ E1 O2

−C3(t) E0

∥∥∥∥ , (19)

and multiplying by T the left hand said of System (11) and replacing by x = S(t)z we obtain

D(t)ż = −F (t)z − q(t)−D(t)Bξ,

ξ̇ = φ (σ) , σ = DT (t)A1(t)S(t)z −DT g(t)−Qξ, t ∈ I = (α, β) .
(19)

Here D is the same (16) and

F (t) = T (t)H(t)Ṡ(t) +BS(t). (20)

According to the definition of the matrix C3(t) we conclude that S(t) is a Lyapunov
matrix and System (19) is asymptotically equivalent to System (12). Consequently, System
(19) is equivalent to System (11).

Now we represent the matrix F (t) in the bloc form.

F (t) =

∥∥∥∥ F1(t) F2(t)
F3(t) F0(t)

∥∥∥∥ , (21)

where F1(t)((k× k), F2(t)((k× r), F3(t)((r× k), F0(t)((r× r) are matrices and z = (zT1 , z
T
2 )

T .
Then the system (19) can be written as follows:

F1(t)z1 + F2(t)z2 = q1(t),

ż2 = −F3(t)z1 − F0(t)z2 −H−1
0 q(t)−B2ξ,

ξ̇ = φ (σ) , σ = DT (t)A1(t)S(t)z −DT g(t)−Qξ,

(22)

From Equation (20) it follows that

F (t) = T (t)BS(t) +G(t), (23)

where

G(t) = D(t)S−1(t)Ṡ(t) =

∥∥∥∥ O1 O2

−Ċ3(t) O0

∥∥∥∥ , (24)

and O0(r × r) is the null matrix.
Based on relationships (20), (21) and (23) we derive

det∥H(t)λ+B(t)∥ = detT−1(t)det∥Dλ+ F (t)−G∥detS−1(t) =

= detH0(t)det∥Dλ+ F (t)−G∥. (25)

Kazakh Mathematical Journal, 24:4 (2024) 52–62



58 Sailaubay S. Zhumatov

Using Laplace decomposition for computing the determinant from (15), (21), and (25) we
obtain

det∥Dλ+ F (t)−G∥ = λrdetF1(t) +
r−1∑
i=0

ψi(t)λ
r, (26)

where ψi are some functions for i = 0, 1, . . . , r − 1. Therefore, because of (14), (25) and (26)
the following inequality is valid:

inf
t∈I

det ∥F1(t)∥ > 0.

Taking into account Expression (22) this inequality implies the equality

z1(t) = −F−1
1 (t)F(t)z2(t), (27)

ż2(t) = [F3(t)F
−1
1 (t)F2(t)− F0(t)]z2(t). (28)

Assume that Z2(t) is the fundamental matrix for solutions of Equation (28). Then from (27)
and Definition 2 it follows that the matrix

Z(t) =

∥∥∥∥ Z1(t)
Z2(t)

∥∥∥∥ =

∥∥∥∥ F−1
1 (t)F(t)Z(t)

Z2(t)

∥∥∥∥ , (29)

is fundamental for System (19).
Now we consider System (13) where D and G are defined by the formula (16) with locally

summable and bounded on the interval I matrix

G0(t) = F0(t)− F3(t)F
−1
1 (t)F2(t).

If Y is a fundamental matrix of System (13) then there exists a constant matrix C0(r× r) for
which the following holds:

Y (t) = L(t)C0 =

∥∥∥∥ E1 F−1
1 (t)F(t)

O3 E0

∥∥∥∥ ·
∥∥∥∥ Z1(t)
Z2(t)

∥∥∥∥ · C0. (30)

From (19), (21), (23), and (28) it follows that F−1
1 and F2 are absolute continuous matrices

that are bounded together with their derivatives in the interval I. Therefore, the matrix L
is a Lyapunov matrix. According to Theorem 1, System (22) is asymptotically equivalent to
System (11) and, consequently, to System (12).

Now, we note that System (11) may be reduced to the central canonical form. For that,
we introduce the operator L1(t) = −A(t)−H(t)d/dt to System (12).

The following theorem holds.
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Theorem 7 (V.P. Yacobets [2]). Let A(t), H(t) ∈ C2m(α, β), rankH(t) = k, and H(t)
have the full of Jordan collection with respect to the operator L1(t) in the interval I which
are formed with r cells of degree l1, . . . , lr since maxili = m. Then there exist for all t ∈ I
non-singular s × s-dimensional matrices MG1(t) ∈ C1(α, β) such that multiplying by M(t)
and replacing by x = G1(t)y System (12) is reduced to the following central canonical form∥∥∥∥ Es−r 0

0 J

∥∥∥∥ · ẏ =

∥∥∥∥ M(t) 0
0(t) El

∥∥∥∥ · y +M(t)q)(t), (31)

where l = l1 + lr, J = diag(J1, . . . , Jr are Jordan cells of degree lj , j = 1, ..., r).

By Theorem 7 we reduce System (11) to the following system in the central canonical
form

u̇ = −V (t)u−M1(t)q1 −M1(t)B9t)φ1(σ1),

J̇v = −v −M1(t)q1 −M1(t)B9t)φ1(σ1),

σ1 = QT
1 u+ P T

1 g1(t)−Q1ξ1,

σ2 = QT
2 u+ P T

2 g1(t)−Q1ξ1,

σ = (σT1 , σ
T
2 )

T ,

y = (uT , vT )T .

This system may be investigated with respect to the stability and other quality charac-
teristics when Q1(t) and Q2(t) are bounded external perturbations [11], [12].

Next, we present the results of recent research conducted on various qualitative issues
of program manifold for differential system, which can be extended to degenerate control
systems [13–19].
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Жұматов С.С. БАҒДАРЛАМАЛЫҚ КӨПБЕЙНЕ МАҢАЙЫНДА АЗЫНҒАН ТУ-
РА ЕМЕС БАСҚАРУ ЖҮЙЕЛЕРIН ТҮРЛЕНДIРУ

Айқын емес дифференциалдық жүйелердiң бiр класы, жоғарғы туынды бойынша
шешiлмеген жәй дифференциалдыық теңдеулер жүйесi қарастырылады. Мұндай тең-
деулер күнделiктi өмiрде механика, физика, экономика, биология және т.б. салаларда
жиi кездеседi. Мұндай теңдеулерге берiлген жатық бағдарламалық көпбейне бойынша
автоматты басқару жүйелерiн құру есебi де келтiрiледi. Бұл құрылып жатқан теңдеулер
жүйесiнiң өлшемi бағдарламалық көпбейненiң өлшемiнен үлкен болғандағы жағдай. Бұл
арада тiктөртбұрышты матрицалы алгебралық теңдеулер жүйесi пайда болады. Бiз дис-
криминанты нөлге тең квадратты матрицалы жүйенi қарастырамыз. Берiлген көпбейне
бойынша дифференциалдыық теңдеулер жүйесiн құрудың жалпы есебi қарастырыла-
ды. Көпбейненiң теңдеулер жүйесi үшiн интегралдық болуының қажеттi және жеткiлiк-
тi шарттары құрылады. Еругин функциясы көпбейнеге қатысты сызықты етiп таңдап
алынады. Сонан соң белгiлi бiр шарттар орындалғанда берiлген көпбейненiң жүйе үшiн
интегралдық болатынын ескере отырып, тура емес басқару жүйесi тұрғызылады. Жал-
пы жағдайда Якоби матрицасы тiктөртбұрышты болып табылады. Бiзде матрицаның
квадраттық болуы және нөлдiк түбiрлерi болу жағдайы қарастырылады. Көпбейне iз-
делiндi айнымалыға қатысты сызықты етiп алынады. Жоғарғы туынды бойынша ше-
шiлмеген, азынған тура емес басқару жүйесi алынды. Матрицасы тұрақты және арнайы
құрылымды белгiлi бiр жүйеге эквиваленттi болуы тағайындалды. Ляпунов түрлендi-
ру матрицасы табылды. Қарастырылып отырған басқару жүйесiнiң орталық канондық
түрге келтiрiле алатындығы көрсетiлдi. Қысқаша шолу жасалынды.

Түйiн сөздер: Бағдарламалық көпбейне, азынған жүйелер, жүйенiң эквивалент-
тiлiгi, тура емес басқару жүйелерi, Ляпунов түрлендiруi, канондық түрлер.

Жуматов С.С. ПРЕОБРАЗОВАНИЯ ВЫРОЖДЕННЫХ СИСТЕМ НЕПРЯМЫХ
УПРАВЛЕНИЙ В ОКРЕСТНОСТИ ПРОГРАММНОГО МНОГООБРАЗИЯ

Рассматривается один из классов неявных дифференциальных систем, системы обык-
новенных дифференциальных уравнений, не разрешенных относительно старшей произ-
водной. Такие уравнения часто встречаются в повседневной жизни в механике, физике,
экономике, биологии и т.д. К таким уравнениям приводятся и задачи построения систем
автоматических управлений по заданному гладкому программному многообразию. Это
случай, когда размерность строящихся систем уравнений больше, чем размерность про-
граммного многообразия. Тогда возникают системы алгебраических уравнений с прямо-
угольной матрицей. Мы рассматриваем систему с квадратной матрицей, дискриминант
которой равен нулю. Рассматривается общая задача построения систем дифференциаль-
ных уравнений по заданному многообразию. Составляются необходимое и достаточное
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условия того, что многообразие является интегральным для системы уравнений. Вы-
бранная функция Еругина линейна относительно многообразия. Затем строится система
непрямого управления с учетом того, что заданное многообразие является интеграль-
ным для нее при выполнении некоторых условий. В общем случае матрица Якоби яв-
ляется прямоугольной. Исследуется случай, когда матрица является квадратичной и
имеет нулевые корни. Устанавливается эквивалентность к некоторой системе, матрицы
которой постоянны и имеют специальную структуру. Найдены матрицы преобразования
Ляпунова. Показано, что рассматриваемые системы управления могут быть приведены
к центральной канонической форме. Приведен краткий обзор.

Ключевые слова. Программное многообразие, вырожденные системы, эквивалент-
ность систем, автоматические системы непрямого управления, преобразования Ляпуно-
ва, канонические формы.
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Abstract. This paper substantiates the solution by the method of separation of variables of the initial-

boundary value problem for the heat equation with a discontinuous coe�cient, under periodic or anti-

periodic boundary conditions. Using the Fourier method, this problem is reduced to the corresponding

spectral problem. The eigenvalues and eigenfunctions of this spectral problem are found. It is shown

that the spectral problem is non-self-adjoint and a conjugate spectral problem of this original spectral

problem is constructed. Further, it is proved that the system of eigenfunctions forms a Riesz basis. For

this purpose, a self-adjoint spectral problem is constructed and its eigenvalues and eigenfunctions are

found. In conclusion, using biorthogonality, the main theorem on the existence and uniqueness of a

classical solution to the problem is proven.

Keywords. Heat equation with discontinuous coe�cients, spectral problem, non-self-adjoint problem,

Riesz basis, classical solution, Fourier method.

1 Introduction

Problem statement and research methods

We consider an initial boundary value problem for the heat equation with a piecewise constant
coe�cient

∂u

∂t
= k2i

∂2u

∂x2
+ f(x, t) (1)
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in the domain Ω = Ω1 ∪ Ω2, where

Ω1 = {(x, t) : 0 < x < x0, 0 < t < T}, Ω2 = {(x, t) : x0 < x < l, 0 < t < T}

with the initial condition
u(x, 0) = φ(x), 0 ≤ x ≤ l, (2)

the boundary conditions of the form{
u(0, t) + (−1)mu(l, t) = 0,

k1
∂u(0,t)

∂x + (−1)mk2
∂u(l,t)
∂x = 0,

0 ≤ t ≤ T, (3)

and with the conjugation conditions{
u(x0 − 0, t) = u(x0 + 0, t),

k1
∂u(x0−0,t)

∂x = k2
∂u(x0+0,t)

∂x ,
(4)

where the point x0 is a strictly internal point of the interval (0, l), that is, 0 < x0 < l. The
coe�cients ki > 0, (i = 1, 2), m = 1, 2.

Parabolic type equations with discontinuous coe�cients have been studied quite well [1�5].
In these works, the correctness of various initial boundary value problems for a parabolic type
equation with discontinuous coe�cients was proven using the Green's function and thermal
potentials method. In the case without a discontinuity, the spectral theory of these problems
is constructed almost completely [6�12]. In [13�14], some properties of the eigenfunctions
of the Sturm-Liouville operator with discontinuous coe�cients were studied. In the case of
a discontinuous coe�cient, the spectral theory of such problems is considered in the works
[15�17].

First, we consider the case m = 1. We look for a solution to Problem (1)�(4) in the form
u(x, t) = v(x, t) + w(x, t), where v(x, t) is a solution to the following problem A:

∂v

∂t
= k2i

∂2v

∂x2

v(x, 0) = φ(x), 0 ≤ x ≤ l,{
v(0, t)− v(l, t) = 0,

k1
∂v(0,t)
∂x − k2

∂v(l,t)
∂x = 0,

0 ≤ t ≤ T,{
v(x0 − 0, t) = v(x0 + 0, t),

k1
∂v(x0−0,t)

∂x = k2
∂v(x0+0,t)

∂x ,

where w(x, t) is a solution to the following problem B:

∂w

∂t
= k2i

∂2w

∂x2
+ f(x, t)
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w(x, 0) = 0, 0 ≤ x ≤ l,{
w(0, t)− w(l, t) = 0,

k1
∂w(0,t)

∂x − k2
∂w(l,t)

∂x = 0,
0 ≤ t ≤ T,

{
w(x0 − 0, t) = w(x0 + 0, t),

k1
∂w(x0−0,t)

∂x = k2
∂w(x0+0,t)

∂x ,

Let W denote the linear variety of functions from the class

u(x, t) ∈ C(Ω) ∪ C2,1(Ω1) ∪ C2,1(Ω2)

which satisfy all conditions (2)�(4).
We call a function u(x, t) from the class u(x, t) ∈ W a classical solution to Problem

(1)�(4), if
1) it is continuous in the domain Ω;
2) has in the domain continuous derivatives of the �rst order with respect to t and

continuous derivatives of the second order with respect to x;
3) satis�es Equation (1) and all Conditions (2)�(4) in the usual, continuous sense.
We look for a solution to problem A using the Fourier method: vj(x, t) = Xj(x)·T (t) ̸= 0.

Substituting the boundary conditions and the pairing conditions into the equations, and
separating the variables, we obtain the following spectral problem

LX(x) =

{
−k21X

′′(x), 0 < x < x0
−k22X

′′(x), x0 < x < l

}
= λX(x) (5)

{
X1(0)−X2(l) = 0

k1X
′
1(0)− k2X

′
2(l) = 0

(6)

X1(x0 − 0) = X2(x0 + 0), k1X
′
1(x0 − 0) = k2X

′
2(x0 + 0), (7)

The function T (t) is a solution to the equation

T ′(t) + λT (t) = 0.

Now we need to �nd the eigenvalues and eigenfunctions of Problem (5)�(7). The general
solution to Equation (5) has the form{

X(x) = c1 cosµ1x+ c2 sinµ1x, 0 < x < x0,

X(x) = d1 cosµ2x+ d2 sinµ2x, x0 < x < l,
(8)

where µi =

√
λ

ki
, (i = 1, 2).
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Substituting the general solution (8) into the boundary conditions (6) and the conjugation
conditions (7), and taking into account that µ1k1 = µ2k2 =

√
λ we obtain

c1 = d1 cos(µ2l) + d2 sin(µ2l)

c2 = −d1 sin(µ2l) + d2 cos(µ2l)

c1 cos(µ1x0) + c2 sin(µ1x0)− d1 cos(µ2x0)− d2 sin(µ2x0) = 0

−c1 sin(µ1x0) + c2 sin(µ1x0) + d1 sin(µ2x0)− d2 cos(µ2x0) = 0

(9)

We �nd the characteristic determinant of the system (9):

∆(λ) = 2
(
1− cos

(√λ

r

))
= 4sin2

(√λ

2r

)
= 0, (10)

where

r =
1

x0
k1

+ l−x0
k2

. (11)

From Equation (11) one can �nd the eigenvalues (they are twofold)

λn = (2πnr)2, where n = 0, 1, 2, . . . (12)

These eigenvalues correspond to the eigenfunctions

Xn(x) = C

{
sin(2πnrk1

x), 0 < x < x0,

sin(2πnrk2
(x− l)), x0 < x < l,

(13)

X̃n(x) = C

{
cos(2πnrk1

x), 0 < x < x0,

cos(2πnrk2
(x− l)), x0 < x < l,

(14)

where r determined by the formula (11).

Lemma 1. Spectral problem (5)�(7) is non-self-adjoint. The adjoint problem to problem

(5)�(7) has the following form:

LY (x) =

{
−k21Y

′′(x), 0 < x < x0
−k22Y

′′(x), x0 < x < l

}
= λY (x) (15)

{
k1Y1(0)− k2Y2(l) = 0

k21Y
′
1(0)− k22Y

′
2(l) = 0

(16)

k1Y1(x0 − 0) = k2Y2(x0 + 0), k21Y
′
1(x0 − 0) = k22Y

′
2(x0 + 0), (17)
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Proof. We �nd the conjugate problem to Problem (5)�(7). Given the following formula

−X ′′(x)Y (x) = (Y ′(x)X(x)− Y (x)X ′(x))′ − Y ′′(x)X(x)

we obtain ∫ l

0
Y (x)LX(x) dx = −

∫ x0

0
Y (x)k21X

′′(x) dx−
∫ l

x0

Y (x)k22X
′′(x) dx =

= −k21Y (x0 − 0)X ′(x0 − 0) + k21Y (0)X ′(0) + k21Y
′(x0 − 0)X(x0 − 0)+

+k21Y
′(0)X(0)− k22Y (l)X ′(l) + k22Y (x0 + 0)X ′(x0 + 0) + k22Y

′(l)X(l)−

−k22Y
′(x0 + 0)X(x0 + 0) +

∫ l

0
X(x)LY (x) dx.

Using boundary conditions (6) and pairing conditions (7) we have∫ l

0
Y (x)LX(x)dx = X(x0 + 0)

(
k21Y

′(x0 − 0)− k22Y
′(x0 + 0)

)
+

+k1X
′(x0 − 0)

(
k2Y (x0 + 0)− k1Y (x0 − 0)

)
+

+k1X
′(0)

(
k1Y (0)− k2Y (l)

)
+X(0)

(
k22Y

′(l)− k21Y
′(0)

)
+

∫ l

0
X(x)LY (x)dx.

From the last equality it follows that the formula∫ l

0
Y (x)LX(x)dx =

∫ l

0
X(x)LY (x)dx

is executed only if Conditions (16)�(17). It follows that Problem (5)�(7) is not self-adjoint.

Lemma 2. The following problem is self-adjoint.

LZ(x) =

{
−k21Z

′′(x), 0 < x < x0
−k22Z

′′(x), x0 < x < l

}
= λZ(x) (18)

{√
k1Z1(0)−

√
k2Z2(l) = 0

k
3
2
1 Z

′
1(0)− k

3
2
2 Z

′
2(l) = 0

(19)

√
k1Z1(x0 − 0) =

√
k2Z2(x0 + 0), k

3
2
1 Z

′
1(x0 − 0) = k

3
2
2 Z

′
2(x0 + 0), (120)
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The proof of this lemma is similar to the proof of the previous one lemma 1. The
eigenvalues of the spectral problem (18)�(20) are equal to λn = (2πnr)2, where (n = 0, 1, 2, ...),
and two-fold, i.e. coincide with the eigenvalues of problem (5)�(7). The eigenfunctions are
equal

Zn(x) = C

{
1√
k1
sin(2πnrk1

x), 0 < x < x0,
1√
k2
sin(2πnrk2

(x− l)), x0 < x < l,

Z̃n(x) = C

{
1√
k1
cos(2πnrk1

x), 0 < x < x0,
1√
k2
cos(2πnrk2

(x− l)), x0 < x < l,

From the normalization condition we �nd C =
√
2r, where r is determined by formula

(11). Then �nally, the eigenfunctions of Problem (18)-+(20) have the form:

Zn(x) =
√
2r

{
1√
k1
sin(2πnrk1

x), 0 < x < x0,
1√
k2
sin(2πnrk2

(x− l)), x0 < x < l,
(21)

Z̃n(x) =
√
2r

{
1√
k1
cos(2πnrk1

x), 0 < x < x0,
1√
k2
cos(2πnrk2

(x− l)), x0 < x < l,
(22)

Lemma 3. The system of the eigenfunctions (13)�(14) forms the Riesz basis.

Proof. From the formulas (13)�(14) and (21)�(22) it is easy to notice that the eigenvalues of
Problem (18)�(20) and Problem (5)�(7) coincide, while the eigenfunctions di�er by a piecewise
constant factor. From the formulas (13)�(14) and (21)�(22) it is clear that the eigenfunctions
of Problem (5)�(7) and (18)�(20) are related by the following equality:(

Zn(x)

Z̃n(x)

)
= α(x)

(
Xn(x)

X̃n(x)

)
, where α(x) =

{
1√
k1
, 0 < x < x0,

1√
k2
, x0 < x < l

(23)

Sinse Zn(x) and Z̃n(x) are the eigenfunctions of the self-adjoint problem (18)�(20), the
system Zn(x), Z̃n(x) of eigenfunctions forms an L2(0, l) orthonormal basis [18]. We rewrite
formula (23) in the following form:(

Zn(x)

Z̃n(x)

)
= A

(
Xn(x)

X̃n(x)

)
, where A

(
Xn(x)

X̃n(x)

)
= α(x)

(
Xn(x)

X̃n(x)

)
,

A : L2(0, l) → L2(0, l) is a bounded operator and there exists A−1 that is also bounded. It
follows that the system of the eigenfunctions Xn(x), X̃n(x) forms a Riesz basis.

Now we �nd the eigenvalues and the eigenfunctions of the conjugate problem (15)�(17).
The eigenvalues of the conjugate problem are not di�cult to �nd, they are equal λn = (2πnr)2,
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where (n = 0, 1, 2, ...), and they are also twofold and coincide with the eigenvalues of Problem
(5)�(7). The eigenfunctions are de�ned as follows:

Yn(x) = C

{
1
k1
sin(2πnrk1

x), 0 < x < x0,
1
k2
sin(2πnrk2

(x− l)), x0 < x < l,
(24)

Ỹn(x) = C

{
1
k1
cos(2πnrk1

x), 0 < x < x0,
1
k2
cos(2πnrk2

(x− l)), x0 < x < l,
(25)

It follows from the general theory that the system of eigenfunctions Xn(x), X̃n(x) and
Yn(x), Ỹn(x) is biorthogonal, i.å.∫ l

0
Xn(x)Ỹm(x)dx = 0 and

∫ l

0
X̃n(x)Ym(x)dx = 0,

for any (n,m = 1, 2, ...), and∫ l

0
Xn(x)Ym(x)dx =

{
1, if n = m

0, if n ̸= m
and

∫ l

0
X̃n(x)Ỹm(x)dx =

{
1, if n = m

0, if n ̸= m

From the normalization condition we �nd C =
√
2r.

Now we prove the main theorem.

Theorem 4. Let φ(x) be a continuously di�erentiable function satisfying the conditions

φ(0) = φ(l), k1φ
′(0) = k2φ

′(l), φ(x0 − 0) = φ(x0 + 0), k1φ
′(x0 − 0) = k2φ

′(x0 + 0).
Then the function

v(x, t) =
∞∑
n=1

(
φnXn(x) + φ̃nX̃n(x)

)
e−λnt (26)

where the coe�cients φn, φ̃n are determined by the formulas

φn =

∫ l

0
φ(x)Yn(x)dx, φ̃n =

∫ l

0
φ(x)Ỹn(x)dx (27)

is the only classical solution to problem A.

Proof. First, we prove the existence of solution (26). Since Xn(x), X̃n(x) are the eigenfunc-
tions and the eigenvalues of Problem (5)�(7), then it is easy to verify that the function v(x, t)
determined by formula (26) satis�es the equation, initial condition, boundary conditions and
pairing conditions of problem A. Series (26) is the sum of functions

vn(x, t) =
(
φnXn(x) + φ̃nX̃n(x)

)
e−λnt (28)
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We show that when t ≥ ε > 0 (here, ε is an arbitrary positive number) the series

∞∑
n=1

vn(x, t),

∞∑
n=1

∂vn
∂t

,

∞∑
n=1

∂2vn
∂x2

converges uniformly. Obviously, |φ| ≤ M1. Then from the formula (27) it follows that{
|φn|, |φ̃n|

}
≤ M2. Then from Equality (28) and from the following equalities

∂vn
∂t

=
(
−λnXn(x)φn − λnX̃n(x)φ̃n

)
e−λnt,

∂2vn
∂x2

=
λn

k2j

(
−Xn(x)φn − X̃n(x)φ̃n

)
e−λnt,

we obtain

|vn(x, t)| ≤ M3e
−λnε,

{∣∣∣∣∣∂vn∂t

∣∣∣∣∣,
∣∣∣∣∣∂2vn
∂x2

∣∣∣∣∣
}

≤ M4λne
−λnε,

where the constants M3 and M4 are positive and does not depend on n. Thus{ ∞∑
n=1

∣∣∣vn(x, t)∣∣∣, ∞∑
n=1

∣∣∣∣∣∂vn∂t

∣∣∣∣∣,
∞∑
n=1

∣∣∣∣∣∂2vn
∂x2

∣∣∣∣∣
}

≤
∞∑
n=1

Mn2e
−
(
2πnr

)2

ε
,

where M > 0 and does not depend on n. Since the series

∞∑
n=1

Mn2e
−
(
2πnr

)2

ε

is an absolutely convergent series, therefore, according to Weierstrass's test, the series{ ∞∑
n=1

∣∣∣vn(x, t)∣∣∣, ∞∑
n=1

∣∣∣∣∣∂vn∂t

∣∣∣∣∣,
∞∑
n=1

∣∣∣∣∣∂2vn
∂x2

∣∣∣∣∣
}

converge uniformly for t ≥ ε and the functions v(x, t),
∂v(x, t)

∂t
,
∂2v(x, t)

∂x2
are continuous for

t ≥ ε.
Now we need to prove that series (26) converges uniformly everywhere in Ω. Note that

the n-th term of the series (26) is dominated by the sum |φn|+ |φ̃n|. Integrating by parts the
integral in formula (27), we obtain

|φn| ≤
C1

2πr
· |αn|

n
, |φ̃n| ≤

C1

2πr
· |α̃n|

n
, C1 = max

(√
k1,

√
k2
)
,

where

αn =

l∫
0

φ′(x)Z̃n(x)dx and α̃n =

l∫
0

φ′(x)Zn(x)dx
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are Fourier coe�cients of the function φ′(x) with respect to the eigenfunctions Zn(x), Z̃n(x)
orthonormal on an interval [0, l], determined by the formulas (21)�(22). It is known that the
eigenfunctions Zn(x), Z̃n(x) form an orthonormal basis. (See Lemma 2). Taking into account

the inequality ab ≤ 1

2
(a2 + b2) we have

|φn|+ |φ̃n| ≤
C1

4πr
·
(
α2
n + α̃2

n +
2

n2

)
.

Using the Bessel inequality

∞∑
n=1

(
α2
n + α̃2

n

)
≤ ∥φ′∥2,

and the well-known equality
∞∑
n=1

1

n2
=

π2

6
, we obtain

∞∑
n=1

(|φn|+ |φ̃n|) ≤ C.

Thus, the majorizing series is absolutely convergent, this means series (26) converges
uniformly in Ω and de�nes a continuous function v(x, t) in Ω. Thus, we proved the existence
of a solution. Now we prove its uniqueness. We assume that there are two solutions ṽ(x, t)
and v̂(x, t). Then for the function v(x, t) = ṽ(x, t)− v̂(x, t) we have the following problem C:

∂v

∂t
= k2j

∂2v

∂x2
,

v(x, 0) = 0, 0 ≤ x ≤ l,v(0, t)− v(l, t) = 0,

k1
∂v(0, t)

∂x
− k2

∂v(l, t)

∂x
= 0,

0 ≤ t ≤ T,

v(x0 − 0, t) = v(x0 + 0, t),

k1
∂v(x0 − 0, t)

∂x
= k2

∂v(x0 + 0, t)

∂x

.

The solution to this problem C can be represented in the form of an expansion in terms of
the basis

{
Xn(x), X̃n(x)

}
and it has the form:

v(x, t) =
∞∑
n=1

(
An(t)Xn(x) + Ãn(t)X̃n(x)

)
. (29)
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The coe�cients An(t) and Ãn(t) are easy to �nd if we multiply both sides of equality
(29) respectively by the functions Yn(x) and Ỹn(x), and integrate the resulting relationship
from 0 to l and take into account the biorthogonality of the sequences

{
Xn(x), X̃n(x)

}
and{

Yn(x), Ỹn(x)
}
Then we obtain

An(t) =

l∫
0

v(x, t)Yn(x)dx, Ãn =

l∫
0

v(x, t)Ỹn(x)dx. (30)

First we transform the �rst equality in formula (30). Di�erentiating with respect to the
variable t we obtain

A′
n(t) =

l∫
0

∂v(x, t)

∂t
Yn(x)dx =

= k1

x0∫
0

∂2v(x, t)

∂x2
sin

(
2πnr

k1
x

)
dx+ k2

l∫
x0

∂2v(x, t)

∂x2
sin

(
2πnr

k2
(x− l)

)
dx

Integrating by parts twice and using the boundary conditions and conjugation conditions,
we have

A′
n(t) = −(2πnr)2

k1

x0∫
0

v(x, t) sin

(
2πnr

k1
x

)
dx−

−(2πnr)2

k2

l∫
x0

v(x, t) sin

(
2πnr

k2
(x− l)

)
dx = −λn

l∫
0

v(x, t)Yn(x)dx = −λnAn(t),

Therefore An(t) = cne
−λnt, (n = 1, 2, ...). Transforming in a similar way we obtain for

the coe�cient Ãn(t) the following:

Ã′
n(t) = −λnÃn(t) ⇒ Ãn(t) = c̃ne

−λnt.

Substituting the found An(t) and Ãn(t) into formula (30) we obtain

l∫
0

v(x, t)Yn(x)dx = cne
−λnt,

l∫
0

v(x, t)Ỹn(x)dx = c̃ne
−λnt. (31)

Passing to the limit t → 0 in equality (31) what is possible due to continuity v(x, t) in Ω,
we obtain

lim
t→0

l∫
0

v(x, t)Yn(x)dx = 0 = An(0), lim
t→0

l∫
0

v(x, t)Ỹn(x)dx = 0 = Ãn(0),

Kazakh Mathematical Journal, 24:4 (2024) 63�76



Solution of the heat equation with a discontinuous coe�cient. . . 73

therefore cn = 0, c̃n = 0, (n = 1, 2, ...).
Then from Formula (29) we obtain v(x, t) = 0. It follows from this that ṽ(x, t) = v̂(x, t).

The theorem is proved.

Knowing the solution to problem A, it is not di�cult to obtain a solution to problem B.
This solution is given by the formula

w(x, t) =

∞∑
n=1

 t∫
0

fne
−λn(t−τ)Xn(x) +

t∫
0

f̃ne
−λn(t−τ)X̃n(x)

 , (32)

where

fn(τ) =

l∫
0

f(x, τ)Yn(x)dx, f̃n(τ) =

l∫
0

f(x, τ)Ỹn(x)dx.

Adding (26) and (32) we obtain a solution to Problem (1)�(4).
Now consider the case m = 2. Then, after applying the method of separation of variables,

we obtain the following spectral problem

LX(x) =

{
−k21X

′′(x), 0 < x < x0
−k22X

′′(x), x0 < x < l

}
= λX(x) (33)

{
X1(0) +X2(l) = 0

k1X
′
1(0) + k2X

′
2(l) = 0

(34)

X1(x0 − 0) = X2(x0 + 0), k1X
′
1(x0 − 0) = k2X

′
2(x0 + 0), (35)

The eigenvalues of Problem (33)�(35) have the form: λn = ((2n+1)πr)2, (n = 0, 1, 2, ...).
The following eigenfunctions correspond to these eigenvalues.

Xn(x) = C

{
sin( (2n+1)πr

k1
x), 0 < x < x0,

sin( (2n+1)πr
k2

(l − x)), x0 < x < l,

X̃n(x) = C

{
cos( (2n+1)πr

k1
x), 0 < x < x0,

−cos( (2n+1)πr
k2

(l − x)), x0 < x < l,

where r is determined by the formula (11).
All other calculations, including the proof of the theorem, are carried out in a similar

way.
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2 Conclusion

The method proposed in this article can be used in the case of n break points, where n ≥ 3,
and for the more general case of the conjugation condition (in this work, the ideal contact
condition is considered).
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�îéëûøîâ �.�., Àáäûðàõèìîâ Í.Ò. ÊÎÝÔÔÈÖÈÅÍÒI �ÇIËIÑÒI ÁÅÉËÎÊÀËÜ-
ÄÛ ØÅÊÀÐÀËÛ� ØÀÐÒÒÀÐÌÅÍ ÁÅÐIËÃÅÍ ÆÛËÓ�ÒÊIÇÃIØÒIÊ ÒÅ�ÄÅÓÄI
ÔÓÐÜÅ �ÄIÑIÌÅÍ ØÅØÓ

Ìà©àëàäà êîýôôèöèåíòi ³çiëiñòi æûëó°òêiçãiøòiê òå­äåó ³øií ïåðèîäòû© íåìåñå
àíòèïåðèîäòû© øàðòòàðìåí áåðiëãåí áàñòàï©û-øåòòiê åñåïòi àéíûìàëûëàðäû àæûðàòó
ºäiñiìåí øåøó íåãiçäåëãåí Ôóðüå ºäiñií ©îëäàíó àð©ûëû á´ë åñåï ñºéêåñ ñïåêòðëiê åñåï-
êå êåëòiðiëãåí. Áåðiëãåí ñïåêòðëiê åñåïòi­ ìåíøiêòi ìºíäåði ìåí ìåíøiêòi ôóíêöèÿëàðû
òàáûë¡àí. Ñïåêòðëiê åñåïòi­ °çiíå-°çi ò³éiíäåñ åìåñ åêåíi ê°ðñåòiëãåí æºíå áåðiëãåí ñïåê-
òðëiê åñåïêå ò³éiíäåñ åñåï ©´ðûë¡àí. Áåðiëãåí åñåïòi­ ìåíøiêòi ôóíêöèÿëàð æ³éåñi Ðèññ
áàçèñií ©´ðàéòûíû äºëåëäåíãåí. �çiíå-°çi ò³éiíäåñ ñïåêòðëiê åñåï ©´ðûë¡àí æºíå îíû­
ìåíøiêòi ìºíäåði ìåí ìåíøiêòi ôóíêöèÿëàðû òàáûë¡àí. �îðûòûíäûëàé êåëå, áèîðòî-
ãîíàëüäû©òû ïàéäàëàíà îòûðûï, ©îéûë¡àí åñåïòi­ êëàññèêàëû© øåøiìiíi­ áàð æºíå
æàë¡ûçäû¡û òóðàëû íåãiçãi òåîðåìà äºëåëäåíäi.

Ò³éií ñ°çäåð: êîýôôèöèåíòi ³çiëiñòi æûëó°òêiçãiøòiê òå­äåó, ñïåêòðëiê åñåï, °çiíå-
°çi ò³éiíäåñ åìåñ åñåï, Ðèññ áàçèñi, êëàññèêàëû© øåøiì, Ôóðüå ºäiñi.

Êîéëûøîâ Ó.Ê., Àáäûðàõèìîâ Í.Ò. ÐÅØÅÍÈÅ ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄ-
ÍÎÑÒÈ Ñ ÐÀÇÐÛÂÍÛÌ ÊÎÝÔÔÈÖÈÅÍÒÎÌ Ñ ÍÅËÎÊÀËÜÍÛÌÈ ÊÐÀÅÂÛÌÈ
ÓÑËÎÂÈßÌÈ ÌÅÒÎÄÎÌ ÔÓÐÜÅ

Â äàííîé ðàáîòå îáîñíîâàíî ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íà÷àëüíî-
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâíûì êîýôôèöèåíòîì, ïðè ïå-
ðèîäè÷åñêèõ èëè àíòèïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ. Ìåòîäîì Ôóðüå äàííàÿ çàäà-
÷à ñâåäåíà ê ñîîòâåòñòâóþùåé ñïåêòðàëüíîé çàäà÷å. Íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è
ñîáñòâåííûå ôóíêöèè äàííîé ñïåêòðàëüíîé çàäà÷è. Ïîêàçàíà, ÷òî ñïåêòðàëüíàÿ çàäà÷à
íåñàìîñîïðÿæåííàÿ è ïîñòðîåíà ñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à äàííîé ïåðâîíà÷àëü-
íîé ñïåêòðàëüíîé çàäà÷è. Äàëåå, äîêàçûâàåòñÿ, ÷òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé îáðà-
çóåò áàçèñ Ðèññà. Äëÿ ýòîãî ïîñòðîåíà ñàìîñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à è íàéäåíû
åå ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè. Â çàêëþ÷åíèè, èñïîëüçóÿ áèîðòîãî-
íàëüíîñòü äîêàçàíà îñíîâíàÿ òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè êëàññè÷åñêîãî
ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå òåïëîïðîâîäíîñòè ñ ðàçðûâíûìè êîýôôèöèåíòàìè,
ñïåêòðàëüíàÿ çàäà÷à, íåñàìîñîïðÿæåííàÿ çàäà÷à, áàçèñ Ðèññà, êëàññè÷åñêîå ðåøåíèå,
ìåòîä Ôóðüå.
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